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The vanishing of certain coupling matrix elements at level crossings is shown to follow from
angular momentum commutation relations. A magnetic dipole transition having 281= + 1,
induced near a crossing of the levels in a nonzero magnetic field, is found to have a dipole
matrix element comparable to or smaller than the quotient of the level separation and the

field. This result also applies in the analogous electric field electric dipole case.

I. INTRODUCTION

In the study of atomic systems by radio-fre-
quency (rf) spectroscopy, transitions between un-

equally populated states are induced by oscillatory
electric or magnetic fields. Experiments com-
monly involve transitions between Zeeman levels
at radio frequencies or between fine-structure or
hyperfine levels at microwave frequencies. In

either case the order of magnitude of the coupling
matrix element can be estimated by a dimensional
argument if the appropriate selection rules are
satisfied. Magnetic dipole matrix elements, for
instance, tend to be of the order of the Bohr mag-
neton p.~. However, Lamb' has given a physical
argument that magnetic dipole matrix elements
may vanish at fine-structure level crossings.
Casual estimates of matrix elements can there-
fore be seriously in error for experiments at low

frequencies and high fields.
The rf Hamiltonian can be shown to have small

matrix elements in two cases of transitions having
4M=+ i: (i) a magnetic dipole transition at low

frequency, near a crossing of the levels in a non-

zero static magnetic field; and (ii) an electric
dipole transition near a crossing in an electric field.
In the present discussion, angular momentum com- .

mutation relations are considered for a general
system in an external fieM. The coupling matrix
element is then expressed in a form displaying its
variation with the level separation in the vicinity
of a crossing. The magnetic dipole problem will
be discussed first, because of its particular rele-
vance to rf experiments.

II. MAGNETIC DIPOLE MATRIX ELEMENTS

A Hamiltonian of the form

X=Xo

describes an atom in a uniform static magnetic
field H directed along the z axis. The term 'Ko

includes the fine-structure and hyperfine inter-
actions, and p denotes the magnetic dipole op-
erator. An oscillatory magnetic field H„along the
x axis can induce m transitions between a pair of
states ll), l2), through the interaction
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FIG. 1. Field configuration and level
scheme for a transverse-field rf-reso-
nance experiment in the vicinity of a
level crossing.
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as indicated in Fig. 1. In the following analysis,
attention will be focused on the dipole coupling
matrix element (2 i p, „l 1) and its behavior near a
nonzero-field crossing of the levels.

The total angular momentum

J =Z„j"
is the sum of orbital and spin contributions due to
all the particles of the system, where the symbol
j"denotes either an orbital or a spin angular mo-
mentum for a constituent particle. The correspond-
ing magnetic moment is given by

u =Z, ~,j', (4)

where p, is the gyromagnetic ratio associated with
j". Application of the commutation rule for an-
gular momenta relates p,„to the commutator of
J„and p, ,:

v =».i

[&„u.]
iS

Since J commutes with Ko, Egs. (1) and (b) imply

p„= [R, J„]/iKH (6)

A useful expression follows for the matrix ele-
ments of p, „between eigenstates of 'K:

(2 i [K, 8'„][1)
eH

where state li) has energy Z, .
From Eq. (7) it is apparent that (213C' ~1) passes

through zero at a nonzero-field level crossing,
where E,=E,. Near the zero-field crossing of
adjacent Zeeman levels, the energy difference
Ez- E& is proportional to H. The right-hand side
of Eq. (7) thus remains finite for Zeeman tran-
sitions in the zero-field region, as it does for
other allowed transitions, which have (2 [J„[1)
proportional to H at low fields. At nonzero values
of H, an approximate upper bound for the dipole
matrix element is given by the relation

where it is assumed that the second factor in Eq.
(7) is of order unity or smaller. This limitation
becomes significant near level crossings and in
other situations where the transitions are of low
frequency. Figure 2 illustrates the characteristic
variation of (21 p„[1)with magnetic field for the
4M=1 crossing in a ~P system.

The vanishing of the p,„matrix element at a level
crossing can be interpreted in the context of a
small static transverse-f ield perturbation H„.
This is the approach taken in the comments by
Lamb. ~ A nonvanishing matrix element would
imply such nonphysical results as first-order level.
shifts and anticrossing of the levels.

III. TORQUES AND GENERAL FIELDS

The preceding remarks can be extended to the
general case of arbitrary external electric and
magnetic fields g, 8, and the inclusion in 'K of mul-
tipole terms of all orders:

&a
H iS (7) 'K='Ko- d 8 —p, 8+quadrupole terms+ ~ ~ ~,
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FIG. 2. Magnetic field dependence of
2P energy levels and of the coupling
matrix element for a transition having
~z =1. The matrix element passes
through zero where the levels cross.

where d is the total electric dipole moment. ~ The
torque operator, defined by

~ =i l&, J]/g, (10)

has vanishing matrix elements between states of
equal total energy. When the commutator' is ex-
panded, operator analogs of the classical torque
terms are obtained:

~aye

T=dxg + px H+ ~ ~ ~

Up to this point the discussion has emphasized
the important special case 7 = pxH. If only an
electric field g is present, interacting with a di-
pole moment d, the matrix elements of d are seen
to satisfy the condition

&2ld
I »« = f(Ea- Ei) &2I J I »/)t

and consequently an upper bound analogous to that
of Eq. (8) can be estimated for the components of

(2 id I1) perpendicular to 8:
I&2ld. l»l-' l&a-Eel«

Accordingly, small electric dipole matrix ele-
ments are to be expected in the case of low™fre-
quency transitions induced between Stark-shifted
levels of opposite parity.

This treatment can readily be applied to matrix

elements arising from other multipole terms, and
to combinations of terms in Eq. (11).

IV. CONCLUSIONS

In rf experiments at high magnetic fields, where
Eq. (8) applies, the matrix element of p,„may be
much smaller than the Bohr magneton. For ex-
ample, it is three orders of magnitude smaller
than pa if the transition frequency is 1 MHz at a
field of 1 kG. Under these circumstances the rf
power requirement varies roughly as the inverse
square of the level separation. At 1 MHz the
minimum power can be expected to be 10 times
that required at microwave frequencies (where a
high-Q resonator permits further reduction of the
oscillator power). A corresponding conclusion
follows from Eq. (13) for the electric field case.
It is evident that intense rf fields are necessary
if coupling of the states is to be achieved near a
nonzero-field crossing.
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