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The long-time behavior of velocity-correlation functions p(‘”(t) characteristic for self-diffu-
sion, viscosity, and heat conductivity is calculated for a gas of hard disks or hard spheres
on the basis of the kinetic theory of dense gases. In d dimensions one finds that p(‘”(t), after
an initial exponential decay for a few mean free times ¢;, exhibits for times up to at least
~ 40ty a decay ~ P (p) (¢,/H?”2, where oD is of the order of p*!, p=na® with n the number den-
sity, and g the hard-disk or hard-sphere diameter, The ot(‘”(p) are determined by the same
dynamical events that are responsible for the divergences in the virial expansion of the trans-
port coefficients. In this paper the @@ (p) are calculated to lowest order in p. In this order,
they are identical to the low-density limit of the ‘@ (p) that have been obtained by other authors
on the basis of hydrodynamical considerations.

I. INTRODUCTION

Recently Alder and Wainwright!’? computed the
velocity-autocorrelation function p‘Dz’(t) for a sys-
tem of 500 hard-disk particles using computer-
simulated molecular dynamics. The particles were
studied for about 30 mean free times ¢, for a range
of densities from 0. 2 to 0. 5 of the density at close
packing. Although for a few mean free times Alder
and Wainwright found the exponential decay that
would be predicted on the basis of the Boltzmann or
Enskog equation, they noted that for times ¢ in the
range 10¢, <= 30t,, py2 () showed a nonexponential
slowly decaying behavior. Similar results over a

- comparable range of densities and times were ob-
tained later for the velocity-correlation functions
pi?(¢) and p{?(t), characteristic for viscosity and
heat conductivity.

Although they reported only one result in three
dimensions for the velocity-autocorrelation func-
tion pﬁf)(t), there seems to be little doubt that both
the two-dimensional and the three-dimensional re-
sults can be represented for 10f, <= 30¢, by

> da/2
P35’ () s———-—@gl;g)‘f” ~ a%”(o)(%"-) :

Here V(¢) is the velocity at time # of a chosen par-
ticle in the fluid, whose initial velocity is V(0), and
d is the dimension of space, p=na®, where » is the
number density and a the diameter of the hard disks
or hard spheres. The brackets denote a molecular
dynamic time average over all particles in the sys-
tem. *

For d=2, (1.1)describes p (t) over the entire
reported range of densities and time within the
“experimental error” which is estimated to be on

(1.1)

6

the order of 10%.

For d=2 and 3, (1.1) also agrees with a hydro-
dynamical theory of pi,‘”(t). A hydrodynamical de-
scription of their results for p%’(¢) was presented
by Alder and Wainwright, based on a numerical
solution of the Navier-Stokes equations, which was
in good agreement with the molecular dynamics
calculations.!'? In fact, the molecular dynamics
calculation for d =2 exhibited a vortex type of ve-
locity correlation between a chosen molecule and
the surrounding molecules, which is very similar
to the hydrodynamical flow field surrounding a
moving volume element in a fluid which is initially
at rest. Furthermore, using hydrodynamical argu-
ments based on an analytic solutionof the linearized
Navier-Stokes equations, Alder and Wainwright,!*?"*
and Ernst, Hauge, and van Leeuwen® were able to
derive theoretical expressions for the asymptotic

time behavior of p'¥ (t) as well as of pi? () and

p:®(t) which are in agreement with Eq. (1.1) and

lead to expressions for o'®(p), a!?(p), and o{?(p)
that are numerically consistent with the available
computer calculations. The same results for
p(d)(t) have been obtained by Kawasaki® and by
Ernst, " using the hydrodynamical mode-mode cou-
pling theory.

The purpose of this paper is to elaborate on a
discussion of the Alder and Wainwright results us-
ing the methods of the kinetic theory of gases and
an analysis originated by Pomeau.® A preliminary
version of this work has been reported elsewhere. ®

We shall illustrate our calculations of the long-
time behavior of p'¥ () in detail, while we only
sketch the very similar calculations for pf,‘” (¢) and
P57 ().

Our starting point is the definition of p%’)(t) given
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6 VELOCITY-CORRELATION FUNCTIO‘NS. . 7

by Eq. (1.1), where the average is now interpreted
as that over a canonical ensemble in the thermody-
namical limit. Such an average is assumed to be
identical with the average used in the computer
calculations, if the number of particles used in
these calculations is sufficiently large. In this pa-
per we will only consider the low-density limit of
a'®(p); in a subsequent paper, the extension of the
present calculations to higher densities will be giv-
en.'® We shall formulate the theory for a general
short -ranged intermolecular potential. The for-
mulas will be applied, however, to hard disks and
hard spheres only.

In Sec. II we outline the cluster expansion on
which our discussion of p(D‘” () is based. In Sec.’
IIT we discuss a rearrangement of this cluster ex-
pansion which is necessary if one wants to find the
long-time behavior of p '’ (¢). In Sec. IV the hydro-
dynamical modes of the linearized Lorentz-Boltz-
mann equation and the Boltzmann equation, which
are needed to find the long-time behavior of p(Dd)(t),
are summarized. In Sec. V the ™2 time depen-
dence and the coefficient ag”(p) are obtained for
hard disks and hard spheres in lowest order of the
density. In Sec. VI the corresponding expressions
for the long-time behavior of p'¥ (¢) and pi? (¢) are
given. The calculation leading to these expressions
is outlined in the Appendix. In Sec. VII some as-
pects of the results obtained in this paper are dis-
cussed.

II. CLUSTER EXPANSION FOR pg’ (1)

We consider N particles in a volume V at tem-
perature T'= (8k)™, where k5 is Boltzmann’s con-
stant. The definition of p'@ () is 1!

= (lele(‘ t»
<le )

- lim (@37 f A" 0y, S (M (M,

P35’ ()

= J‘d.‘;l leégl)(;ly i) 3 (2' 1)

where

(3, H)= lim mw BV

X J' dx™' S, (xMp (MW, . (2.2)

Here x"=x,x, - - xy stands for the phases x;=T;, D;
of the N particles 1,...N; and m is the mass of a
particle. The N-particle streamingoperator S_,(x"),
when acting on a function f(x”) of the phases of the
N particles, transforms this function into

S. (M)l = fe (- 1)),

where x¥(= t)=x,(- t). - . x y(~ £) are the initial phases

of the particles 1,...,N which lead to the phases
x" after a time ¢£. They can be obtained from x¥ by
solving the equations of motion of the N-particle
system with the Hamilton function
N p‘2 N
HuM=21 5 2 oy,

i1 2m G

(2. 3)

where the interparticle potential ¢(;;) is short
ranged and depends only on the distance
v,;=|¥; —F,| between the two particles i and j.
For hard disks and hard spheres of diameter «,
one has

<
o =g
¢(1’)-{0, yoa. (2.4)
The operator S_t(xN ) can be formally written
S.:(x") = exp[-t3e(x™)] , (2.5)
where
we@™)={ , H(")}
=1e,(x") ~ 27 85 . (2.86)
i<j
Here we have
m_ N By
Teolx™) = 2 Pl V,‘ (2.17a)
and
QU=3¢("’:1) L2, 3p(ry) 8 (2. M)

of,; ap; T, ap, ’

where the curly brackets { , H(x")} denote the
Poisson brackets with the Hamiltonian function
H(x"). For hard disks and hard spheres, the op-
erator 6;; and consequently %¢(x") are singular.
However, in this case it is still possible to obtain
a suitable representation of the streaming opera-
tor S_,(x"). Since we do not need this representa-
tion in this paper, we shall not give it here but
refer to it in the literature. 2

p(x") is the probability density in the canonical
ensemble

Ny _ =1 ,-8H(xN)
px")=Z7e =,
where
Z:fdxne-au(x”)

Finally v,, is the component of the velocity of the

chosen particle 1. We note that because of the

time translational invariance of the equilibrium

average, we have p@’(t)=p%’ (- ¢t) [cf. Eq.(1.1)].
In order to avoid the necessity of solving the

N-body problem in the computation of p{f’(¢), one

expands pSP(t) in a systematic way in terms of the
solution of the 2-, 3-, 4-, .. body problem. This
can be achieved by generalizing the cluster expan-

sions used in equilibrium statistical mechanics!®
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to obtain virial expansions of thermodynamic quan-
tities and reduced distribution functions to the
case of nonequilibrium statistical mechanics. 14

A cluster expansion of pf’(f) can be obtained in
a variety of ways. Our starting point will be the
following cluster expansion of the N-particle
streaming operator S_,(¥") in terms of 1-, 2-,
3-,... particle streaming operators'*:

N

SNy =W (xy, )S_, (6™ 1)+ 20 U(xy, x4 £) S (xV72)
i=2

+ O w (g, %49 %5, £) Sy (V%) 4. .

, (2.8)
KiG SN

where the operators U (xq, ¢),U (x4, x;, ¢)- -+ can be
obtained successively from Eq. (2. 8) by writing
out the equation for N=1, 2, .., respectively.

By substituting the cluster expansion Eq. (2. 8)
into the right-hand side of Eq. (2.2), and by using
Liouville’s theorem, i.e.,

fde-l S_t(xN")f(xN)=fdx”"f(x") ,

and spatial homogeneity, i.e., ®%’ does not depend

on ¥;, one obtains the following cluster expansion
for @@, 1):

~

& (@, 1)=Bmll +n [d2U (xy, xq ) g(Fy, To) @olvy)
+1§n2fd2 fd3‘ll(x1, Xoy X3y t)

x g(Ty, Fp, fa) ®o(v2) Po(v3) +-» ']fﬂo(vl)vu ’

(2.9)
where we have used that (v2,)"!=pm and written
df,dv,=d2, etc. Here the s-particle equilibrium
distribution functions g(¥, ¥,, .. ., T possess well-
defined density expansions!® 15

o

gy, Ty ..., Ty= b n'g,(Fy, Ty ... Ty (2.10)
with
g1, Tp. .., Ty
Zfd-fsu' . fdfs+zgt(F1’ ooy Fs’fsu; cees Fm) ’
(2.11)

where we refer to the literature for the

gi(Ty,.o., TylT ..., T,,,). In particular we have
S
go(rl:...,rs):exp(-ﬁ Z (]5(’}’”)) . (2.12)
. i<j
Finally, we have
@ov) = (Bm /27m)* % exp(~ $8mv?) . (2.13)

The computation of p¥’(f) for ¢> ¢, is consider-

ably simplified, in particular in connection with
the resummations to be carried out later, if we
first compute the Laplace transform of p2’(¢),
which we denote by p{’(€), and is defined by

o

piNe)= ["ate™ plf(t)= [ d¥ 01, @@, €

(2.14)
where

dPF, €)= lm Bm)*'v

N,V =w
N/V=n

XJ’de'IG(x”, €) px¥) vy, (2.15)

and the operator

G, e)=[e+3c(x")]™

=I dt exp(—et)expl- t3¢(x")]
0

(2.16)

is the Laplace transform of the streaming operator
S.;(x). The operator G(x", €) should always be in-
terpreted as given by the right-hand side of the

Eq. (2.16).

If we take the Laplace transform of Eq. (2.9),
we can obtain a cluster expansion of &2 (¥,, €)
similar to that for ®4"(¥;,#). In so doing we will
encounter the Laplace transform of the cluster
operator U (xy, ..., x,, ), which we denote by
WU(xy,+++,%5 €)e We show elsewhere'” ' that from
the application of Liouville’s theorem, spatial homo-
geneity and repeated use of identities like

[€+3C(xy, x5, 25)] 71 = [€ +30(xy, xp) +J{3(x3)]-1
+[€+3C(xq, x9) +30(25)] 71 (015 + 855
x[€ +3€(xy xox5)] ™,

we obtain the following equality:

1
mjdz .. 'I ds‘u(xl, KXoy oe® ,xs)

S
Xg(-fly- . .,FS)iIII (Po(vi)
1
=g d2 .-+ ds@(xy, Xy o euyy)

s
X g(Fl, e ’Fs)n 900(11;) 5 (2.17)
i=1

where the left- and right-hand side of Eq. (2.7)
are operators which act only on functions of ¥;
but not ¥;, and where

@ (xy, X3, €) = 015G (xy, x5, €) ,
@ (xy, X3, X3, €)
= 012G (xy, Xz, €)(015+ 025) Gloy, x5, %3, €)
@ (Xq, X3y o0 o 5 Xg, €)= 015G(x1, x5, €)
X (60y3+023) Gloy, %2, %3, €) + < -

X (615+ 023+ et es-l,s) G(xl, X2 o003 Xgy E) .

(2.18)
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We remark that for hard-disk and hard-sphere
particles, it is possible to give a representation
of these @ operators in terms of binary collision

operators which avoids the use of 6,,.'%'" As a
result of Eq. (2.17) we obtain the following cluster
expansion for &5 (¥,, €):

W (T, €)= (Bm/€)[1+n fd2 @ (xq, x5, €) g(Fy, Tp) @ v 3)

+n? [d2 [d3 @ (xy, xg, x5, €) g(Fy, T, ) @ olvg) @olvg) ++ + -

1
+1’ll fdz---fdla(xl,xg,...,x,,é)g(i‘l,...,i‘,)n(ﬁo(vi)+---](Pg(vl)le . (2. 19)
i=2

If we further expand the g(¥y, ..., ¥,) in powers of

n, using (2.10), the following formal density ex-

pansion for & (¥,, €) results:

i3

621, €)= [d2 G (xy, x5 €) go(F1, Td) 9009 ,

@l €)= [d2. - [dl[Clxyy ... xy,€) golFyy ..., Fy)

+3(x1, eee

The cluster expansions (2.9) or (2. 20) cannot
be used to determine the behavior of & (¥, ¢) for
times ¢ > ¢4; or equivalently, to determine the
small-€ behavior of &} (¥,,€). For in addition to
the factor 1/€ on the right-hand side of Eq. (2.19),
a dynamical analysis of @7 (¥, €) with [ 2 2 reveals
that each term diverges as €~ 0, and that the
most divergent contribution to each @ f comes
from sequences of (I — 1) uncorrelated binary
collisions®!® among I particles, leading to an
€ -V divergence of @7, !

An improved expression which eliminates the
above-mentioned divergences can be obtained by

regarding &5 (¥,, €), to be determined by the equa-

tion?°

clt+ 2 n' a2y, 017 907, €)

= Pm @olv1) vy, 5 (2.22)

rather than by Eq. (2.20). We may define a new
set of operators &7 (¥;, €) by means of the density
expansion of the inverse operator appearing on the

(B(?(vly €) =GSD(VI, €) = [Qg(vl) €)]2

(T, €) = (Bm/€) [1+ :L:/ n' QP (¥, )] @ow) vy

where (2.20)

1
y %11, € &1(Fy, o,y Ft-l\ Fy) +o0 0 48 (xq, x5, €) g1.2 (T, I?zl-f":a RS M ;ﬂz @olvy) . (2.21)

I
left-hand side of (2. 22), i.e., by®

[1"'2 ntalbi—l(vlri)]_l':l - tz-i nl(BlD”(Vl,e) ’

(2.23)
which yields
- 1 +
05?«»1 (1, €)= Zj:l(_ 1)j ! Z afl*l . a’fztl tee afjn .
jlajl
£ e =t
(2.24)
This leads to the following equation for & (¥, €):
(7, €)= Bm(i - 21 n' e ®;5 (¥4, €)>_1‘P0(1)1)1)1x .
k=

(2. 25)

The operators & P(¥,, €) may easily be obtained
successively from Eq. (2.24) as

®3(Vy,€)=a (¥, ¢€)
= [ d261,G(x, %3, €) go(Ty, T2) 9o (v2),
(2. 26a)

=fd2fd3 612 G (%1, %z, €) [ (615 + 625)G (3, xz,x3,€)go(f'l,'f‘2,?3)

= go(T1, T3) 0;3G (1, x5, €)go (T1, T3) + &1 (Ty,7, l F:;)]‘Po(vz)‘Po(va),

(2. 26b)
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and so on,

Although in three dimensions there are phase-
space arguments, based on the dynamics of 2 and 3
particles, which indicate that e®2 and e®? exist
in the lim € - 0; these same dynamical phase-
space arguments suggest that for [ = 4 the e®% di-
verges as € —0 when acting on a general function
of ¥,.1%22 In fact these phase-space arguments
suggest that for € —0, e®P~Ine, while e®? ~¢~*-¥
for >4, for particles interacting with a short-
range repulsive potential. Similarly for d=2, al-
though € ®7 exists, phase-space arguments give
that for € -0, e®5 ~lne, while e®2 ~e--¥ for >3,
For a gas of hard disks, the phase-space argu-
ments for the divergence €85 have been substanti-
ated by Sengers? and others,?* and similar results
have been obtained for a variety of Lorentz mod-
els.?>?® Thus, although the introduction of the
operators @ ? removes the most divergent contri-
butions for € -0 in each order of » in the density
expansion (2.20) of @ (¥,, €), there still remain
divergent contributions in the &2 operators if € —0.
A further rearrangement of the expansion (2. 25) is
therefore necessary.

Since no rigorous proof of these divergences in
the e®? has been given, other than for e®? for hard
disks, we will carry out a rearrangement of the
expansion (2. 25) in the following section based on
the assumptions: (a) the qualitative behavior of
€®Pfor small € is the one quoted above, and (b)
this behavior is due to the dynamical events dis-
cussed in Sec. III,

III. BINARY COLLISION EXPANSION OF B (v, ¢);
RESUMMATION

It is generally assumed, although not proven,
that for a short-ranged repulsive potential, such
as that given by Eq. (2.4), sequences of ! binary
collisions are responsible for the most divergent
contributions to the operators (B‘,’(\'?l, €) in the
lim € - 0. In order to isolate these most divergent
contributions in each &? and then to sum them up
into a well-behaved operator, we introduce in this
section an expansion of ®?(¥,, €) in terms of se-
quences of binary collisions: the binary-collisions
expansion of the &7(F,, €).

The basic binary-collision expansion which we
use reads for a general potential*?:1%20

0,G(xy, ..., %,,€)=Cyla, )[1+ 22 C (B, €)
B
+ 0GB OCH, 9+ ] . (3.1)
B#w,7#8

Here @, B, v, - -+ denote pairs of particles chosen
from the particles (1,2, ...,s), and the operator
C,(a, €) is defined by

C,(a,€)=0,Ga,€) , (3. 2a)

where

Gs(a;€)=[€+m0(xs)—9a]-1 (3. Zb)

In deriving the expansion (3.1), repeated use has
been made of identities similar to that preceding
Eq. (2.17). We further define a binary collision

operator T¢(a, €) in terms of C(a, €) by

Cola, ©)=Tya, )Golx) (3.9
with
. ,xe;)]'1 . (3.4)

The following developments are all based on the
binary-collision expansion (3.1), using the binary-
collision operator T(a, €) given by (3.3). The
operator defined in (3. 3) is denoted by T'(, €),
in order to conform with the literature where a
representation of this operator is discussed for
hard disks and hard spheres. 12

An analysis of € 85, € 82, ... on the basis of the
binary-collision expr.ision leads to expressions
for these operators as?2" [(LDT) stands for less-
divergent terms]

Go(%‘s )= [€ +}C0(x1, Xoy oo

€ <B§(‘71, €)=€f dzcz(x1, Xa, €)go('?l;.;z) ©olvy),
(8. 5a)
€(B§’(\71,€)=€f ded3Cz(x1,x3,€)A§(x1,xz|x3; €)

X Cylxy, %3, €) @4 (v3) @4(v5) + (LDT) , (3. 5b)
€®V,, €)= [ d2 [ d3 [ da Cylx, x,,€)

D
x Ag(xy , x5) x5 5 €)AT(xy , Xp| %45 €)

4
X C iy, Xa, €)iIIa @ov;) + (LDT) ,

(3.5¢)
and so on, where

Aglxy x5] x5 5 €)= Cyly, x5, €)
+C4(x,, x;€)(1+Py;) , (3.6)

with P;; the permutation operator which exchanges
particle indices 7 and j. In obtaining Eq. (3.5b),
etc., oneuses, apartfrom Liouville’stheorem,
that when acting on a function of velocities of the
particles 1, 2, 3, - - - the operator C(xy, x5, €) can
be replaced by the operator Cy(x;, x5, €), and that
a sequence such as

Cz(xu X2y E)C3(x1, X35 €)Cz(xz, A3, €)

which ends in a C operator that does not contain
particle 1 in the interacting pair is not a most
divergent contribution to € Y. The terms which
we have explicitly written out in Eq. (3. 5b) con-
tain the contributions from those sequences of /
binary collisions among ! particles that we assume
to be the most divergent in each ® } in the limit
€—~0.' Due to the graphical representation of
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these terms given by Kawasaki and Oppenheim, %
these terms are generally referred to as the “ring
events.” The remaining parts of € ® ?are indicated
by LDT and contain (a) sequences of more than I
binary collisions among ! particles, which are all
less divergent or convergent, (b) terms that con-
tain equilibrium cluster functions((go(%;, ..., ;)
-1,8,F,,..., ), etc.], and (c) terms where more
than two particles are within a distance of the O(a)
at the same time. These latter terms may involve
genuine n-tuple collisions for »>2, or a number of

points we refer to the literature. 16+1°

Although in three dimensions € B7 is finite as
€ -0, it will be convenient for the determination of
the long-time behavior of p¥’(#) to include this
term, as given in Eq. (3. 5b), in the resummation
to be performed below.

We are now in a position to consider the summa-
tion of the most divergent terms or ring events in
the ®” series appearing in Eq. (2.25). We write

€-2n'e ®D, =€ —ne® J-ne®®¥,, €) + (LDT) ,

binary collisions which take place within a few col- (3.7
lision times {,. For a further discussion of these with
|
€RP(Fy, €) =€ [ d2C,(xy, x5, L —n [ A3 ANxy, x5| 35 )Polv9) I Colry, 25, O@o(v3) . (3.8)
.

To obtain (3. 8) we have added and subtracted a
finite term

€n [ d2Cy(x, x5, €)C,(xy, %5, €)@o(v)

to the geometric series used to obtain ®” #,, €).
The subtracted term together with all the LDT (and
finite terms) of order »? and higher, which have
not been included in ®R°(¥,, €), are collected in the
term which we denote by LDT in Eq. (3. 7).

The expression for €R°(¥,, €) may be further sim-

plified by using the relation between C and T op-
erator given by Eq. (3.3) and by using the fact that
€R® acts only on functions of the velocity of par-
ticle 1. Thus we may write?’

J

€RP(y, €)= [ d2T 5(xy, x,, €)[€ +7Co(xy, X5)

—n [ d323(xy, xp| x3; oyl
X T g(xy, X3, O@ovy) , (3.9)
where
N3ley, 25| 255 €)= Tylxy, xg, €)
+T 3(x3, X3, €)(1+Py) . (3.10)

The determination of the long-time behavior of
pg“(t) to be carried out later will be greatly facil-
itated, if we go over to a Fourier representation
of €RP(¥,, €). To do this we use the fact that
€®P(¥,, €) does not depend on ¥, and write

€RP(Vy, €)= [ a¥, [ dF, [ dF,0(F) T olxy, x5, €)[€ +7Co(xy, x,)

—n [ dFy [ ¥\, x5| %55 Oo(wa) [T 5y, %5, €)@glvy) .+ (3.11)

Then by inserting 6 functions, using their Fourier representation, and that®

L, _ L.,
[ dFy- .- [ dF exp(~i 2k, + F)) T,(xy, x,, €)exp(+i 22 k] - F))
i=1

i=1

- - - - ! - - - -> - b - - -
= (2m) 4V o(ky + ky—k{ —kg) IT 6(k; k))&, Ky, v.. , k| Tylvy, %5, €)|K{, kG -+ ki), (3.12)
j=3

one finds®

> dﬁ > — > >
€(R,D(v1, ():ij‘dvaa), Ol Tz(xl, xa, €)|k, —k)

X [€+dk - Fip=n N2y, €) =2 (Fy, OFH (K, —K|Tylxy, x5, €)[0,0) 0ovs) , (3.18)

where

Kg(ﬁl’e):fdva<gy —E:O‘fa(x‘l’xm €)lﬁx "E» 0) ¢o(vs) 3
k

My, €)= [dF(K, —K, 0| Tylxz, x5, €)1 +P)| K, —K, 0) 0v3) ,

(3.14a)

(3.14b)
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and
V=T -7,

Although the procedure leading to expression
(3.13) for the sum of the most divergent terms in
the (B’,’ expansion has been carried out for a gen-
eral potential we will in the remainder of the
paper restrict our attention to the special case of
hard-disk and hard-sphere molecules. For this
case one can show that the binary-collision op-
erators T (a, €) are independent of € as well as of
the phases of all the particles except those of the
interacting pair a.!®!® Moreover, for this case
one can show that A-(VI, ) is independent of k and
€ and can therefore be denoted by A\J(¥,), while
€ ®2is independent of € and equals \g(¥,) the Lo-
rentz-Boltzmann collision operator given by®

7\3(61)<P0(U1)f(‘71) = fﬁs fdg, ;13|

X [f(‘-;{)"f(vj,)](Po(Uj.)(Po(’Ua) 5 (3. 15)
with
[Vigl = 19 = V3!
and
S bdbdy (05bsa, 05y=2m), d=3
(3. 16)

db=
?db (-~asbZa), d=2

where f(V,) is an arbitrary function of ¥;, and the
primed velocities are the restituting velocities.
In the following we will also replace x_;(V3) by

No(Vz) = Hon Mi(¥2) ,

where X(V) is the linearized Boltzmann collision
operator which is for hard spheres or hard disks
given by?

KOG’!)QDO({'I)JC(VI) = f‘f‘;afdB 1;13 '

x [f@])+ f@3) - f() - f(;s)]%(vx)fﬁo(vs) .
(3.17)

It will be shown in a subsequent paper that this
replacement leads to an error of higher order in
the density, than considered here.

On the basis of these considerations, it follows
that for hard-disk and hard-sphere particles at
low density, we may write Eq. (2.25) for ¢, ¢€)
in the form

2P (7,, €)= fm[e - nAOF,) - neRDF,, €)
- (D) P @o(v1)v1,,  (3.18)

where €R(Vy, €) is given by Eq. (3.13) with A?and
A; replaced by 2$ and 7\0, respectively, and €®?
has been set equal to AJ.

IV. HYDRODYNAMIC MODES

In Sec. V we shall argue that the dominant con-
tributions to €R®f(, €) for small € come from the

(K=2]

small-% region of the k integration, i.e., from

= |kl <1, where I is of the order of a mean free
path. It will be convenient to have a representa-
tion of the operator [€+ik. Vi, ~n A ([¥,) = nA(V5)]™
expressed in terms of the eigenfunctions and ei-
genvalues of the operators ik .V - 72A2(V) and
ik.V - 72(¥). In the region where 2 <I™ these
may be found from the eigenvalues and eigenfunc-
tions of zA{(¥) and nx(¥), respectively, by means_
of perturbation theory regarding the operator ik.v
as a perturbation, 33!

Following Pomeau we not1ce that among the
elgenvalues of the operators ik. v1 nAP @) and
ik. va—m\o(vz) there are those which go to zero
as - 0. These eigenvalues and the correspond-
ing eigenfunctions will be shown in Sec. V to give
the leading contribution to p’(€) as €~0orto _

p'@ (t) for long times. The eigenfunctions of ik.v
—-nho D) and ik . v — nXo(V) with eigenvalues going to
zero as k-~ 0 are called hydrodynamic modes, and
they arise from the eigenfunctions of Ay and 2,
belonging to the eigenvalues zero, respectively,
under the perturbation ik.v for small . We now
determine these hydrodynamic modes.

The elgenfunctmns and elgenvalues of the opera-
tors ik.v — nXo(¥) and ik.v - nho( v) will be given by
the solution of the equations

[ik. v -2 2@)] X (&, V) @o(v) = @(®) X’ (&, V) @ov)

(4. 1a)
and
[k v = 20,3)] 0 (&, V) 0o(0) = (k) 0’ (&, 7) @o(v) ,
(4.1b)

respgciively. We impose the condition that
x'“’(k, v) and ®“’(k, V) are normalized according
to

JaT [ &, D oo)=1 (4. 22)
and

Jav [0 &, v)]* eow)=1,

respectively, and we require that different eigen-
functions are orthogonal, according to the rela-
tions

Jav x*“" (&, )x"“ (&, v) @o(v) = 0 (4. 2¢)

(4. 2b)

and

Jav 8% (&, v)@'? (&, V) 9o(v)= 0 (4. 2d)

These points will be further discussed elsewhere. !°

The hydrodynamic eigenfunctions and eigenval-
ues which are of interest here may be obtained by
assuming that x“’(k, v) and ®'®(k,v), and w(k)
and (k) have expansions in powers of 2 for small
k, and by requiring that for 2~ 0, w(#=0)=0 and
QF=0)=0

Using the fact that \?(¥;) has only one zero ei-
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genvalue, one can write

w(k)= wo+ Wik + Wk + .. (4. 3a)

Xk, V)= x60 @)+ bf @)+, (4.3b)

and glat the one hydrodynamic mode of the opera-
tor ik.v —n2{(¥) is a diffusive mode which is to
O(kz) given by

wo= wy=0, (4.4a)
wp=Dy, (4. 4b)
and
x=1, (4.5)

where Dy is the value for the self-diffusion coeffi-
cient obtained on the basis of the Boltzmann equa-
tion. Similarly, using the fact that (V) has (d + 2)
zero eigenvalues and writing
Q)= Qo+ k2 + B2+ v s (4.86)
and
0 (k, V)= 0P )+ O{V @)+ ... , (4.7)

we find that to O(k?) the eigenvalues are given by

Q="=0-0, i=(1,...,d-1) (4.8a)

Q¥ =+ icy , (4. 8b)

Q3 =yo=no/nm, (4. 8c)

Q3% =D 1= 2¢/nC, (4. 8d)

and
QN =LTg=3% (—Z(dd;l) Vo + (yg = 1)DT0> .
4. 8e)

Here H denotes a heat mode V;, i=1,..., d -1,

the (d - 1) the shear (or viscous) modes, and (+) |
denotes the two sound modes. Furthermore, ¢,
=[(d+2)/(pmd)]''? is the ideal-gas sound ve-
locity in d dimensions yy=Cy /Cy=(d+2)/d, where
C,o and C, are the ideal-gas specific heats per par-
ticle at constant pressure and volume, respectively,
andngand A\gare the values for the coefficients of vis-
cosity and thermal conductivity, respectively, ob-
tained from the Boltzmann equation. We note that
the bulk viscosity vanishes in the low-density

limit. The subscript 0 denotes that the low-density
limit has been taken. The corresponding eigen-
functions to O(k) are

Oy E, V)= (Bm) 2R P V), (4. 9a)
(K, v)= 3)Y23(L Bmo? - 2), d=2 (4.9b)
QY (K, V)= &) 2 (4 Bmo? - 3), d=3 (4.9c)

)k, v) =[5 BmP Bmey(k V)], d=2 (4.9d)

and

783
O (&, V)= ($)2[3 Bmo® £ Bmeo (k- V)], d=3.
(4. 9e)

Here k, K", ..., kD form a Cartesian set of
mutually orthogonal unit vectors.

We use the hydrodynamic modes to express the
operator [€+iK- Vi — 72" (V1) —n2(V)] ™ for small
% when acting on a function of the form f (¥y, V)

X @o(vy) olvs) as

[€+ik Vip =12 oP(Vy) =1 o(V2)] 2 (1, V) 00 (01)@(v2)

=82y £y, V3) @o(v1)@o(ve) +S°.
X f(‘71 , ;;z) ¢o(v1) 990(1)2) ) (4. 10a)

where
SPuf (e, ‘-;z) @o(v1)@o(vz)

=2 [e+w®)+QE)] X €, 7;) ©@(=K,7,)
w, N

x @0 (1) @o(vs) [ avy / AV, x (&, vy)

X @@=k, v;) f(Vy, Va)@o(v))@olg) . (4.10b)

Here the prime on the summation symbol indicates
that only the hydrodynamic modes x“’ and ®‘*) are
to be included in the sum. The other operator S?
contains the contribution from nonhydrodynamic
eigenfunctions, i.e., from perturbed eigenfunc-
tions obtained from nonzero eigenvalues of x§ and
Xo-

V. BEHAVIOR OF p@(#) IN TIME: /2 DEPENDENCE

In this section we shall compute the behavior of
P9 (#) in time for hard disks and hard spheres by
iterating the operator on the right-hand side of
Eq. (3.18) about [€ =212 (V;)]™. In this way we
shall obtain an initial exponential decay, which in
the low-density limit can be derived from the
Boltzmann equation, as well as a long-time be-
havior ~¢%/2,

Using the Egs. (3.18) and (3. 13) we have then

pP(€)=ppy(e) +p“’1(<) +ee, (5.1)
with
pHib (€)= Bm f v, vy [€=m2 Lo )] V1 @ol04)
(5.2)
and
p® (€)= Bmn [ dvy vy, [€ =n2Po(vy) ™
x € ®g(Vy ,\'5)' [€ =n A2 )] w1, @olvr).  (5.3)

Here we have assumed that one can drop the LDT’s
in Eq. (3.18) for the computation of the long-time
behavior of p{¥’(#) for hard disks and hard spheres
at low density. An indication for the correctness
of this assumption can be found in a subsequent
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paper.10 Since we shall only calculate the first
two iterates, the time interval over which our
results are valid may be restricted. This point
will be further discussed in Sec. VII.

The Laplace inversion of p i) (¢) leads to an ex-
pression for p§) (¢) for all ¢ of the form

PO =Bm [ dvyvy, ems Gt v, Polvy) . (5.4)

Although the expression may be evaluated in terms
of the eigenvalues and eigenfunctions of the opera-
tor » ADO(;) as a sum of exponentials, it is a suf-
ficiently good approximation to replace (5. 4) by

pEh (B)z et CmPoot, (5.5)

where Dy, is the self-diffusion coefficient obtained

|

W, 2

dk
@) (¢)~
p5 (€) nﬂmj @n)?
k<RQ

27 [e+w (R)+Q(R)] ™ J'd-G1

G. D. COHEN 6

from the Lorentz-Boltzmann equation in first Ens-
kog approximation.3? Since Bm Dy, is proportional
to the mean free time f;, p{}(¢) decays over a few
mean free times.*®

We now evaluate p§} (¢) [Eq. (5.3)] and divide
the k integral appearing in this expression into two
pieces for which 05 kS ky and kyS kS, respec-
tively, where ko" is on the order of a mean free
path. The contribution to p#(¢) coming from
k> ky will be neglected, for we assume that this
part of the K integration incorporates the effects
of collisions which take place on a small space
scale compared to a mean free path, in which we
are not interested here. The region for which
k<Pky is the region where the perturbation theory
outlined in the previous section is valid. Using
Egs. (4.10a) and (4. 10b), we may express this

part of pf) (¢) as

Id‘.;a le[e -n KDO (;1) ]-1

x(0,0 | Tolxy, x5) | K, =K)x (&, v;) ® (=K, V) 0o(v1) @o(v3)

de‘-;l fd;zx(w) (ﬁ, ;’.1)@)(9) (‘E, ‘72)@-{., —E‘ Tz(xly %z) | 0,0)[e —”UtDo(i)]-1 V1, @o(v1)@o(v2) .

Here we have assumed that the contributions
from nonhydrodynamic modes can be neglected for
the discussion of the long-time behavior of p#),
since we expect that they will lead to contributions
decaying exponentially over a few mean free times.

In evaluating (5. 6), we can make a k£ expansion
of the numerator on the right-hand side of the
equation and keep only the lowest-order terms in
k. Thatis, we can replace (0,0 | To(x;, x2) |K, —K)
and (K, -K | To(xy, %) | 0,0) by Too(xy, x5), where

1

P ()~npm 2’

€ Jrcrg

(5. 6)

[
Too(x1, %) = lim (0, 0 | Ty(xy, x5) | K, -K)
20

= mon(l?, -K| Talxy, x5)| 0,0) . (5.7)
ke

Furthermore, we can replace x“’ (k, v;) and

@@ (_K, v,) by x§'(k, v;)=1 [cf., Eq. (4.5)] and by

O™(~k, v,) [Egs. (4.9a)-(4. %)}, respectively. The

terms involving higher powers of 2 can easily be -

seen to lead to a more rapid decay of p,‘,")l, than the

terms retained. Thus we write

%‘)—d— [e+w(k)+Q(k)]? 'Jd%’l de?z Viy

x[€ =n A% (7)] Toolrs %) O™ (=K, ¥5)  0p(01) @o(v2) J’d:\’: J-d;’—?.@om)('k: V)

The expression for pf#) (¢) given by Eq. (5.8) can
be simplified by using the symmetry of the opera-
tors A and )4, that

A o(vy)=J dvy T (%1, 25) 9o () ,

and that the ®;‘® are linear combinations of sum-
mational invariants in a binary collision,® so that

X Toolxy, %2) [€ =22V vy, 9o (01) o (v2) - (5. 8)

'
[ avy [ avyvy,[e =nn @)™

X Too(x, x2) O (=K, V) 0 (1) o ()
= - f d;;l le[E - nAg (‘-;1)]_1

x A% @ Q=K V1) @alvy)
and
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[ a¥, [a%,0 (K, Ty
X Toglx, x9) [€ =nA(F1)] ™ 01, @ o01) @ o)
=~ [aT, 0 (~E,7,) A(T)
x [€=n @) ] vy, @oloy)

which leads to the following expression for p§)(€):

pg)1(<)~”ﬁm§,j (—g%[e+w(k)+ﬂ(k)]_1
kg

X {I Vv, AT [€ —mad ()]

2
x @ §M(-K, Vl)%(vl)} . (5.9)

Inverting the Laplace transform, we find that for
t>tg, p(L',’,’l(t) can be expressed as

pEA(t)~ Bm ZJ @ exp[- (Q(k)+ w(k))t]

x [ fdvl le®<()m(—1¥, ) @ow)]?. (5.10)

Considering the tensorial character of the hydrody-
namical modes ®$% (&, V), we see that only the sound
and shear modes give a contributionto Eq. (5.10). Of
these modes, the shear modes give the dominant
contribution to p“” (¢), since the presence of the
+ikc, in the sound-mode eigenvalues can be shown
to result in a faster time decay than that given by
the shear modes. ! We therefore obtain

d-1 >
dk
PI(Jd ()~ B_y'n W exp[ -tk 2(Do+ Vo)]
i=1 kg m

x [ [av,0,08 9 (K, 7)) 9owy)]?. (5.11)

Using the fact that for d =2, k, = (1/&) (k,, -k
obtain, with (4.9), for d=2,

ps21(t) ~ [8mn(Dy+ vt ] {1 — expl— (Dy+ vo) REE]},
(5.12)

2, wWe

or for > ¢,

p$2, ()~ [8mn(Dy+ vo) to 17 (0 /2) . (5.13)

For hard disks of diameter a, f, is in the low-den-
sity limit given by

(Bm/m'/2

to= 2na

) (5.14)

while D, and v, are in first Enskog approximation“
=[2na(Bmm/ 2] (5.152)
vo= [2na(Bmm)!/ 2] (5. 15b)

so that for such particles

P52y (8) ~ dna’(ty /1) . (5.16)

Similarly, for d=3, pi(¢) becomes

o (t)"' em E j exp[ E2H(Dy+vy)]

x [ fdel,;@%)v')(—k., V) @olvy)]?

I dk( (1)2 (2)3)

ko
xi drkZexp[-R2t(Dy+vy)], (5.17)
0

where L and %2 are the x components of the two

mutually orthogonal unit vectors which together with
k form a Cartesian set. The % integral may be shown
to be equal to $7 so that

k
1 0
P h ()~ mj dk k?expl ~k2H(Dy+ vg) ]
0

/2
i—z—n' [ﬂ(Do‘f‘Vo) to]-3/2<£tg‘)3 (5. 18)

for t>¢,. For hard spheres of diameter a, tyis for
low densities given by®

(Bm/m)'/2
(B /m) 77

b=

, (5.19)

and using the values of Dj and v, in the first
Enskog approximation®
Dy=(3/8na?) (Bmn) /2,
vo=(5/16na® (Bmm)™/2,
we obtain®
P (®)= T D 2 (na®)? (t/2)* 2
21,17 (na®)? (4, /2)* 2 .

Equations (5.16) and (5. 20) exhibit the /2 be-
havior found by Alder and Wainwright and are con-
sistent with the computer results extrapolated to
low density.

(5. 20)

VL. BEHAVIOR OF p{*)(#) AND p{®)(¢) IN TIME

Using similar procedures as those for p{*(2),
the behavior of other velocity-correlation func-
tions with time can be determined. In this section
we discuss those velocity-correlation functions
that give the kinetic contributions to the coeffi-
cients of shear viscosity and thermal conductivity.
In particular we shall consider functions of the
form®

p(0) = <iz'f>1 7 (7,(0)) ,é; J(""(‘“’m[é I
(6.1)
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where for the viscosity 7

J'l(i;i):vixviy ’ (6. 23.)
and for the thermal conductivity
ST =0, [38mv 2 -3 +2)] . (6. 2b)

Here again the angular brackets denote an average
over a canonical ensemble in the thermodynamic
limit.

Expression (6. 1) can be written in the form

ps () = [av,JF) P, 0, (6. 3a)

where using the identity of all N particles, one
has

W, D= lim (JAF) ) 'mtV

N
xjdx”'IS.t &MpM) 22 J(F,). (6.3D)
i=1

In view of the great similarity of the Eqgs.
(6.1) and (6.3) to (2.1) and (2. 2), it will be clear
that the time behavior of p$”(¢) can be determined
_in a manner similar to that used for pp D, we
will briefly outline this procedure in the Appendix
and only give the main results here.
Corresponding to Eq. (5.2), we may expand
(d)(e) as

(d)(i) p(d) (€)+p(d) (€)+ oo, (6. 4)

The Laplace inversion of pi(€) leads to an ex-
ponentially decaying function similar to that given
by Eq. (5.4) for py’y(t). Thus we write

p$20(t) = (TAFY)) [ av, J(F)

x e™o V)t J(¥y) @olvy) (6.5)

for all {. In the first Enskog approximation
P32 (£) = expl — t(Bmv g0) ]

and

(6. 6a)

px2d(2) = exp| -

t(gmDr )", (6. 6b)
where v and Dr  are the first Enskog approxi-
mations to vy and Dy, that have been defined in
the Egs. (4.8c) and (4. 8d), respectively.

We remark that p(d) (¢#) decays over a period of
a few mean free times.

A treatment of p{(¢) similar to that given for
pD ) (f) shows that for long times, the dominant
behavior is contained in the expression

2( \\~1
ps8~ LTI

Q Q'J;on(z )d exp[ t(ﬂ(k)+9 (k)):l

|o

x (I av, J ()@ $(k, ¥,)

x @ (- K, vocpo(uo)a , (6.7

where the prime on the summation sign means
that only the hydrodynamic eigenfunctions e'®
and ®®" are to be included, and the subscript
zero on the eigenfunctions refers to them in the
approximation given by Eq. (4.9). Of all the hy-
drodynamic modes in the summation in Eq. (6.7)
the dominant contribution to p('” (#) comes from
those combinations of € and & which are such
that the sum Q(¢) + Q'(%) is ~k2 These combina-
tions are easily seen to arise from (a) two shear
modes, (b) two heat modes, (c) a heat and a shear
mode, and (d) two sound modes such that one has
eigenvalue ikcy +3I;ok2 and the other —ikcCy+3

X T gok2.

Inserting the expressions for (k) given by Eq.
(4. 8) and for ® given by (4.9), we find that only
combinations of two shear modes or two “oppo-
site” sound modes contribute to p“” (¢), while
combinations of one shear mode and one heat mode,
or two “opposite” sound modes contribute to
p)‘ 9(4), because of the tensorial character of the
functions J,(¥,) and J,(¥;), respectively.

For d =2, the long-time behavior of p$3(¢) is
given by

pf,di(t)” l J’ _ﬁd_k_z i?_l (23'2V0tk2+e-rs0kat) ,
n k(k (217)

(6.8)
where the first term in the parentheses incorpor-
ates the contributions of the shear modes, while
the second term contains the sound-mode contri-
bution.

Carrying out the % integrals, we obtain for
>t

-1
s oame [ (o gi)" ] (4)
(6.9a)

or
pn ()~ % (na®)(ty /1) (6. 9b)

where we have used that (v,%v,%)= ()% and the
values for A and 7, for hard disks of diameter
a in the first Enskog approximation.

Similarly, we have

(. L dk | 23 [_ 2 Ao >]
i)~ o @n?) &t | kvt 50

k(ko

2
+ 2—122—"— exp[- Fsokzt]} , (6.10)

where the first term in the curly brackets incor-
porates the contributions from combinations of
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shear and heat modes, while the second term con-
tains the sound-mode contribution. Thus, we
write

PsA(t) ~ (Amnt o)™t <V° lp_).l <t_0>

N (6.11a)
anB t

or
AW~ 5(nad (¢, /1) (6.11b)

where the values for 1 and X in first approxima-
tion have been used. For d=3, we find that®®

() ~ (120n7°/ 9 E{'(Zuoto)'a/z
- /
+<4-°—4" Ly, oty )m] (i)a ‘. 6.120)

or using the values for A, and 7, for hard Spheres
of diameter a in first Enskog approximation®

p$3() ~1. 05(na®y?(to/t)*' %, (6. 12b)
while for p3)(¢) we find that®®
B O\t -3/2
p)(t?;(t)~ (127”73/2) ll:(l/otg + ﬁk—;)
1/4).¢ 4 -3/2](t)-3/2
=(=20%0 |, = ]
*3\ibnk, T 3 "°t‘> z (8.132)
or
PN~ 1. 32(na®)¥(ty/1)¥2 (6.13b)

if the Enskog approximation to ny and A, for hard
spheres is used.

Equations (6.9), (6.11)-(6.13) are consistent
with the computer results of Alder and Wain-
wright, extrapolated to low densities.

VII. DISCUSSION

A number of remarks can be made in connection
with the results presented here,

(i) The expressions given by the Eqs. (5.13),
(5.18), (6.9a), (6.11a), (6.12a), and (6.13a) are
identical with those derived by Alder and Wain-
wright,!®"* Ernst, Hauge, and van Leeuwen,® and
Kawasaki® for pi’(¢), p{®(#), and p{®’(¢) on the
basis of hydrodynamical considerations, if one
replaces the transport coefficients in the expres-
sions given by the above-mentioned authors by
their low-density values.

(ii) The results of Secs. V and VI for the long-
time behavior of p'® () seem also to apply to a
general class of systems with short-range inter-
particle forces. This obtains in spite of the k and
€ dependence of the Fourier representation of the
T, \?, and X operators in this case. For thisk and
€ dependence seems to incorporate effects on the
scale of the range of the interparticle forces and
of the duration of a collision, which both should

lead to corrections of O(z) compared to the effects
on the scale of the mean free path and mean free
time, considered here. This expectation seems
to be borne out by machine calculations of p$’(f)
by Verlet and Levesque for systems of particles
interacting with a 12~6 Lennard-Jones potential 3’

(iii) As remarked before, the results obtained
here are consistent with the machine calculations
of Alder and Wainwright!'?'* extrapolated to low
density.

In this connection it is interesting to note that
in two dimensions a (1/¢) time dependence is ob-
tained for p®(f), without carrying out the rear-
rangement discussed in Sec. III. This is due to
the Ine behavior of e®Pand e®,, which is defined
inthe Appendix, for small €. Using the results of
Sengers® for the coefficients of the ln¢ terms in
€®y and €®,, we have computed the coefficient of
(to/t), which would be obtained from e®f and €®,.
A comparison of the results for the coefficients
of the (£,/#) term in p®’(f) before and after resum-
mation is presented in Table I. It is clear that the
unresummed coefficient is inconsistent with the
machine calculations of Alder and Wainwright,
having the opposite sign in two cases, and being
between 5 and 20 times smaller than the coef-
ficient obtained inthe resummed theory. Thus the
agreement with the Alder and Wainwright machine
computations can be taken as an a posterviori justi-
fication for the rearrangement carried out in Sec.
III and as consistent with the existence of the di-
vergences in €®7 as € —~ 0, which necessitate such
an arrangement. In fact, the same dynamical
events responsible for the most divergent contri-
butions to the e®Pand e®, are after resummation
responsible for the (¢,/)*2 tails in the velocity-
correlation functions pi’(f), pi®(f), and pi? (¥).

(iv) We have considered here only the first two
terms in the iteration method to determine p'® ().
This may set an upper limit for the time interval
over which the results obtained here are valid.
The higher iterates involve more complicated dy-

TABLE I. Comparison of the coefficients of ¢o/t as
obtained (a) from the divergence of the three-body colli~
sion term € B or ¢ B3 (Refs. 23 and 34) for hard disks,
and (b) from the method outlined in this paper, after a
resummation of the ®7 and ®, series has been carried
out.

After resummation
2

Before resummation

2

2) - na_ ty na’ ty

eo” () 0.06 =~ % 4 7
2 2

@) - na ty na’ ty

P’ (®) 0.22 ==~ e 1

2 (¢) vo.18 22 b na t

Px : 3 1 3 1
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namical events than considered here. A rough
estimate of the terms we have neglected suggests
that they may make themselves felt for times
longer than about 404,. This would imply that the
(t,/)*’? terms should be dominant in p‘?(f) for the
times relevant in the Alder and Wainwright ma-
chine computations,

(v) Physically the long-time tails of the cor-
relation functions are caused in our calculation by
the slowly decaying hydrodynamic modes. Kinet-
ically this is due, among others, to the possibility
of recollisions, i.e., collisions between two par-
ticles that have collided before, They lead to a
much slower decay of the initial state of a particle
than if they are excluded, since they can still “re-
mind” the particle of its initial state after many
collisions have taken place.

(vi) Since the transport coefficients are related
to time integrals of the time correlation functions
p'¥ (), the results (5.13), (6.9a), and (6.11a), if
valid for all ¢t> {,, would imply that the time-cor-
relation-function expressions for the Navier-Stokes
transport coefficients do not exist in two dimen-
sions. Similarly, the results (5.18), (6.12a), and
(6. 13a) would imply that the time-correlation-func-
tion expressions for the Burnett transport coef-
ficients do not exist in three dimensions, since
integrals of the form?®:38

[ dttp'® @)
0

occur, However, we stress that in view of the fact
that the results obtained here may only hold over

a restricted time interval, the existence or non-
existence of these transport coefficients is an

open question.

(vii) In view of the long tail of the time cor-
relation functions p‘*’(¢), a sharp separation of
kinetic and hydrodynamic time scales is not pos-
sible. Therefore the precise range of validity of
even the Navier-Stokes equations is not clear,
since in their derivation it is tacitly assumed that
the transport coefficients attain their full value on
a kinetic time scale which is much shorter than
the hydrodynamical time scales to which the equa-
tions apply. In particular, it is not clear to what
extent these equations can be used for phenomena
which are not infinitely slowly varying in space
and time. .

In a subsequent paper we shall discuss how the
present considerations can be generalized to
higher densities. We will obtain there, in a sim-
ilar fashion as in this paper, an initial exponential
decay followed by a decay proportionalto (¢,/2)?/2
with coefficients that reduce to those obtained here in
the low-density limit and which can also be compared
with the results of the hydrodynamical theories. These
results will also allow a comparison with the com~

puter data of Alder and Wainwright over the whole
range of densities for which they are available.
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APPENDIX

Here we outline the method which leads to Egs.
(6.9a), (6.10), (6.12a), and (6.13a) for p{?}(#) and
s (#). Since the method closely parallels that
used to obtain p‘D"')1 (#), we will only indicate the es-
sential modifications,

By taking the Laplace transform of Eqs. (6.3a)

and (6.3b), one can write

090) - [ d%, (7) 393, ), 4
with
2P (F, €)= lim Vi (7T

Nl ven

X J dx”"G(xN,e)p(xN)ZN;J(V,-) . (A2)
i1

Using the method outlined in Sec. II, one obtains
for &9 (¥,,¢) [see, Eq. (2.20)]
240 (), €)= (1/e)[1+ Z n' @, (Fy,€)]

X @y(vy) J (¥y)- (Ja(‘71)>'1,

where @,(V,€) are given by the Eqs. (2.21), pro-
vided that in the operators @?(¥,, €) the product
I1;.290(v;) is replaced by

(A3)

1 1
,1}1.%(”1)42}’”[“’0(”1)] 1,

Defining the operator &,(¥, €) by an identity sim-
ilar to (2.23) and using @, instead of @7, one can
give an expression for 9(¥,, €) in a form similar
to Eq. (2.25) for 2 (¥,, €):

DT, €)= (AT [e-2n'e®,, (¥, €)]!
1=1

x 9o(v)J(F;).  (A4)
Here the ®; bear the same relation to the @; as the
®P do to the @7, of Eq. (2. 26). For hard disks and
spheres, the operator €®,(V,, €) is the linearized
Boltzmann collision operator 1y(¥;) given by Eq.
(3.17).

Using the binary-collision expansion, one can
sum the most divergent terms in the B expansion
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with the result

21t e®,, (¥, €) =ner(¥,, €) + (LDT) , (A5a)

1=2

with

. dk (.. - P
eq(¥y, €) =)oz |dV2 (0, 0, |Ta(x1, %3) |k, -k
(2m)

X[E +ii;. Vlz— 717\;(;1) —n?\-ﬁ(";g)].l
x (&, -K|Ty(ey, 2)(1+ P15) [0, 0, )0 (v5) . (A5D)

For reasons identical to those given in Sec. III, we
replace in (A5b) the operator

[e+ik. V1o = mxz(F) = AV )]
by the operator
[e+ik. Fpp = 00o(F) = n2g(F )]

to obtain e®y(¥,, €).
Equations (6.4) and (6.5) for p'P(¢) and p'P4(e),
respectively, are obtained by writing

DT, €) =(JAFT N ! [e —nrg(¥y) —neRy ¥y, €)]?

x J(¥1)@o(v,), (A6)

by iterating about the operator [e —nxy(V,)]™, and
then by using (A1). piP(€) is obtained from Eq.

(A8) as
PO =n(PEDT [dFIF) (e~ mo@)]

x €Ro(¥y, €)[e = n2(¥})]™Y J(F)@plv,) -

(A7)
Proceeding as in Sec. V and using identities similar
to those employed in the transition from Eq. (5.8)
to (5.9), the following expression for p ¥ (¢) is

obtained'®'® [cf., Eq. (5.9)]:

PPy~ PFTN " T f el + 0 + 0]
Q

,Q¢ quo(z‘”)
><< deIJ(Vl) A€ = A1
<O® (&, 7)) 08 (-F, vl)%wl))a (A8)

Laplace inversion of (A8) leads for ¢ >#, to the
Eq. (6.7), from which all further results of Sec.
VI can be derived.
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The transport coefficients in high electric fields are obtained for electrons bound in image-

potential-induced surface states on a dielectric liquid surface.

A two-dimensional Boltzmann

equation is solved in the diffusion approximation, assuming the principle electron scatterers
are gas atoms and surface waves. At high temperatures, where gas-atom scattering dominates
both energy and momentum relaxation, the transport coefficients are field independent even
though the average electron energy is much higher than the product of Boltzmann’s constant

and the liquid temperature.

At low temperatures, where surface-wave scattering dominates

the momentum relaxation, the conductivity and Hall mobility increase rapidly with increasing
electric field. For ‘He this non-Ohmic transport should occur below 1 K at fields below 0.1

V/cem,

I. INTRODUCTION

Cole and Cohen® and later Shikin® predicted that
electrons should form surface states outside liquid
He, H,, D,, and Ne. The idea is that an elec-
tron can be drawn to and localized outside the lig-
uid surface because of the dielectric image force.
Because of the short-range repulsive interaction
between the electron and the liquid, the electron is
not drawn into the liquid. This one-dimensional
attractive image potential gives rise to electronic
states that are nearly hydrogenic in their motion
perpendicular to the liquid surface. However, the
motion parallel to the liquid surface is assumed to
be free-electron-like. A surface state was de-
tected on liquid *He by Williams, Crandall, and

Willis® and by Crandall and Williams.? They mea-
sured the lifetime of electrons in this surface
state. However, they were unable to explain the
magnitude of the lifetime in terms of the above
image-potential model.»® The experimental values
of the lifetime were much longer than the theoreti-
cal values. Cole® calculated the mobility of elec-
trons parallel to the liquid surface and predicted
that above about 1 K electrons would be scattered
mainly by *He atoms in the vapor phase, whereas
below this temperature the mobility would be de-
termined by surface wave scattering. Crandall
and Williams” suggested that electron motion
parallel to the liquid surface may not be free-elec-
tron-like but rather that electrons are arranged in
a crystalline array. Sommer and Tanner® recently



