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A close relationship between the angular distributions of secondary electrons produced by
photoionization and by impact of fast charged particles is pointed out. The dipole-interaction
term in the charged-particle impact cross section [which has (lnT)/T dependence, T being
proportional to the incident energy] has essentially the same angular dependence as the photo-
electrons ejected by unpolarized light. An analysis of recent electron-impact data on He and
N2 indicates consistency with the present theory.

I. INTRODUCTION

Recently an increasing number of experimental
data on the angular distribution of electrons ejected
from atoms and molecules either through photo-
ionization' or through ionization by charged par-
ticles have appeared in the literature. This pa-
per shows a simple relationship between the photo-
electron data and the dipole-interaction part of the
charged-particle impact data (referred to as the
secondary-electron data for brevity as opposed to
the photoelectron data).

Ionizing collisions between a fast charged par-
ticle and an atom or molecule' can be qualitative-

ly classified into two parts: "soft" or glancing
collisions with large impact parameters and small
momentum transfers, and "hard" or close colli-
sions with small impact parameters and large mo-
mentum transfers. The soft collisions, because
of their large impact parameters, impart on the
atomic electrons an impulsive force (= momentum
transfer) nearly perpendicular to the path of the
incident particle. The effect of such a force upon
the atomic electrons is equivalent to that of light
propagating in the direction of the incident par-
ticle; the electrons experience a force along the
direction of the polarization of the light. In short,
ionization by soft collisions is equivalent to photo-
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ionization, and hence the angular distribution of
secondary electrons ejected by soft collisions
should be essentially the same as that of photo-
electrons. Our objective is to confirm this sur-
mise by detailed analysis.

The first Born approximation provides an ade-
quate basis for the evaluation of cross sections
for ionization of atoms by fast charged particles.
The soft-collision (dipole) part of the Born cross
section contributes a (lnT)/T factor resulting
from the integration over the momentum trans-
fer, T being proportional to the kinetic energy of
the incident particles. Hence, the part of the
ionization cross section which depends logarith-
mically on the incident energies should have an
angular distribution closely related to that of
photoelectrons. The precise relationship be-
tween the two angular distributions is derived in
Sec. II, and an analysis of the electron-impact data
on He and Na by Opal, Beaty, and Peterson is
presented in Sec. III.

II. THEORY

We begin with the basic expression for the
Born cross section as given by Eqs. (2. V) and

(2. 21) of Ref. 12 (referred to as I71 hereafter),
with a slight change; namely, the solid angle dv
in Eq. (2. 1) of IV1 is expressed as (m/8 kk')
xdQd4, where 4 is the azimuth of the momen-
tum transfer SK= Sk —Nk' about the incident par-
ticle momentum Sk, Sk' is the scattered particle
momentum, m is the electron mass, and Q= (O'E) /
2m. The differential cross section for the ioniza-
tion of an atom to a continuum state IEQ) by a fast
particle of charge ze and speed n is given by

( )
2aoe' fe„(K) dQd4 (1)
T/e, E/61 Q

where ao is the Bohr radius, S is the Rydberg en-
ergy (=me /2h ), T= —,'mv, and fz„(K) is the gen-
eralized oscillator strength. The final state IEQ)
is characterized by the excitation energy E mea-
sured from the initial state, and 0 stands for all
other labels necessary to identify the collision
products uniquely, such as the momentum Sic and
energy W= (Etc) /2m of the ejected electron. [Note
that Eg. (2. 21) of IV1 refers to the "total" gener-
alized oscillator strength, i. e. , fe„(K) summed
'over 0. ]

The experiments reported in Refs. 4-7 mea-
sured the energy and angular distributions of the
ejected electrons, but not those of the scattered
particle. The observed cross sections therefore
correspond to Eg. (1) integrated over K, or equiv-
alently over 4 and Q, and also summed over all
ionic states mith fixed a. The summation over
the ionic states is postponed to the final step.

The integration over K corresponds to the sum-
mation over the direction of polarization in the
photoelectron case, and indeed our final result is
very similar to the angular distribution for the
photoelectrons ejected by unPola~ized light prop-
agating in the direction of the incident beam of the
charged particles.

For a moment, in Eg. (1) we focus our attention
on the integration over Q only. The integral
JdQ/Q introduces a logarithmic dependence on the
limits of Q; in particular, the lower limit [Eg.
(2. 17) of IVl]

Q „=E /4T (2)

dC' sn K (R & =-2mazn & 0 .

In the low-Q region, we have from Egs. (1)
and (3)

f ' dQ f,
'

deafen(K)i/Q=f" dQ fo" dC'
min min

x (f /4v) [1+P P2(cosh)]/Q . (5)

gives the lnT dependence on the incident energy
mentioned earlier. At low Q(«R), fe„(K) reduces
to the dipole oscillator strength, which depends on
the angle X between the direction of the ejected
electron and the direction K of the momentum
transfer but not explicitly on I K (. For ionization
by charged-particle impact, the direction of the
polarization of the photon is replaced by 1?. The
angular distribution of electrons ejected with ener-
gy 8' by a photon of energy E is mell known':

lim fe„(K)= (fe~/4w) [1+PewP2(cosX)],
K 0

where fe~ is the dipole oscillator strength, Ps~ is
the asymmetry parameter, and P2 is the Legendre
polynomial of the second order. It is sufficient for
our purpose to carry out the integration of Eq.
(1) in detail only in the vicinity of Q „to bring
out the essential feature of the angular distribu-
tion we are after.

As was done by Bethe, ' Fano, ' and Miller and
Platzman, 4 we divide the range of Q between Q „
and Q -4T into two parts: one for soft colli-
sions Q „-Q ~ Qo and the other for the remainder
Qo ~ Q ~ Q,„. Since the lnT dependence comes
from Q „, the choice of Qo is immaterial, and

we choose a small value which is independent of
T such that the dipole term (3) dominates through-
out the low-Q region. Inithe second region, fe„(K)
is finite and for Q &E it decreases as some nega-
tive power of Q in such a way that the integral re-
mains finite for large T. Details of the integral
in the second region are irrelevant to our objec-
tives, and symbolically me put
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To integrate Eq. (5) over C, we note from Fig. 1
that

Cosh= cose cosg+ sin8 sing cosC,

where 8 is the angle between v and k, and from
the addition theorem for the Legendre polynomials,
we have

J
'

Ps(cosh)ddt= 2wPs(cose) (~pos'( —2) . (6)

The cosa) in Eq. (6) can be expressed in terms of
momentum variables only (Fig. 1):

(k —k' +Ks) [E+ (m/M) Q]
4ks /f2 4TQ

where M is the reduced mass of the colliding sys-
tem (see Secs. 2. 1 and 2. 2 of IV1). Thus we have

ego
dQ Q 'codd=1 ~ ln( ~ )+o(T '),

"min
(7)

The right-hand side (rhs) of Eq. (7) remains finite
for large T T.he logarithmic term in Eq. (7) is
not what we are after, because it gives a (lnT)/T
[but not a (lnT)/T] factor when substituted into Eq.
(1)

The remainder of the rhs of Eq. (6) is indepen-
dent of Q and it can be factored out of the Q in-
tegral in Eq. (5). The resulting integral gives
the lnT dePendence tve are looking fox, namely,

f c dQ I 'dC fso(K)/Q:—2vfsw(8) In(4TQc/Es)+ [contributions from Eq. (7)]

= 2' sw(8) In(T/61)+ (terms finite for large T), (8)

where

fsw(8) = (fsw/4&) [1 —.PswP2(cose)] (9)

Notice that Eq. (9) is the same formula that gives
the angular distribution of electrons ejected by un-
polarized light propagating parallel to k. In fact,
Eq. (9) comes from the component K, of K per-
pendicular to k, as can be verified by putting
cosX= (K' K,)/alt, in Eq. (6) (see Fig. 1). The in-
tegration over 4 then corresponds to the summa-
tion over the direction of polarization of light
propagating parallel to k. The unit of energy used
in separating the In(T/61) term on the rhs of Eq.
(8) is arbitrary, and we chose 8, only for conve.-
nience. We combine the terms in Eq. (8) that re-
main finite for large T together with B» defined
by Eq. (4), thus eliminating the dependence on the
arbitrary constant Qc. We shall denote the com-
bined terms by Bsw(T, 8). Details of Bsw(T, 8)

FIG. 1. Relations between various momenta in units
of L The vectors k and%' are the moments for the
primary particle before and after collision, respectively,
K is the momentum transferred to the target, Kj is the
component of K perpendicular to k, and Tc is the momentum
of the ejected electron. Note that all vectors except for
Tc are on the same plane.

are again irrelevant for our purposes except for
the fact that it remains finite for large T.

Now, we have our final result by putting Eqs.
(1), (4), (5), (8), and (9) together:

&sw(T 8)=
r2

4 @~min " C=o

2 2

Asw(e) ln Ij+Bsw(T, 8—),
(1o)

where

z„(e)=f„(e)61/E .

Equations (9)-(ll) show that the angular depen-
dence of the dipole term for secondary electrons,
which appears with the (lnT)/T factor in the cross
section, is related to the angular distribution of
photoelectrons in a simple manner. The param-
eter A»(8) is the analog of M„ that appears as a
coefficient of In(T/(R) in various integrated Born
cross sections [see, for instance, Eqs. (2. 11),
(4. 18), and (4. 26) of IV1].

When the energy E&„transferred to the ion is
undetermined, as in most experiments, the cross
section must be summed over alternative final
states of the ion. The values of E„,(ionization
potentials included) are usually discrete corre-
sponding to discrete states of the ion, but E„,be-
comes continuous for multiply ionized states.
Thus the angular distribution of the secondary elec-
t~ons of a given energy Wis

o(T We)= — ' Z A»(8)in —+ B»(T, H),4ma20Z2

T/(R s, , (R

(12)
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uhexe E„,=E —8; and 8 is the angle betueen the
direction of the secondary eLectron and that of the
incident particle.

The asymmetry parameter Ps~ in Eqs. (5) and

(6) has been discussed frequently in the litera-.
ture. ' In principle, Ps~ can be evaluated if the
wave functions are known, ' '" or it can be de-
duced from photoelectron experiments. ' 3 When

Ps~ is known, the integrated dipole oscillator
strength fE~ may be deduced from secondary-
electron experiments via Eq. (11) and compared
with those obtained from photoabsorption experi-
ment or from theory E.quation (11) relates three
quantities, namely, A»(8), fs~, and LIs~, each of
which can be deduced from experiments conducted
independently of each other.

III. APPLICATIONS

The present theory is applicable when the Born
approximation is valid. Furthermore, for prac-
tical reasons, the dipole interaction should be
strong compared to the nondipole part. These
conditions are usually satisfied when E/T «1, that
is, when small momentum transfers dominate.
For instance, slow electrons of a few Ry in energy
ejected from valence shells of atoms or mole-
cules by incident electrons of several keV might
satisfy both conditions.

Experimental data at a given angle may be
plotted as a function of T in the usual Fano plot
(oT vs inT), The plot should approach a straight-
line asymptotic behavior as T increases when the
above conditions are met. The slope of the
straight line is gs„,As~(8) in Eq. (12), apart
from a trivial constant. When the dipole inter-
action is weak, the slope will be too small (i. e. ,

fs~ is too small) to make any meaningful compari-
son between theory and experiment.

The angular distribution given by Eq. (9) is sym-
metric with respect to 8= 90 direction, and
hence,
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slopes with the electron-impact data on He by
Opal, Beaty, and Peterson, for W=26. 9 eV. Be-
cause of the symmetry relation (13), the asymp-
totic slopes at supplementary angles (30'and 150',
and 60' and 120', etc. ) should be the same. The
theoretical slopes were obtained using P= 2 (which
gives the angular dependence of z sin 8) and fs~
= 0. 237 for E = 3. 79$ with the ion in the ground
state. ' Excited ion states are not included in the
theoretical slopes shown. Inclusion of such states
would increase the slopes by a few percent at the
most. The experimental data for backward scat-
tering seem to be more consistent with the theory
than those for 8 &90'.

It is difficult to deduce the slopes from the ex-
perimental data of Ref. 6 owing to a large uncer-
tainty (-25%) in the absolute cross section. In

principle, however, Eq. (9) may be used along
with the Fano plot to determine fs~ and Ps~, if
secondary-electron angular distributions are avail-
able with good statistics at various angles and for

AEw(90' —8) =As&,(90'+ 8) . (13)
0.02-

This symmetry still holds after the summation
over E„„,and it can be used to check the consis-
tency of secondary-electron data, whether abso-
lute or relative, at different angles, without re-
ferring to any external data.

For the ionization of He, Ps~= 2 for all E so long
as the He' ion is left in an s state. ' Accurate
values of ps~, when the He' ion is left in L

~ 1
states, are not known. However, with the values
of fs~ calculated from elaborate wave functions by
Jacobs, ' it is estimated that the excitations leav-
ing the ion in excited states would contribute only
a few percent to gs, As~(8). This estimate also
agrees with that by Oldham and Miller. '

In Figs. 2(a)-2(d), we compare the theoretical

0.01—

0
. 3 4 5 6 2 3 4 5 6

1n (rr)(.')

FIG. 2. Comparison of the slopes Azz, (8) in the Fano
plot (Ta vs lnT) for electron-impact data on He (Ref. 6).
The circles and triangles are the experimental data, and
the data for each pair of supplementary angles should ap-
proach the same asymptotic slope according to Eq. (13).
The straight lines are the slopes based on the present
theory. Theory predicts asymptotic slopes but not heights.
Experimental uncertainty is -25%, and the uncertainty in
theoretical slopes is a few percent. The energies of pri-
mary and secondary electrons are denoted by T and 8",
respectively. For other notations, see the text.
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0.2—
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when relevant f» and Pss are accurately known.
At the "magic" angle (where Pa(cose)= 0], the P
dependence in Eq. (9) is eliminated and the ex-
perimental data can be normalized from the ap-
propriate sum of the optical oscillator strength
only, that is,

0.1—

O
a
O

C/l

CV

N

O
C4 Q

b

0.2—
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0

(c)

0
0

d

0
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4 5

0 4
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~ 8=105'-

4 5 6

~s„.&sw(es) = +s...fsw 6t/4«

at 8„=cos (1/v 3).
In Figs. 3(a)-3(d), we present the electron-im-

pact data on Na also by Opal, Beaty, and Peter-
son. In contrast to the He data in Figs. 2(a)—2(d),
the asymptotic slopes of the N~ data for the pairs
of supplementary angles are remarkably similar
as required by Eq. (13), though the actual cross
sections are quite different at those angles.

For molecules, there are in general many;ionic
states (rotational, vibrational, and electronfc)
that are similar in E„,but have widely different
values of f» and P». ' Thus, the application of

Eq. (12) to molecules requires more extensive
data on photoelectrons.

FIG. 3. The symmetry relation [Eq. (13)] for the
slopes observed in the electron-impact data on N2 (Ref.
6). Notations are the same as those in Fig. 2.

high enough incident energies. Equation (9) can
also be used to normalize secondary-electron data
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