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A systematic investigation was conducted on the effects of spin-dependent interactions on
the energy-level schemes of the 3d+ configurations (V =2, 3, . . . , 8) in the third spectra of
the iron group. The spin-dependent interactions considered were the spin-other-orbit, the
spin-spin, and the effective electrostatic-spin-orbit interactions. The appropriate radial
integrals M 9, =0, 2) and Q /=2, 4) were considered as adjustable parameters and evaluated
by means of diagonalization-least-squares procedures. The introduction of the spin-depen-
dent interactions greatly improved the fit between calculated and observed multiplet splittings
in all investigated configurations. Reliable and consistent values of the appropriate parame-
ters were obtained, which agree with available theoretical predictions. In particular, the M
values are in excellent agreement with corresponding values obtained by the Hartree-Pock
method. The variation of the various parameters with A and their dependence on the effective
nuclear charge were determined.

I. INTRODUCTION

Energy-level calculations of heavy atoms are
usually based on a Hamiltonian comprising only the
Coulomb interaction between the electrons and
their individual spin-orbit interactions. These in-
teractions are, respectively, represented by the
Slater parameters I'" and G", or, equivalently, by
their linear combinations A, 8, C introduced by
Racah' for d" configurations, and by the spin-orbit
constants &„, . Such calculations generally result
in a rather poor agreement between calculated and
observed energy levels, even when the parameters
are considered as freely adjustable. Recently,
substantially better fits for l" configurations were
obtained by the inclusion in their energy matrices
of two- and three-electron effective electrostatic
interactions, which represent, to second-order
perturbation theory, electrostatic interactions with
distant configurations. These interactions are
represented by "effective electrostatic parameters, "
e. g. , o.', P (two-electron effective parameters),
T and Tx (three-electron effective parameters) for
d" configurations. 6 The mean error was thereby
decreased to several tens of cm '. The remaining
deviations often were of a pronounced magnetic
character, thus suggesting the need for inclusion
in the Hamiltonian of the still missing mutual mag-
netic interactions. These interactions are provided
by the Breit equation, which, in the nonre1ativistic
limit, breaks up into terms which can be given a
simp1e physical interpretation. ' A11 of these
terms that are spin independent (such as the orbit-
orbit interaction, the retardation of the Coulomb
interaction, and the relativistic correction due to
the mass variation with velocity) are absorbed by
the electrostatic parameters (real and effective,

including the additive constant) already included in
the calculations. Into this category also falls the
spin-spin contact term, which is diagonal with re-
spect to the total spin angular momentum of the
electrons. The terms which are not absorbed are
the spin-dependent spin-spin and spj.n-other-
orbit interactions, which, respectively, represent
the mutual interaction between the magnetic dipole
moments of the electrons and between the dipole
moment of one electron and the orbital motion of
another.

In view of the importance of the effective electro-
static interaction as compared to the real one, it
was considered worthwhile to include in the theo-
retical calculations a spin-dependent effective in-
teraction along with the above mentioned real spin-
dependent interactions. This interaction originates
by considering the two dominant terms of the Hamil-
tonian for heavy atoms, which are the electrostatic
interaction G and the spin-orbit interaction I'. The
effective Hamiltonian is therefore given, to second
order of perturbation theory, by the following equa-
tion

H, tt= —(G+F) (G+F)/~,
hE being the (positive) energy separation between
the perturbing and the perturbed configurations.
This Hamiltonian decomposes into three parts:

H„= —GG/r E,
Hs = —(GF + FG)/aE,
Hc= —FF/n, E .

H& represents the effective electrostatic interac-
tion already included in the calculations. H& turns
out to have the same angular dependence as the
usual spin-orbit interaction. ' II& is an indepen-
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dent effective interaction which has the property
of being spin dependent, and has been called "effec-
tive electrostatic-spin-orbit interaction" (effective
EL-SO) in previous papers. "'~ There are, there-
fore, three types of spin-dependent interactions to
be considered: the mutual magnetic spin-spin, and
spin-other-orbit interactions, and the effective
EL-SO interaction.

Investigations of the effects of the mutual magnetic
interactions on the energy-level structures of
atomic spectra date from the work of Breit on the
He r lg~p p' terms. Marvin' computed the matrix
elements of these interactions for two-electron con-
figurations comprising s, P, or d electrons. Horie '
derived formulas in which the matrix elements of
the spin-spin and spin-other-orbit interactions for
l" configurations were expressed in terms of the
unit tensor operators defined by Racah. ' Jucys and
his collaborators' investigated from a theoretical
standpoint the properties of these interactions in
various complex configurations, thereby extending
and correcting earlier results. Trees' computed
the matrix elements of the spin-spin interaction for
d" configurations and applied them to his analysis
of Fe uz Sd . Blume and Watson" obtained Hartree-,
Fock values for the radial integrals representing
the mutual magnetic interactions for various d" and

f configurations in transition-element and rare-
earth ions, respectively. These values can be used
for estimating the strengths of these interactions. '~

In a more recent work, Jucys and his collabora-
tors calculated the energy levels of some 3d"
and Sd"nl configurations of the spectra of ions be-
longing to the iron group (ranging from the first
to the twelfth spectra). They have first2 2~ calcu-
lated the radial integrals by the Hartree-Fock
method. No conf iguration interactions were includ-
ed in the energy-level calculations. Later the
radial integrals were determined by a least-squares
calculation, and the two-body effective electrostatic
interaction represented by the o(L(L+ 1) correction
was included. In all their calculations the only
spin-dependent interactions which were taken into
account were the spin-orbit interaction and that
part of the spin-other-orbit interaction which has
the same angular dependence as the spin-orbit
interaction. The remaining parts of the spin-other-
orbit interaction and the spin-spin interaction were

I

considered, but were found too small to be included
in such rough approximation.

Lately, in the light of the good agreement obtained
between theory and experiment due to the inclusion
in the calculations of effective electrostatic inter-
actions, new interest has been aroused in the in-
vestigation of the magnetic interactions. Goldschmidt
included the mutual magnetic interactions in the
energy-level calculations of Pr tv 4f and Pr ar
4f'. "'" His analysis of these configurations was
later extended by the present authors by including
also the effective EL-SO interaction. ' Recently,
Judd, Crosswhite, and Crosswhite ' investigated
the spin-dependent interactions in various 4f" con-
figurations. They also extended the list of param-
eters representing these interactions to a complete
set of parameters associated with all two-electron
scalar operators possessing spin and orbital ranks
of 1 (like the spin-other-orbit interaction) and 2

(like the spin-spin interaction) and carried out a
group-theoretical analysis of these operators. A

summary of the studies in the field of the spin-
dependent interactions in heavy atoms up to the be-
ginning of 1970 was published by Judd. ~9

The present paper presents the results of a
systematic investigation of the effects of the spin-
dependent interactions on isolated configurations
belonging to a whole group of neighboring spectra.
The configurations chosen for this purpose were
the 3d configurations of the third spectra of the
iron group listed below: Tizrz Sd, Var 3d,
CrzrrSd, Mnzrr 3d, Fezrr Sd, Cor.rzSd, and
NizuSd .

The inclusion of the spin-dependent interactions
in the energy-level calculation of these configura-
tions greatly improved the fit between calculated
and observed multiplet splittings. Reliable and
consistent values of the appropriate parameters
were determined, which agree remarkably well
with available theoretical predictions.

II. OPERATORS AND MATRIX ELEMENTS

A. Mutual Magnetic Interactions

The operators representing the spin-spin (ss)
and the spin-other-orbit (soo) interactions for l"
configurations can be described in tensor form
by the following formulas:

H ()2(5)1/BQ ( )) ( + )')
(2 k)!

with

xQ ', ([C"+"xC'"]'" [,xs, ]'")) „'., ([C'."xC", +"]'" [,. xs ]'" ~, (2)
$8$

(8= eh/2mc,
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It &0-2
H„, = P 2(3) / Q (-1) Ql k, 1 (2z'2+ 1)(2k —1) [c/ 'x[c xl]+-1)](1)

k'2 (2"+1)(2/'2+3)"' [C/")([C" xl]I " ] I (s(+2s/) ~ (4)

The appropriate radial integrals are those defined
by Marvin,

p2 «» «» &k
M =

2 k,2 R„)(r()R„,(r2) dr, dl 2,
go go

where 2'&= min(r, , r2) and v&= max(r, , r2) F.or
d" configurations k may take the values 0 and 2.

It is both analytically and computationally con-
venient to express the operator representing the
spin-other-orbit interaction in terms of the unit
tensor operators u, "' defined by Racah':

lf.'..= 2&~~'(zllc 'llz)(zllv' ' "llz)
atE

1/2
( l)K/ 3

l~ (V&»), T(1k 1)K)
I( 2K+ 1 )I

1/2
(V(k+1) T&1») (k+1)) (5)

where
K=k, k+2,
v(k) 5 u(k)

with

(« llu'(" llnZ ) = 1,
T& 1()k Q t (2()k g r (()](k)~LS&&u~

and
V(klk+1) 3-1/2 (2Z(~ 1) (2/+ 3)1/2 [C( kl )(1](k+1l

V(k+2lks() 3-1/2(2/2+ 5) (2Z)+ 3)1/2 [C &k+2) )&1](k+1)

The prime over the 8„,in the left-hand side of
Eq. (5) indicates that a term proportional to the
spin-orbit interaction has been omitted from the
expression given in Eq. (4). The remaining ex-
pression in Eq. (5) has the property that it remains
invariant under the conjugation process l"

The formulas for the matrix elements of the ss
and soo-interactions for l" configurations derived
by Boric" are cited below:

(z'asl. zu I&..I
z "a's 'I 'zm)

SS'2
I

(t"nsz(~ «., (( & "a's.'s'),

where

(z.~sL IIH..llz"~ s'L') =(-1) ' ' ' ' Z2li 5
l

(zllc'"'ll z)(z lie'"" Ilz)eve'

SS'2 I I'2
x 5 (z"ass, llv"" II

z" ~"s"I,") (z"u"s"l."IIv"""
II
z"a's'I, ') „„,(v)

ett gttgtt 11 S" 0+2 k I

and V' "' is the double tensor defined by Racah, '

v(1kl P s (kl]s)u)
For the soo interaction it is shown that

(z "nsl, zm
I H,'..I

z "a's'f. v~)
where

S S'1 (z"~sr.
II e.'., ll

z "o's'l. ')

(z"osL.
il a.'..Ii z

"n's'1. ') = 2(3)'"(-1)"'E w'(z
II
v":""

II z) (z il
c'»'

ll z)
42K

p p L/ Kz (z"&sf, Ilv'"'
llz

"&"sf" ) (z"& sf" llv"""
llz

"~ s'f ) k+1L, ' 1

+2 5 (z"~si. llv"" llz" "sL,")(z"u"sf," Ilv""'llz"~'s'I, ') ' . (9)
Cztt Jtt K I' 1

The first sum in the square brackets of (9)yields,
for k= 0, matrix elements which are proportional
to those of the spin-orbit interaction, and is there-
fore omitted.

B. Effective EL-SO Interaction

Since the spin-orbit operator is a sum of one-
electron operators each of which is diagonal in the
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orbital quantum number l, the perturbing configu-
rations can differ from the perturbed configuration
(nl)" by the principal (iuantum number n of one"
electron state only. Three kinds of perturbing
configurations can thus occur: (i) (nl)" 'n'l, (ii)
(n'l) '"(nl) ', and (iii) (n'l') ' '(nl)"n"l'.

The contributions to the effective EL-SO operator
due to these kinds of perturbing configurations have
been obtained. It has been shown that, after omit-
ting terms proportional to the spin-orbit interaction,
the contributions of the configurations (nl)" 'n'l
and (n'l)4" (nl)"' have the same angular dependence,
whereas that of (n'l') "(nl)"n "l' vanishes.

The expression for the effective EL-SO operator
is

HzL-so= —2 Zi Q [l(l+1) (2l+ 1)l' ' (2~+1) '
0 even

x 5 (2 f 1) (V()() T(lt)a) (1 )ill

where the parameters (I)' are defined as follows:

,
lll)2 + R (nlnl, nln'l) g, (nn')

n' 6E„„.

with R'(nlnl, nln'l) and r)(nn'), respectively, a
Slater and a spin-orbit parameter. The first kind
of perturbing configuration has also been studied
by Stein. ' E(iuation (10) agrees with formula (E23)
of Stein, except for his double tensor V"', which
should be replaced by the "coupled" tensor T '"'

The matrix elements of the effective EL-SQ in-
teraction are given by

where

"~ s l. ) =-2 Z q" [1(1+1)(21+»]'"(2t+1)
Q even ill
t odd

x Z (-1)"', , ~„(l"~sL Iv'" lll"~"si.-)(l"~"sL,- llv'"'lll"as i ), ( 3)

Detailed derivation of the effective EL-SO operator
and its matrix elements will be given elsewhere.

The algebraic matrices of the spin-dependent
interactions were computed for all d" configurations
and added to the already existing energy matrices.
They are available in the magnetic-tape library of
the department of theoretical physics in the Hebrew
University of Jerusalem.

III. CALCULATION OF THE ENERGY LEVELS

The energy levels of the 3d" configurations be-
longing to the third spectra of the iron group were
calculated by using diagonalization-least-squares
procedures. The calculations were conducted in

two stages. In the first stage each spectrum was
treated separately. Such calculations will from
now on be referred to as LS calculations. In these
calculations it was found that the parameters rep-
resenting the various interactions vary regularly
from one spectrum to another along the row. Thus,
it was possible in the next stage to perform a gen-
eral least-squares (GLS) calculation, treating
all the 3dN configurations as a single problem, 3 the
radial parameters being restricted to change from
one spectrum to another according to a simple in-
terpolation formula. For any interaction parameter
I', the interpolation formula was of the form P = Po
+I'&x+I'&y, in whichx=N —5 and y =x —4. The

coefficients of the interpolation formulas took the
role of the free parameters. In most cases a linear
change was sufficient (Pz= 0).

The investigated 3d" configurations were recently
treated by Shadmi, Caspi, and Oreg. These authors
calculated the energy levels of these configurations
by including the effective electrostatic interactions
in addition to the traditional interactions, but ne-
glecting the additional spin-dependent interactions.
However, the interaction-parameter values obtained
by them could not be used straightaway as a starting
point for the present work, since they treated the
configurations 3d" and 3d" 4s simultaneously—
some parameter values of 3d being held equal to
the corresponding ones of 3d" '4s. A preliminary
calculation of the energy levels, which did not in-
clude the additional spin-dependent interactions,
was therefore carried out.

The observed energy levels are those considered
by Shadmi, Caspi, and Oreg, except for the follow-
ing changes: The two levels 29 20V. 6 and 32384. 0
cm ' of Mn 1~& 3d'havebeen added '„ the ground level
S,&~ of Mn~rx 3d has been omitted, because of the

large deviation between its calculated and observed
values (this deviation, of about 200 cm, cortributed
about one-third of the total sum of the squares of
the deviations of a11 the spectra).

In some of the separate LScalculations, the values
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TABLE I. Interaction-parameter values, in cm ~ (GLS 1
and GLS 2).

Parameter

Cg

Gp

Tp

0 0
~ssp = ~soap

0 0~ss =~soo
2 = 2
ss, =~s

M =Mssg soog

g2 q4

GLS 1

5 808+ 25

11 998 + 24

18 185 + 18

31 666 + 12

20 453 + 20

15 549+ 11

9 045+20

919.6+ 0.5

54. 3+ 0.3

3457.9 + 4. 1

304. 9 + l. 3

32. 17 + 0.55

3.76+ 0.21

—421.6+ 9.7

-4.60 + 0.06

—1.82 + 0.11

-0.43 + 0.05

353.2 + 2. 9

91.5+ 1.5
9.0 + 1.0

f0 ]R

f0]Q.

[0]'

5 809~ 23

11 999+ 22

18 184+ 17

31 659+ 11

20 446 + 19

15 546+ 10

9 039+ 18

919.5 + 0.4
54. 3 + 0.3

3458. 6 + 3.8

305.4+ 1.2
32. 14+ 0.50

3.78+ 0.19

—421.2 + 8.9

[0l'
—4.60+ 0.05

[0j
—1.80 + 0. 10

—0.41+ 0.04

348.3+ 5.5

85.8+ 2. 1

7 ~ 7+ 1o3

1.452 + 0.379

0.318 + 0.302

0.808 + 0.333

0.193 + 0. 186

40. 5 + 13.0

13.9+ 10.3

Fixed value.

26

of several parameters had to be fixed, so that the
number of free electrostatic parameters would not
exceed the number of observed terms. The values
of the following parameters were fixed on values
interpolated from neighboring spectra: O, T, and
Txfor Tixxx 3d, Mnxxx 3d', and Nixxx 3d' and 9 for
Coxu 3d . The value of P was fixed because of the
lack of experimental levels having low-seniority
quantum numbers. The values of T and Tx were
fixed because in two-electron configurations and,
to a good approximation, also in half-filled-shell
configurations these parameters are linear combi-

nations of other electrostatic parameters.
The preliminary separate LS calculations are

denoted by LS 1 and the preliminary simultaneous
calculation of all the spectra is denoted by GLS 1.

The results obtained for the parameters in GLS
1 served as initial values for a second diagonaliza-
tion-least-squares iteration. In this iteration,
initial values of zero were used for the parameters
representing the additional spin-dependent inter-
actions, their final values being determined by the
least-squares calculations. The separate LS cal-
culations are denoted by LS 2 and the simultaneous
calculation of all the spectra is denoted by GLS 2,
In GLS 2 all the parameters except js, were con-
strained to change linearly with N; for &3~ a qua-
dratic correction term was also included. The
linearity of the M 's and the Q 's was deduced from
the results of the separate LS calculations. In
addition, the following restrictions were imposed
upon the spin-dependent interaction parameters: (i)
IVY'„=M„, , and (ii) Q = Q . These relations were
deduced from the results of a set of calculations
in which all spin-dependent parameters were per-
mitted to vary independently, the first one also being
suggested by the definition of the M 's.

The radial parameters obtained in GLS 1 and
GLS 2 are given in Table I, together with the ap-
propriate mean errors 4. It can be seen that the
electrostatic and spin-orbit interaction parameters
have not changed significantly by the introduction
of the additional spin-dependent interactions.

The spin-dependent interaction parameters ob-
tained for each spectrum in LS 2 and GLS 2 are
given in Table II. The values of $3„and the llew

' s
obtained by Blume and Watson using the Hartree-
Fock method are also given for comparison, with
the subscript HF. The ratio M /M and the mean
error 4 are also given. The mean errors obtained
in LS 1 and GLS 1 (without the additional spin-de-
pendent interactions) are given at the bottom of
Table II for comparison.

The calculated energy levels of GLS 2 are given
in Tables III-IX, together with the observed levels,
the deviations of the calculated levels from the ob-
served ones (o, —c,), the composition percentages
of the eigenstates, and the calculated Lande g fac-
tors. In the last column of each table the o& —c;
values of GLS 1 are given for comparison. Table
V presents also the o& -c& values for the individual
LS 2 of Cr xxx 3d4, which rendered especially good
results, and the o& -ct values of the corresponding
LS 1 for comparison.

IV. RESULTS AND CONCLUSIONS

A. Improvement of the Calculated Multiplet Structures

The coupling in the 3d configurations of the third
spectra of the iron group is close to Russell-Saun-
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TABLE III. Observed and calculated energy levels of
Ti zrr 3d2, in cm i (GLS 2).

Term composition

100%%up

100%%up

100%

J Obs Calc o-c g Calc

2 0.0 —34
3 183.7 161
4 421.9 412

34 0.667
23 l.083
10 1.250

0 C

GLS 1

27
21
13

3P

99%

100%
100%

99%%up

100%%up

100%

2 8 472. 6 8 472

0 10 536.4 10 554
1 10 603.5 10 624
2 10 721.1 10 757

4 14 398.5 14 392

32 541

1 1.003

—18 0.000
—21 l.500
-36 1.496

7 1.000

0.000

—16
—15
—35

ders coupling. Therefore, the electrostatic inter-
action determines the term values, whereas the
spin-dependent interactions determine the multiplet
splittings. The effect of the introduction of the
additional spin-dependent interactions on the calcu-
lated energy levels can, therefore, be best studied
by considering the multiplet structures.

Indeed, the results whi0h are summed up in

Tables III-IX show that the introduction of the ad-
ditional spin-dependent interactions substantially
improved the calculated multiplet splittings in all
the investigated configurations. This improvement
is reflected by the deviations of all the levels of
the same multiplet which became equal. The re-
maining deviations are therefore of electrostatic
character, and are due to the lack of higher-order
electrostatic corrections. These deviations pre-
vent the mean error of the GLS calculation from
decreasing upon the introduction of the additional
spin-dependent interactions (see Tables I and II).
Evidently, the mean error is not an adequate cri-
terion for estimating the improvement of the fit
between the calculated and observed energy levels
due to the introduction of the additional spin-depen-
dent interactions. A new criterion, which measures
the fit between the calculated and observed multi-
plet splittings, has therefore been introduced, and
is called "observed minus calculated (o —c) spread. "
This is defined as the absolute value of the differ-
ence between the maximum and minimum deviations
for levels belonging to the same multiplet.

TABLE IV. Observed and calculated energy levels of V IH 3d jn cm (QLS 2).

Term composition

100%

100%

100%

100%

P 100%

100%

Obs

0.0
145.5

341.5

583.8

11 513.8

11 591.8

11 769. 7

Calc

172

369

612

11 516

11 591

11 767

—26

—28

g Calc

0.400

1.029

1.238

1.333

2.661

1.730

1.600

0 C

GLS 1

—22

—27

26 100%

100%

P 67% +3D 25%

2P 100%

3D 52%+ P 32%+iD 16%

2 77% +2&D 22%

H 100%

100 lo

2E 100%

100%

2' 77% + ~2

gD 77%+3D 23%

9
2

2

11 966.3

12 187.0

15 550.3

15 579.8

16 330.5

16 374.7

16 810.9

16 977.6

27 727. 8

27 846.8

42 267.4

42 371.2

11 964

12 182

15 563

15 610

16 319

16 342

16 800

16 962

27 713

27 833

42 239

42 357

—13

—30

12

16

15

14

28

0.889

1.110

1.164

0.672

0.972

1.200

0.910

l.091

1.143

0.857

1.200

0.800

—16

20

32

15

12

30

30
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TABLE V. Observed and calculated energy levels of Cr zzr 3d4, in cm ~ (GLS 2).

Term composition

5D 100/o

100%

100%%up

100%

100/p

4P 59%+2P 41%

4P 59%+2P 41%

4P 59%+2P 41%

H

99/o

100%

4F 77%+2F 23%

4F 76%+ 2F 22%

34E

76%%up+

21%%

3G 98%

98%

99%

14G 64/p+2G 35/o

3D 100%%uo

100%

100%

I 100%

14' 78%+p~S 22%

4D 77%+2D 22%

Obs

0.0

59.9

181.9

355.8

575.0

16 770, 9

17 167.4

17 850. 0

17 272. 8

17 395.5

17 528. 8

18 451.0

18 510.0

18 581.6

20 702. 0

20 851.3

20 994.6

25 725. 8

25 781.0

25 848. 2

Calc

—30

155

329

550

16 785

17 179

17 855

17 285

17 406

17 537

18 452

18 510

18 580

20 731

20 877

21 018

25 062

25 721

25 775

25 842

25 943

27 257

32 087

0 —C

30

27

—14

—12

—12

—26

g Gale

0.000

1.500

1.500

1.500

1.500

0.000

1.499

1.499

0.803

l.034

1.166

0.667

l.078

1.245

0.755

1.052

1.199

1.001

1.333

l. 167

0.501

1.000

0.000

l.000

0 C

GLS 1

16

—10

—29

—16

15

0 —C

LS 2
0 C

LS1

—15

10

~F 100% 36 933 1.000

2F 78%+4F 22%%

/ 77%+4F 22%%

2F 77%+ 4F 23/o

43 286.4

43 321.7

43 304. 1

43 287

43 326

43 312

1.250

1.083

0.671

12

—24

17

—19

2P 59%%uo+4P 41%

2P 59%+4P 41%

2P 59%+4P 41%

43 347

43 816

44 038

1.496

1.500

0.000

2~G 65/p+4iG 35%%up

i~ 78%+ AD 22%

pS 78%+4S 22/p

49 588

65 584

83 913

1.000

1.000

0.000
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TABLE VI. Observed and calculated energy levels of Mn zzz 3d', in cm"f (GLS 2).

Term composition

S 100%

G 100%

100%

100%

100%

3P 97%

98%%uo

99/p

4D 100%

97%

98%

99 /o

2I 99%

100%%uo

Q 58%+3F 22% + fD 22%%up

+2f~ 24%%uo

3E 98/p

32F V4/o+2@ 15%%up

34F 99%

93/p

9V%%uo

30 92%

2G 99%

8 100%

3D 100%

1OO /o

32G 100%%uo

100%

3P 100/p

100/p

fD 76%++ 24%

fD 75% + + 24%

ii
2

9
2

?
2

ii
2

h3
2

8

2

?
Y

2

?
Y

Obs

26 824. 5

26 852.4

26 860.3

26 856.9

29 168.9

29 207. 6

29 243. 0

32 308.9

32 385.7

32 384.0

(32 368.9)'

(41 238. 1)

(41 569.8)R

(42 eoe. 5)'

(43 1O5.4)'

43 5V4. 2

43 604. 2

43 evO. 5

43 675.6

(46 515.9)L

(46 670.7)'

(47 842. 0)

(48 OO5. 2)'

(51 0O2. V)'

(51 O59. V)'

(61 580. 2)~

(61 603.8)R

Cale

—229

26 797

26 823

26 830

26 827

29 161

29 199

29 232

32 295

32 372

32 376

32 358

39 121

39 125

41 177

41 505

42 535

43 O4O

43 624

43 652

43 708

43 V19

46 444

46 59S

47 VV5

47 935

50 933

50 993

55 611

61 474

61 491

68 797

68 vs5

83 1e1

83 147

89 525

89 514

0 C

29

30

30

(61)

(65)

(71)

(e5)

—50

-48
—38

(72)

(73)

(ev)

(vo)

(vo)

(ev)

(106)

(113)

g Calc

2.000

1.273

1.172

0.984

0.572

1.593

1.723

2.650

1.428

1.376

1.210

0.016

0.924

1.077

1.124

0.788

1.143

0.933

1.331

1.237

1.029

0.413

0.925

1.090

0.890

1.097

0.858

l.143

2.000

0.800

1.199

1.111

0.889

1.332

0.667

1.200

0.802

0 C

GLSl

25

43

57

10

10

-43
-38
—54

See Ref. 32.
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TABLE VII. Observed and calculated energy levels pf Fe uz 3de, in cm-s gLS 2

Term composition

D 100/p

100%

100%

100 /p

100%

4P 61Vo+2P 38%

4P 62%+2P 38%

4P 62/p+2P 37%

3B 100%

99%

97/o

4E 74%+ 2E 21%

~4F 77%+ & 21%

4F 79%+2E 20%

98%

~I 100 /o

3D 100jo

99%

100%

~4G 65%+',G 34%

4S 76%+OS 23/p

4D 77/o+ 2D 22%

99 /p

2P 62%+ 4P 38%

2P 62%+ 4P 38%

2P 61%+4P 39%

2E 80%+4E 20%

2E 78%+4E 21%

2F 78%+4E 22%

~2G 65/p+4G 35%

2D 78/o+4D 22%

Obs

0.0

436.2

738.9

932.4

1 027. 3

19 404. 8

20 688.4

21 208. 5

20 051.1

20 300.8

20 481.9

21 462. 2

21 699.9

21 857. 2

24 558. 8

24 940. 9

25 142.4

30 356.2

30 725. 8

30 716.2

30 857. 8

30 886. 4

34 812.4

35 803. 7

42 896.9

49148. 0

49 576.9

50 412.3

50 184.9

50 295. 2

5Q 276. 1

57 221.7

Calc

-20
421

727

922

1 018

19 420

20 711

21 232

20 078

20 323

20 500

21 487

21 721

21 876

24 585

24 967

25 168

30 340

30 742

30 731

30 875

30 864

34 758

35 785

42 840

49 153

49 580

50 412

50 173

50 291

50 283

57 138

76 796

0 C

20

15

10

—23

—18

—25

—21

—19

—26

—26

22

54

g Calc

1.500

1.500

l.500

1.500

0.000

l.499

1.499

0.000

I.166

1.036

0.810

1.237

1.077

0.668

1.198

l.053

0.757

l.000

0.501

1.165

l.333

1.001

0.000

1.002

1.401

0.000

1.500

l.499

0.667

1.083

1.249

l.001

1.000

0 —C

GLS 1

15

13

—20

—49

—17

—40

—34

—20

20

20

—19

OS 77%+4S 23% 98 293 0.000
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TABLE VIII. Observed and calculated energy levels of Co xrz 3d', in cm ' (GLS 2).

Term composition

4F 100%

100%

100%

100 jo

4P 100%

P 95jo+ P 5 jo

4P 98%

2G 98 jp

100%

P 87%+31) 6%+ P 4%

2P 98%

100%

100jp

2B 79%+2& 21 jo

~gD 76%+)8 23%

100%

98%

32& 76%+2)& 23%

32D 72%+~gg 19%+2P 8%

9

7

2

2

Obs

0.0
841.2

1 451.3

1 866.8

15 201.9

15 428. 2

15 811.4

16 977.7

17 766.2

20 194.9

20 918.5

22 720. 3

23 434.3

23 058.8

24 236.8

37 021.0

37 316.5

Calc

—13

15 217

15 438

15 819

16 989

17 775

20 203

20 924

22 718

23 425

23 051

24 238

37 011

37 309

57 138

57 628

0 C

-10

10

g Calc

1.333

1.238

1.029

0.401

1.599

1.715

2.632

1.108

0.889

1.306

0.701

1.091

0.913

1.201

0.844

0.858

1.143

0.800

1.200

0 C

GLS I

10

—13

Table X contains several examples which show
the improvement in the calculated multiplet split-
tings through the introduction of the additional spin-
dependent interactions, and its estimation by the
o —c spread. The over-all improvement can be
demonstrated by comparing the sum of o-c spreads

for all the terms of all the investigated configura-
tions in GLS 2, which is 274 cm, to the corre-
sponding sum of 786 cm ' obtained in GLS 1. This
clearly shows that the introduction of the additional
spin-dependent interactions substantially improves
the calculated multiplet structures.

TABLE IX. Observed and calculated energy levels of ¹ixrr 3d in cm (GLS 2).

Term composition

3F 100%
100%

~D 83%+3P 16%

3P 84%+~D 16%
P 100%
P 100jp

G 100jp

S 100jo

Obs

0.0
1 360.7
2 269.6

14 031.6

16 661.6
16 977.8
17 230.7

23 108.7

Calc

—11
1 349
2 255

14 045

16 672
16 987
17 238

23 106

52 523

0 C

11
12
15

—13

—10
-9

7

l.250
1.083
0.669

1.078

l.420
1.500
0.000

l.000

0.000

0 C

GLS 1

10
1

—19

-0
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TABLE X. 0-c spread for some specific multiplets (in cm ~).

Ion and configuration

V' rrr 3g3

Cr xxr M4

Mn xxx 3d

Fe III 3d

Fe Ixr 3d

Co III 3d

Ni Irx 3d

Level

2Q
2

H4

H5
'H,

'~8]2
GY)2

4
G5(2

HG

H5
3H4

3G5

G4
3G3

2
Q5]2

2

P2
P)

3p

-Obs

27 727. 8
27 846. 8

17 272. 8
17 395.5
17 528. 8

26 824. 5
26 852.4
26 860. 3
26 856.9

20 051.1
20 300.8
20 481.9

24 558.8
24 940. 9
25 142.4

37 021.0
37 316.5

16 661.6
16 977.8
17 230. 7

0 —C

30

—10
—29

3
25
43
57

-49
—16

8

41
-18

23
16

GLS 1
0

spread

57

25

67

0 C

—12
—11
-8
28
29
30
30

—27
—22
—18

—26
—26
—26

10
8

0 C

spread

TABLE XI. Separate contributions of the various spin-dependent interactions to the splittings of some specjfjc
multiplets (in cm"~).

Ion and
configuration

Fe Ixx 3dG

Level

'H,

H5

H4

SS SOO

—47

10

54

EL-SO

22

—26

total

—26

28

0 C

GLS 1
0 C

GLS 2

—22

—18

H4 —HG

3 3H4- H5

103 102

—22 22

Fe Irr 3dG

2

2F3

3
2&4

—61

25 21

3 32&4-2&2
3 32&4-2&3

-39
—21

104

30 20

—19

Ni Ixx 3d

3p

3p

3p

10

—20

-29
28

—30

37 10

50

-10

'Po- P~

'Po -'P2

—30

—19

29

56 60
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B. Properties of the Spin-Dependent Parameters

The results of the calculations (see Tables I and
II) lead to the following conclusions concerning the
spin-dependent parameters:

(a) The values of the spin-spin interaction param-
eters M,", turn out to be equal to the values of the
corresponding spin-other-orbit interaction param-
eters M„, , as required by their definition.

(b) Both the M' 's and the Q 's are positive. The~' values form decreasing functions of k, whereas
the Q"'s seem to be approximately independent of
k.

LQ
O

O
H

O
LQ
00

CJ

~~ H

O 04
lO ~ t™
CO CO

lQ lA

O

00

CO

lQ

O

CO

0
U

(c) Both the M' 's and the Q"'s increase with N
(along the row) in a regular way, agreeing with
their theoretical dependence on the effective nuclear
charge Z,«. On assuming a Coulomb potential
and hydrogenic eigenfunctions one obtains that
(i) the electrostatic interaction parameters (Slater
parameters) 8 are proportional to Z, zz, (ii) the
spin-orbit parameter g„, is proportional to Z,«,
(iii) the mutual magnetic interaction parameters
M are proportional to Z,«, and (iv) the effective
EL-SO interaction parameters Q, which comprise
sums of products of g, (nn') and It", are proportional
to Z', ff

A comparison of the values of 8, g, M, and Q
(= Q ) in Co zzz M and in Crzzz 3d yields the ratios

8

~1~

'C
Q

~W

8
N

~~

0
~fag

Q

~W

0
I

I
~P4

Q

I

Q

N
Q

Q

04
04
O

0
CO

O

O
00

O

04

O

W
M
M

Cb
CO

O

O

(+)co zzz /(+)c zzz = I

[(g)cozzz/(g)c~zzzj = 1.21,
HM'). . /(M'). „„]'"=I.»,
HQ )c zzz/(Q )c zzz 1'

00

0
OThe equality of these ratios shows the predicted

theoretical behavior of the various interaction
parameters, and, as a by product, the rate of in-
crease of Z,«along the row can be approximated.
Notice that while the relative effect of the M 's
diminishes on raising the effective nuclear charge,
the Q"'s gain in importance.

(d) The M' values are in excellent agreement
with the corresponding values obtained by Blume
and Watson using the Hartree-Foek method. The
ratio M'/M' tends to be constant and very close to
the Hartree-Fock ratio. Thus, the results of cal-
culations from first principles are confirmed by
se miempirical calculations.

00

C4

O

00
CO

O

CO

M

LQ

Cb

O
00

'M 'M O

H

Cb

O
O

C. Strengths of the Spin-Dependent Interactions

The contribution of each interaction to a certain
energy level can be calculated by multiplying the
interaction-parameter value by the derivative of
this energy level with respect to that parameter.
The derivatives are computed in the diagonalization
program together with the energy levels. The
strengths of the additional spin-dependent interac-
tions, that is, their contributions to the various

CO

O
+I

4

00
Cg

04
LQ

0

CA
04

Cb

00
LQ

C4

CO
C5
Cb

O

C0
04

O

Cb

zo
0

00

O
O

00
C0

00 tQ O Cb
Cb O C

0 0

CO 00
C4
C4

O

O
CO

CO
O

00
Cb

O O

Cg
C0 Cb

O

04 Cb
O

O

00
O C

O

CO

CO
0

O O

O
CC7

0

O O

00 Cb
Ch

4
O O

00
00 O

0
O

O
00

O

Z0

Q

C4

00
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multiplet splittings, were thus estimated to be
spin-spin interaction —several cm, spin-other-
orbit and effective EL-SO interactions —several
tens of cm

The contributions of the additional spin-dependent
interactions to several multiplets, as calculated
from GLS 2, are given in Table XI. The deviations
0& -c& before and after the introduction of the ad-
ditional spin-dependent interactions are also given
for comparison, and all the above quantities are
also calculated for the splittings of the multiplets.
It is clearly seen how the various contributions
combine to reduce the o -e spread of the multiplets.
Notice that the contribution of the soo interaction
to the total splitting of a term can reach 100 cm '
( H of Fe ni 3d ) and the same is true for the effec-
tive EL-SO interaction (2E of Fe nr 3d ).
D. Importance of the Simu1taneous Introduction of a11 the Spin-

Dependent Interactions

All the above results crucially depend on the
simultaneous introduction of all the three additional
spin-dependent interactions. Various cal culations
in which these interactions were partly omitted
have been carried out, and their results proved to
be much worse than the above results. For exam-

pie, the results of a calculation which included the
mutual magnetic interactions but not the effective
EL-SO interaction are given in Table XII, which
contains information similar to that of Table II.
It can be seen that the M values vary irregularly
along the row and do not agree with the Hartree-
Fock values ~0 being too small and M being too
large. The ratio M /M' varies wildly along the
row and in most cases is much smaller than the
Hartree-Fock ratio. Also, when the constraint
M„=M„,was removed, this equality was not re-
tained. Another calculation in which only the effec-
tive EL-SO interaction was considered yielded com-
pletely unreasonable values for the Q~'s.

V. ADDITIONAL INVESTIGATIONS OF THE SPIN-
DEPENDENT INTERACTIONS

The spin-dependent interactions have been in-
cluded in the analysis of the 3d" configurations of
the fourth spectra of the iron group. ' ' 4 The re-
sults are consistent with those of the present work.
The spin-dependent interactions are now being in-
cluded by the present authors in the analyses of
the 3d" configurations of the isoelectronic sequen-
ces Ti xxx 3d -Fe vxi 3d, Vxxx 3d -Nivxxx 3d, and
Cr xxx 3d -Ni vxx 3d .
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