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A Fokker—Planck equation for the joint probability density of the orientation and angular
velocity of a body of general shape is derived by use of a rotational Langevin equation. Equa-
tions governing the seperate distributions of orientation and angular velocity are deduced from
the equation for the joint probability density. For the special case of a spherical body, two
expressions for the orientation distribution are calculated, one valid for small values of the
frictional constant occurring in the rotational Langevin equation, and the other valid for large
values of the frictional constant. The latter expression includes previously presented results
of rotational-diffusion theory and Steele’s modification of rotational-diffusion theory, and the
calculation provides conditions of validity for these theories. Expressions are calculated for
time-correlation functions of spherical tensors, such as spherical harmonics, which involve

functions of the orientation of a body.

I. INTRODUCTION

The theory of translational Brownian motion is
concerned with the calculation of the joint prob-
ability density for the position and velocity of a
particle in a fluid. The theory is usually based on
Langevin’s equation, which is Newton’s second
law with the assumption that the force acting on
the particle is the sum of a viscous retarding
force proportional to the velocity of the particle
and a rapidly fluctuating force whose statistical
properties are such that the probability for the
velocity of a particle approaches a Maxwell-Boltz-
mann distribution. By use of Langevin’s equation,
a Fokker-Planck equation for the distribution func-
tion of position and velocity can be derived, and
the equation can be solved. -3

The analogous problem of rotational Brownian
motion is concerned with the calculation of the
joint probability density for the orientation and
angular velocity of a body in a fluid. The rotational
problem is more complicated than the translational
problem, primarily because it is not possible to
specify the orientation of a rigid body by a vector
whose time derivative is the angular velocity of
the body. The specification of the orientation of
a body requires three coordinates, such as Euler
angles, whose relations to the components of
angular velocity are not particularly simple.
Nevertheless, if the rotational analog of Langevin’s
equations, based on Euler’s equation, is intro-
duced, and the orientation is specified by some
appropriate coordinates, it is possible to derive
a Fokker—Planck equation for the distribution
function for orientation and angular velocity. *
However, an analytic solution of such an equation
for the general case has not been given.

Theories of rotational diffusion, concerned with
the probability density just for orientation and
not also for angular velocity, have been developed

il

by several authors.® Ivanov has obtained a
theory of rotational diffusion as a limiting case of
his solution of the rotational random-walk prob-
lem. %1% Steele has presented a theory of rotational
diffusion which includes inertial effects not con-
tained in the results of Refs. 5-10. ! However,
all of these theories of rotational diffusion, in-
cluding Steele’s, have the fault that they do not
reduce in the appropriate limit to the correct re-
sult for a freely rotating body.

Fixman and Rider have derived a theory of ro-
tational Brownian motion for the special case in
which the direction of a single vector fixed in a
body is of interest, rather than the complete
orientation of the body. They have numerically
evaluated (P,(cosf(¢))) for a symmetric top, where
P, is a Legendre polynomial and 6(¢) is the angle
made by the symmetry axis with its initial di-
rection, 12

Gordon has calculated dipole-correlation func-
tions for a linear molecule by assuming that the
molecule undergoes collisions in which either (i)
both the magnitude and the direction of the angular
velocity of the molecule are randomized (J dif-
fusion) or (ii) the orientation of the angular ve-
locity is randomized but its magnitude remains
unchanged (M diffusion).'® McClung has applied
Gordon’s model to spherical-top molecules to cal-
culate correlation functions of orientation and
also of orientation and angular velocity. * Fix-
man and Rider have also employed Gordon’s
model to calculate correlation functions involving
the orientation of a spherical molecule. 2
" InSec. II, a Fokker—Planck equation for the
joint probability density of the orientation and
angular velocity of a body of general shape is de-
rived in terms of Euler angles specifying the or-
ientation and in terms of the components of angular
velocity in a principal body-coordinate system,

In Sec. III the probability density is expanded in
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terms of rotation matrices, which leads to matrix
equations for the probability density and its
Fourier transform with respect to angular velocity,
which are useful because they involve quantum-
mechanical angular-momentum matrices whose
properties are relatively simple, In Sec, IV, the
distribution of angular velocity is obtained by in-
tegrating over orientations, the primary purpose
being to establish the relation between the fric-
tional constants and the fluctuating torques that
occur in the rotational Langevin equation, In Sec.
V the general equations governing the distribution
of orientation are obtained, Section VI is con-
cerned with the distribution of orientation of a
spherical body. A generalization of the procedure
used by Wilcox to derive the Magnus expansion'®
is employed to derive two expressions for the dis-
tribution of orientation of a spherical body, one
valid for small frictional torques, and the other
for large frictional torques. An important con-
sequence in the latter case is the establishment of
the conditions under which rotational-diffusion
theory, 510 and Steele’s modification of it,! are
valid, In Sec. VII expressions are derived for
time-correlation functions of spherical tensors,
such as spherical harmonics, which involve func-
tions of the orientation of a body.

II. BASIC EQUATIONS

Let S’ be a principal coordinate system fixed in
a rigid body. The orientation of the body is spec-
ified by the Euler angles g=(a, B, v) of S’ with
respect to a laboratory coordinate system S, 16
The components with respect to S’ of the angular
velocity of the body are denoted by w,, w;, and
w3. When @ occurs as the argument of a function,
it represents w;, w,, and ws.

Let P(&,8,t; wy,8) represent the conditional
probability density that at time ¢ > 0 the body has
angular velocity @ in d®w and orientation gin
dg=sinfdadpdy, if it had angular velocity 50
and orientation g, at £=0. An equation for
P(c-o.,g,t; c.o.o,go) can be derived by a procedure sim-
ilar to the derivation of the Fokker— Planck equa-
tion for translational Brownian motion, 23

It is assumed that the rotational motion is a
Markov process, so that

P(a,g,t+At;50,go)
= [@*(aw) [d(8g) P&, 8, ;& - AD, 8 - A2)
XP(®—AD,g~ AL, t;00,8) . (2.1)

Ag is defined by the fact that the orientation g is
obtained from the orientation g— Ag by a rotation
Ag.

The last P in Eq. (2.1) can be expressed as

P(w"' vag" Ag,t;‘-‘;o,go)
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= i gmadev,, P(&,8,t;0,,8) , (2.2)

where J is the quantum-mechanical angular-mo-
mentum operator for the body, in units of %, and
Ag is a rotation through angle 6 about the direc-
tion of 9, 17118

It is assumed that, for small values of Af,
P(®,g, At;® - Aw, g~ Ag) is zero unless §=wAtf,
so that Eqs. (2.1) and (2. 2) give

P(35, g5 t+AL; Dy, g) = [d(8w)p(@, At; & - A)

-iweTAL ~AGeV - .~
Xe'wJ ‘e ")P(’U’gvty wo;go)

= [d3(Aw)e 9 T8t o A8 Vu (B4 AT AL )
XP(’;’ 4] t; ao’go) ’ (2- 3)

where p(w + Aw, At; ) is the probability density
of a change in angular velocity from @ to @+ Aq
in time At; p is assumed to be independent of the
orientation of the body, since w represents com-
ponents of the angular velocity in the body coordi-
nate system §'. .

Application of the operator ¢*“*™ to Eq. (2. 3),
followed by expansion of the left-hand side of the
resulting equation as a power series in Af, and use
of the expansion

=. =1 -
et Vu= 2 pr (2w .v,)"

n=0

in the right-hand side, along with the fact that
fds(Aw)p(cT)+A[J, At; w)=1,

gives the equation

[ @ -\ -
(——37 +iw -J) P, g, t; wg, o)At +0(A12)

= 1 -~ - - -
Y fds(Aw)(—-Aw . Vw)"p(/,)+Az,), Aty 1)
n= :

X P(@, g, t; @o, &)

o3 -2 [(aw)P]

=1 9w,

13 9 9
= — — | {(Aw;Aw P
+2,,,,1 dw; aw,[< ! ’> ]

+0({aw®)), (2.4)
where

(8w *Bw,"Awg")
= [ Bw“Bu B p(&+ 8w, At; &) d¥(Aw) , (2.5)

and the symbol O({Aw®)) in Eq. (2.4) represents
terms that contain the quantity (2. 5) with p+v+k> 2.

In order to evaluate the quantity (2.5), a rotation-
al Langevin equation will be used, analogous to the
Langevin equation employed in the theory of trans-
lational Brownian motion, 3
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The rotational motion of a rigid body is governed
by Euler’s equations, which can be written

W;=r;w W+ N, /1, (2.6)

where 7, j, and & are a cyclic permutation of 1, 2,
and 3; @; is the derivative with respect to time of
the component w; of the angular velocity along the
ith principal axis of the body; I, is the principal
moment of inertia and N; is the external torque about
the 7th principal axis; and

ri=(L, -L)/I; . (2.7)

In analogy to the theory of translational Brownian
motion, we assume that the external torque N; due
to the interaction of the body with its surroundings
is the sum of a viscous retarding torque propor-
tional to w; plus a torque I;A;(¢) that fluctuates
randomly at a rate rapid compared to the rate at
which w; changes appreciably:

N, /I;==B,w,;+A(t), (2.8)

where B, is independent of #, v, and the orientation
of the body. Again in analogy with the theory of
translational Brownian motion,® we assume that
ensemble averages of the fluctuating quantities

A, (1) satisfy the following equations:

(A;()=0; 2.9
(A (t)A,(t;))=2a;0,,6(t —t5) , (2.10)
where a; is a constant;
(A, (tl)Aj(tz) cec A, (taas1 ) =0 ; (2.11)
and
(Ai(E)A (t2) -+ - Aplten))
= DA )A ) (A)AW)) ., (2.12)

where 3’ represents a sum over the (2x)! /n!2"
ways in which the 2z A’s can be taken in pairs.

Use of expression (2. 8) in the Euler equations
(2. 6) gives the following rotational Langevin equa-
tions:

@0 =7;wyw, = Bw,; +A,(1) . (2.13)

The rotational Langevin equations and the prop-
erties (2. 9)—(2.12) can be used to calculate the
averages (2.5) that occur in Eq. (2.4). Integrating
Eq. (2.13) over a short time Af, one obtains

t+at 7 ’
Aw,;= (7 ijk—Biwi)AtJrft A adt .
(2. 14)
Because of property (2.9), the average of Eq.
(2. 14) gives
(Aw,) = (r;0;w, — Biw At . (2. 15)

If expressions of the form (2. 14) are used for both
Aw; and Aw;., it follows from property (2. 9) that
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(8w, Bw, )y =082)+ [ ar[ " ar (A (A, @).

(2.16)
The integral can be evaluated by use of property
(2. 10), giving

(Aw,Aw, )= 0(A) +2a,6,, At . (2.17)

It is apparent that a similar calculation of

(Aw*Aw,"Awy*), using Eq. (2.14) and properties
(2.9)-(2.12), gives a result for which

lim A—lt—(Awl“Awa"Aw3”)=0 if p+v+k>2.,

At ~0
(2.18)
If Eq. (2. 4) is divided by At the limit Af-0 is
taken, and Eqs. (2.15), (2.17), and (2. 18) are
used, one obtains the following equation for

P(&, g, t; @y, Lo):

9 YA 8 - i
— P+ 2y iu),JjP—-éz’— [E,(w)P]—a, —P)=0,
i

ot Jo1 dw,
(2.19)
where
E{(&)=Bw; - 70,0, , (2.20)

and ¢,j, and k& are a cyclic permutation of 1, 2, and
3.
Equation (2.19) is the Fokker—Planck equation
for rotational motion. It should be remembered
that the w; which occur in the equation are compo-
nents of & along the axes of a principal body-co-
ordinate system S’, since Euler’s equations have
been used in the derivation. Thus the components
J; of the quantum-mechanical angular-momentum
operator which occur in Eq. (2.19) must also be
the components in S’.
The initial condition on P(&, g, ¢; @y, &) is that

P(J’g’ 0550,8’0):5(6—‘30)5(&’—:90) 3 (2.21)

where 8(g — g,) is zero unless the orientations g and
g, coincide, and [6(g —-gy)dg=1.

III. EXPANSION OF P(35,8,£;W0,20)
Consider the functions of orientation

2J+1

1/2
Yux(g)= (W) D), (3.1)

which are defined in terms of the rotation matrices

D;',,',,,(g)=(]‘m' Ie-ia.’ze-iBJye-‘szij} ,
(3.2)
j=0,1, ...; —j=m’, m=j

that occur in the quantum theory of angular mo-
mentum.!® If the orientation of a rigid body is .
specified by the Euler angles g=(a, 8,y) of a prin-
cipal coordinate system S’ fixed in the body with
respect to the laboratory coordinate system S, then
¥y x(g) is aneigenfunction of the square of the total
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angular momentum of the body, 32 with eigen-
value J(J+1); the z component of 3 in S, J,, with
eigenvalue M; and also the z’ component of J in
S’, Jy, with eigenvalue K.% These properties are
true for a body of arbitrary shape. For the special
case of a symmetric top, ¥yx(g) is also an eigen-
function of the rotational Hamiltonian, but this fact
is irrelevant to its use here. The ¥j4(g) form a
complete set, in terms of which a function of the
Euler angles specifying the orientation of a rigid
body may be expanded, no matter what the shape
of the body.

The yjx(g) satisfy the orthonormality relation®

[ g i (@) b ke (@) =8y 508 ypyeBxxe (3.3)
and the closure property

® J
6lg-go)=2 2 Uik

J=0 MyK==J

(go) ll’};x(g) . (3.4)

Now consider the expansion of the probability
density in the form

P(w,g,t ‘-Uo,gn)~ E i} fzm(w U wo, go)lpuk(g)

T=0 MyKa=J

(3.5)
Substitution of (3.5) into Eq. (2.19) and use of (3.3)
leads to the following equation for f§, (3, ¢; &y, go):

[% 5> ( BZ, Ey@) +a, —ET)]fKM

=1

3
=—i2  w; 20 (IMK|J; |T"MK') f e

=t Tk ’

) 3.6
where ( )

(IME|J; | 7' M'K") = [ dggie(@)T i (2) .
(3.7
It follows from Egs. (2.21) and (3. 3)—(3.5) that
the initial value of f %, is

fﬁu(f-s,o? C—'50,153’0)=5(¢3—5~’>0) ll){,}'é(go) . (3.8)

It is shown in Appendix A that the matrix ele-
ments (3.7) are

(TMEK| T, |J'M" K'Y =8, 106,00 (IK| T, | IK'Y

where 3.9)

(K| Ty Fid, |JK ) =6y, goay [TFK) (T K"+ 1) |2

and (3.10)

(JK| I3|JK") =Kbgay . 1(3.11)

Hence Eq. (3.6) can be written
9 3
[ ot “,El< w, E(&)

0 o) | G 15 B

HUBBARD 6

=-i Wy i (JK|J; |JK' Y f %oy« (3.12)

j=1 K'==J

Let J;, J,, and J; be square matrices of dimen-
sion 2J + 1:_ whose KK’ matrix elements are given
by (3.11) and the expressions that follow from
(3.10) for (JKI|J,|JK’) and (JK|J,|JK"). Also let
J=(J,,J,,J3), which has the properties of a vector
whose components are matrices. For a given J,
the matrices J, and J; are the usual matrices for
the x and z components of angular momentum, but
J is the negative of the usual matrix for the y com-
ponent of angular momentum. Thus the matrices
are Hermitian, and satisfy commutation relations
implied by

IxF=-i3. (3.13)
The anomalous sign for the matrix J,, and hence
for the right-hand side of Eq. (3.13), is a conse-
quence of the fact that (3. 9) represents matrix ele-
ments of the components of the angular momentum
with respect to the body-coordinate system S’ 222
The anomalous sign of J,, of course, does not af-
fect the usual relation

P20+ L2+ 3= (@ + 1)1 (3.14)

Let_f(&?, t; @, &) be a square matrix of dimen-
sion 2J +1 whose KMth matrix element for a given
J is f5y(@,t;@,,8,). Equation (3.12) can then be
expressed conveniently in matrix form for each
value of J as

B ~
[at +JZ1‘ (""f bw, L1 @)

9% . -
— % aw,z)]-f(“””wo’go)ﬂ, (3.15)

where the derivatives operate on everything to
their right.

The initial condition (3. 8) can be expressed in
matrix form

(@, 0; $y,80) =0 -3)Q (3.16)

where Q is a square matrix of dimension 2J+1
whose KMth matrix element is j5(gy).

Rather than dealing with the matrix {, it is more
convenient to introduce another matrix F defined by

_f(‘:’:t5 Jo,go)E_F_(J,t;JO)Q—, (3.17)

for a given J, so that

J
)=23 F}Im@, t; ao)ll)};;(go) .
Ne=g (3.18)
It is apparent that expression (3.17) for f will be
a solution of Eq. (3.15) if F(&, ¢, &) is a solution
of that equation. But the initial condition on F is
simpler, since from (3.16) and (3.17),

fi{M(_‘:’,t; ‘—Ju,go

F(@,0; &) =6(& -wy)I. (3.19)
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It follows from (3.5) and (3. 18) that
P(‘-_"”g,t; ('-O.O:go)

73‘ J - -
=2 2 Fild, 15 3) vid(go) vitx(g) .
J=0 KyMyN==J (3_ 20)
It is useful to introduce the Fourier transform
of Fyy(@,t;d,) with respect to &, which we denote
by Gy(K,t; @) and define in matrix form

Gk, t; $o)= [dwe ™3RS, 1; 3,) . (3.21)
F is then given in terms of G by
F@,t; 3)=@m™ [ e ™Gk, t; &) .
(3.22)

It follows from Eqgs. (2.20), (3.21), and the fact
that F satisfies Eq. (3.15) that the Fourier-trans-
form matrix G(k, ¢; &,) satisfies

3 S E} 9
[at + L (-41“5;;7+3ka ok,
2

) 3
— sk 9k, 8k;

+a,k,2>] G=0, (3.23)
where the subscriptsi, 7, 2 are acyclic permutation
of 1,2, 3.

Equations (3.19) and (3. 21) give the initial condi-
tion

G(E,0; &) =e™Edoy, (3. 24)

1V. DISTRIBUTION OF ANGULAR VELOCITY

Let P(J, t; &,) be the conditional probability
density that a body has angular velocity & at time
£= 0 if it has angular velocity &, at #£=0. As be-
fore, & and &, represent components in the prin-
cipal body-coordinate system S’. P(&,#; &) can
be obtained from P(@, g, t; &,,8,) by integrating
over all values of g and averaging over g,. If it is
assumed that all initial orientations g, are equally,
probable, so that the probability of g, in dg, is
dg,/8m2, then

Pw,t; @o)= [ dg [dg,P@, g, t; &y, &)/87.

(4.1)
It follows from definition (2. 2) that D(g)=1, so

that (2.1) gives 93,(g)=(87%)™2. Hence the orthog-
onality relation (2. 3) gives

f ag wﬂ.;K(g) =(8m?)Ve 8700 4odxo - (4.2)

Therefore, use of expression (3.20) in Eq. (4.1) .
gives

P(&, 5 @o) = Fy(@, £ @) «

With J=0, Eq. (3.15) for F gives

(4.3)

K2 i) ) 8 -, -
™ 2\ ow; B @50z P@, £ Gy)=o,
) ! 4.9)
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and Eq. (3.23) gives
5 3 )
[ ot +§ (B’k’ ok,
: 52 . -
—’L"}'}kj W+a,kﬁ) ] Ggo(k, t; wo)=0 (4. 5)

for the Fourier transform Gj, of F),, and hence of
P((.c-;, t; (-;0).

It is reasonable to expect that, as {—-x,
P(J, t; Jo) should approach the Maxwell-Boltzmann
expression

Po(@) = Cexp[ ~ (jw,? + Lw,? + Ijws?) /2kp T
(4.6)
where % is the Boltzmann constant, T is the tem-
perature, and C is a normalization constant having
the value

C= (LI 2/ ks T)*/2 . (4.7

Substitution of Py(w) into Eq. (4.4) reveals that it
is a solution of that equation if

(4.8)

Hence, if it is required that P(ZJ, t; 50) approach
Po(c_o') as t-, then a; and B; must be related by
Eq. (4.8). We shall henceforth suppose that rela-
tion (4.8) is satisfied.

The solution of Eqs. (4.4) or (4.5) is simple
only for the special case of a spherical top, for
which I, =I,=I;=I. In this case, %= (; -I,)/I;=0,
so Eq. (4.5) reduces to a linear first-order partial
differential equation, which can be solved by stan-
dard procedures. The solution which satisfies the
initial condition (3. 24) is

T S [( kT, 2 .
Ggo(k,f;wo)=exp{~2[< 2’3[ )k,“(l_e”ﬂ)
j=1

a,=BikBT/Ii .

+iwok; e'B"]} , (4.9)

in which the relations (4.8) have been used. It then
follows from Eqgs. (4.9), (3.22), and (4. 3) that®

- - 3 I 1/2
P(w, t; (.Uo) = H ( z,n,kBT(l _e-ZBjt) )

j=1

I(wl - Woy e'BJt)z
XeXp(— 2k T(1 - e 2Bit) (4.10)

It is apparent that the limit of this result as f—
is indeed Py(w), Eq. (4.6), when I, =I,=I,=1.

V. DISTRIBUTION OF ORIENTATION

Let W(g, t; g,) dg be the probability that a body
has orientation g within dg at time £= 0 if the body
has orientation g, at £=0. The conditional prob-
ability density W(g, t; g,) can be obtained from
P(EJ, g,t, 550 ,&o) by integrating over @ and averag-
ing over 250 using the Maxwell-Boltzmann distribu-
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tion Py(@) for @,. Thus, using Eq. (3.20),
W(g7 t; go) = fdaw fdawoPO(JO)P(a’:g’ t; JO:gO)

© J
=2 20 whOuEHele) , (5.1)
J=0 KyMyN==J

where

wgky(t) = [dPw [P0y Po(wo)F %y(@, t: &) ,
(5.2)
and Py(@) is given by Eq. (4.6).
It is apparent from Eq. (5.2), and from the
definition (3. 21) of the Fourier-transform matrix
Gk, £; @) of F(@,#; &), that

w(t) = [d%wPy(@0)G(0, £ @) , (5.3)

where w(#) is the square matrix of dimension 27 +1
whose KNth element is w y(¢) for a given J. The
relation (5. 3) is used in Sec. VI to determine w(?),
and thus determine W(g, t; go). -

V1. SPHERICAL BODY

In this section we consider the determination of the
distribution of orientation W(g, ¢; g,) for a body for
whichl =I,=I3=1. Inthiscase, 7;=(;-1,)/I;=0, so
that Eq. (3. 21) reduces toafirst-order partial differ-
ential equation for the Fourier-transform matrix
G( k, ¢ ; wy), which is a considerable simplification.
We shall also suppose that the friction constants
about the three principal axes are equal: B; =B,
=Bg=B., The calculations can be carried out with-
out assuming the B;’s are equal, but it seems
likely on physical grounds that in most cases in
which the I;’s are equal, the B;’s will also be
equal. Furthermore, if the B/s are equal, the
equations can be written concisely by use of vector
notation. In particular, Eq. (3.15) for F can be
written -

8 o - - -
(me *J=-3B-Bw*V, —Bavwz) F(@,t; w)=0,
. (6.1)

where J is the vector whose components are the
matrices J,;, Jp, and Jg;

W= (wy, Wy, wg) ; V,=(8/8wy, 8/8w,, 8/8wy) ;
and

a=ksT/I. (6.2)
Similarly, Eq. (3.23) becomes

9 = > K t:o
<-—_£-Vk+Bk-Vk+Baka) Gk, 25 wg)=0.

ot
(6.3)

Equations (6. 1) and (6. 3) are still quite compli-
cated. Since they are matrix equations, each rep-
resents a system of coupled partial differential
equations. Even for the simplest special case of
a spherical body we have been unable to obtain an
exact solution in closed form of either Eq. (6.1)

or (6.3). However, we derive below two iterative
solutions, one of which provides a good approxi-
mation for small values of B, and the other of
which provides a good approximation for large val-
ues of B. But first, for purposes of later refer-
ence and to develop some useful techniques, we
consider the case of a free spherical body.

A. Free Spherical Body

If a spherical body experiences no interactions
with its surroundings, then B=0 in Eqs. (6.1) and
(6.3), so that

(% +ia-i>§_(5,t;?50)=g (6.4)
and
e} -> - -
("‘a-; - _.,I'Vk) g(k,t; w0)=9 . (6. 5)

The solution of Eq. (6.4) that satisfies the initial
condition (3. 19) is obviously

F(@,1; &) =e 0¥ 53 -3y 6.6)

so that, from (4.3) and (6.6), P(@,#; &) =8(@ - &),
as expected. The Fourier transform (3.21) of ex-
pression (6. 6) is

G(K, £5 &g) = e™F50 gmi%g ¥t (6.17)
It is easily verified that expression (6.7) is the
solution of Eq. (6.5) which satisfies initial condi-

tion (3. 24).

Substitution of (6.7) in Eq. (5.3) gives

w(t) = [dw Py(w)e ¥ (6.8)

where we have omitted the subscript on the vari-
able of integration (30, and have used the fact that
Py(@) = Py(w) for a spherical body.

In order to evaluate the integral in (6. 8), it is
useful to introduce the spherical coordinates w, 6,
¢ of @. It is shown in Appendix B that, as a conse-

quence of the commutation relations satisfied by
the matrices Jy, J,, J3,

- ;
ertwrdt - eioiseiogge-iwtgse-wgze tods | (6.9)

Since J, is the diagonal matrix (3.11), then (¢'®3),,
=0, e'®%, so use of (6.9) in (6.8) gives for the
KN matrix element

J ar L4
wgy) = 22 J glotim d¢s (€*32) g (e7H7%) Ly
med 0 0

% sin6 dOI%(¢)/4m

==

J T
T zj (€%2) 1 (™), sin0 dO I3.(1)
0
(6.10)
where

1%() =4n fo” dw w?Py(w)e 9L | (6.11)
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This integral can be evaluated in a straighforward
manner, using for Py(w) expression (4. 6) with
I,=I,=I3=1. The result is

190 =[1 - L2af? - iLt@ a/m) /2 |g"FPut?/2 |

(6.12)
It follows from definition (3. 2) that
Dia(g) =™ di, (B)e™imy (6.13)
where
dlemB)= (Gm'| e 75| jm) . (6. 14)

Definition (3. 1) and orthogonality relation (3. 3) then
give

["aL, (B)dLX(8)singds=6,,.[2/(2J+1)] .
’ 6. 15)
Because the matrix J, is opposite in sign to the

corresponding matrix of the component J, in the
laboratory coordinate system, it follows from
(6.14) that

(e'%%2) = d 7 (6) . (6.18)
Since J, is Hermitian,
(e-'agz)u(= ( 101y §L =d‘;{f(9) . (6 17)

Use of Eqs. (6.15)-(6.17) gives for the integral
over 6 in Eq. (6.10) the value 2/(2J+1). Using
also (6.12), Eq. (6.10) then gives

wl?N(t):G}{N(ZJ"‘ 1)t ZJ‘/ 1- Lzatz)e-fazatzlz .

L=-J
(6.18)
This result and Eq. (5. 1) give the conditional prob-
ability density for the orientation of a free spheri-
cal body.

B. Weak Interactions
It is useful to introduce dimensionless variables
B, s, and @, defined by

'ﬁz—a”zﬁ, s=a'?, wy=we/a'?. (6.19)

Equation (6. 3) in terms of these variables is

(i ";j' VP‘*'bﬁ' V,+bpz)g(§,3;51)=g>

8s )
(6.20)

where

U(D, s; ©1)=G, t;w,) (6.21)
and

b=B/a'%=B(I/k, TV ? . (6.22)

The initial condition (3. 24) gives
U(B, 0; @) =e 5" 311 . (6.23)

We now seek a solution of Egs. (6.20) and
(6. 23) which is valid for small values of the dimen-
sionless parameter b. Let

U(D, s501)=Ug(B, s; wy)eB Gsidy (6.24)

where Uy(B, s; ;) is the solution of Eq. (6.20) when
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b=0which satisfies the initial condition (6. 23):
Uy(B, 530y =gt Bt ds | ®. 25)

Substitution of (6.24) in (6.20), followed by multi-
plication on the left-hand side by H{,‘, results in
the following equation for ¢ ®:si®1);

9 > - - - )
(a—s’ -J(s)- v, — biw; - p+0p- V,+bp2)e§=0 ,
(6.26)
where
3(s)=U;5'T Up= 1 B Jor B B0 (6.27)

Since ¥ =1 if =0, H has the following form as
a power series in b:

H(D, s; 01)= 20 V'R, (D, 53 ©y) (6.28)
n=1

Since it must be that §_( D, 0; 251)=g, it follows that
R,(®,0;%,)=0. (6.29)

An expression for the derivative of an exponen-
tial operator or matrix is®

1

oH
B_e;_;zj dx &8 (_-=> o FH H (6. 30)
s 0 s

Hence, from Eq. (6.28) for H,
- 1

LSS ) bnf axed Ba mm  (6.31)
ER) net s

0

The familiar expansion of é‘ﬂg_e"‘g in powers of x
can be written®

e”-*!ge"%ix’(j!)"{gf,g}, (6.32)
i=0

where the repeated: commutator bracket is defined
by

{8%Q}=Q, {¥,Q}=[H{H,Q}]. (6.33)
If expression (6.32) with Q=8R, /3s is used inEq.

(6.31), and the integral over x is performed, one
obtains

9R; 1 BRI] 1 BR]
(=2 2 _ - =2
+b(8s "2 [Ea’ 9s +2[E“ 8s

"%[51’[51' %]])+O(b‘)] cF . (6.34)

There is a similar expression for v, et given by
Eq. (6.34) with 8/8s replaced everywhere by v,.
If this expression and Eq. (6.34) are used in Eq.
(6.26), and the equation is then multiplied on the
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right-hand side by e~¥, the resulting equation is a

power series in b equal to zero, so the coefficient
of each power of b must be zero. The requirement
that the coefficients of the first two powers of b

be zero gives the following equations:

9R > - -
—;;1 -J(s): V,Ry=(iwy- P-p°N , (6.35a)
aR -
s -J(s)- v,R,
1 [9R >
1[5 r] 1360 R RRI-F 9B,
(6.35b)
In order to solve Eq. (6.35a), let
Bl(ﬁ’ S; Z;l):_l'(ial' 5—1)2)8 +g(§, 8;51) . (6.36)

Substitution of this expression into Eq. (6.35a) re-
veals that it is a solution of that equation if the
matrix e(ﬁ, s; w,) satisfies

9 - -

== 3(5)- vpe= (@1 - 2)- H(s)s - (6.37)
Let .

e®, s;0,) =iy - 2B)- V(s)+gls, 1),  (6.38)
where

i(s)Efsds'i(s')s' (6.39)

0
Expression (6.38) is a solution of Eq. (6.37) if

£ _36) vg=-236)- 7).

P (6. 40)

The solution of Eq. (6.40) which satisfies g(0, @)
=0 is clearly

gls, @)=-2["as' I(s")- V(s") . (6.41)
Therefore, the solution of Eq. (6.35a) satisfying
the initial condition R,(®, 0;3,)=0 is

Ry(B, s; @) =105, - B-p®)s

+(ioy - 2B) - V(s)+gls, ), (6.42)

where i(s) is given by (6.39) and g(s, w,) is given
by (6.41).

It is shown in Appendix C that, as a consequence
of definition (6.27) and the commutation relations
JXxJ=-4J, J(s) can be expressed as
J(s

)=J -[T-nn

’—\

. :5_)] (1 - cosw;s) - (xJ) sinwys ,

(6.43)
where 7=, /w,. By use of (6.43), the integrals
in (6.39) and (6.41) can be evaluated, with the re-
sults

+ (ﬁxi)wl' (wys coswys — sinw;s) (6. 44)

HUBBARD

o

w1 ¥wys - sinw,s)

2s? +coswys — 1)} .

(6.45)

Equation (6. 35b) can be solved for Ry(®, s; 1)
in a manner similar to the calculation of R,, but
the calculation and the result are complicated, and
will not be presented here.

If the number b defined by Eq. (6.22) is small,
it is plausible to expect that (6.24) is obtained to
good approximation by retaining only the first term
n (6.28), which gives

+ Z(;l . g_)w{?’(%wl

U(B, 5 31)=Ug(B, 55 0y) R1E150) (6.46)

It will be assumed that this expression is valid for

small values of b, and it will be used to calculate

this distribution of orientation of a spherical body.
From Eqs. (6.46), (6.25), (6.42), and (6. 44),

it follows that

U0, ;1) = exp{—iwiit - Is + bl Siwst - Is?+g(s, 0y)]}-
(6.47)
From (5.3), ('4. 6), and (6.19),
why(®) = @n) %2 [d3%, e 1™ 2 Uy (0,535,
(6.48)
where Uy is the KNth matrix element of U and
s=a'/?. It is convenient to use the spherical
coordinates w;, 6, ¢ of w; as variables of integra-
tion in (6.48). If (6.45) is used in (6.47), the re-
sult substituted in (6.48), and (6.9) employed, the
integrals over the angles 6 and ¢ can be evaluated
as in (6.10) and (6. 15), giving

Wiy (£) =06 gy (25 + 1)1 é L (), (6.49)

L=-J

where

=(2/n)V? fm dw wie=w? /2L us
0

X exp(— 2b{J(J + 1)w 3 (ws - sinws)

+ L¥[§s® - w3 (ws — sinws )]

+iL[w 3G wis? fws?]}) .

(6.50)
When 5=0, I () reduces to the I?(¢) of Eqs. (6.11)
and (6.12).

Consider (6.50) for L=0:

=(2/m) 1/2f dw wle@? 2

+cosws —1) -

xexp[ - 2bJ(J + 1)w (6.51)

The behavior of the integrands of both (6 50) and
(6.51) is determined primarily by w?e"“*/2%, which
increases from zero at w =0 to a maximum of
2/e at w =22, and then decays rapidly as w in-

“3(ws - sinws)] .
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creases. As a consequence, the entire integrands °

have appreciable values only for 0<w< 1. Thus,
if s <1, the approximation ws - sinws ~ & (ws)?

can be used in the integrand of (6.51), with the re-
sult

L(t)=e 270 bs’/s 6.52)

But this approximation is not very useful since it
does not show how I(s) decays as s becomes large,
because it is valid only for s <1, and because

also we are considering b <« 1.

A more useful approximation can be obtained as
follows. The integral I{!(¢) obtained by omitting
sinws in the integrand of (6.51) can be evaluated
exactly, with the result®

IV (@) ={1+2[bd(J+1)s]" Zexp{-2[bJ(J +1)s]"/ 2} .

(6.53)
From the definitions it is apparent that I{V(0)=1
=I;(0). Since ws —sinws~ws for ws> 1, or saying
it another way ws - sinws~ ws as s— if w #0, and
since the integrand of I,(¢) is zero at w =0 because
of the factor w? it can be expected that I{"(¢) is a
good approximation to Iy(¢) for large values of s,
as well as agreeing exactly at 1=0. Hence, we
shall approximate I(¢) by I{V(z).

Now consider L (¢) for L#0. If =0, Eq. (6.50)
for I (t) reduces to Eq. (6.11) for I2(¢). Accord-
ing to (6.12), I%(t) decays in a time s=a'/%~1 if
L#0. But for 0<s<1, the factor involving b in the
integrand of (6.50) is approximately unity if

L bJ(J+1)<<1. Thus, if bJ(J+1)<«1, and if L+#0,
L (t) decays in approximately the same manner as
I2(¢).

Therefore, if I2(¢) is used for I (¢) when L#0,

and (6. 53) is used for I(¢), Eq. (6.49) becomes

why(#)=06 gy (2J+1)1 ({1 +2[bJ(T+1)s]" 2}

x exp{- 2[bJ(J +1)s] 2}

J
+22; (- Lzsz)e'Lzsz/z) , (6.54)
L=1

where s=qa'/?%. Expression (6.54) can be expected

to be a good approximation if bJ(J+1)<< 1.
C. Strong Interactions
It is useful to introduce dimensionless variables
d=Bke Bt | (6.55)

Since 8/9t=Bs/éT — B4 - v, and v, = Be "V, , Eq.
(6.3) gives

T=Bt.

(%—e'fi' Vq+Aq2e2’))_((a,‘r;'u')o)=g, (6.56)
where

X(@,7;00) =G, #; @)
and

(6.57)

A=o/B= (ks T/IB)=1/0% . (6.58)

The primary objective of this paper is the calcu-
lation of the orientation distribution. Thus it fol-
lows from (5. 3) that it is sufficient to calculate

[ @0y Po(wo)GE, £ @o) = [d%wyPo(wo)X(, T; &)
sema¥ 27 1), (6.59)
since, from (5.3), w()=Z(0, Bt).

If Eq. (6.56) is multiplied by Py(w,) and inte-

grated over d%w,, one obtains the following equa-
tion for the matrix Z(q, 7) defined by (6.59):

(;r——e"i- Vq+Ae’&-i>§(a,‘r)=9_. (6. 60)

From (3.24), (4.6), (6.57), and (6.59), it follows
that
Z(q 0)=I . (6.61)

We now seek a solution of Eqs. (6.60) and (6.61)
in the form

g(a,r>=exp(i A"g,,@r)) .

n=1

(6.62)

The sum in (6.33) begins with »=1, since it is ap-
parent that, if A=0, the solution of (6.60) and
(6.61)is Z=1. In view of initial condition (6. 61),

§n(a’ 0)2_0_' (6‘63)

Equations for the matrices S,(q, 7) can be de-
rived by the same procedure used to obtain Eqgs.
(6.35). The equations governing the first three
R, are

= _e7j.v,8,=-¢"4- T, (6. 64a)

S, .- 1 [0S, e

RS Véﬂ:i[?’—‘] +3e7 "3 [8, 98],
(6. 64b)

8§3 _T-b

?—-e i VSa

_1 %, 188 1 85, i\]
5 [Bs] g o] s 2o

+e'7i. {%[ga’ V,,_S_l]+%[§“ V.Sl
+508,,[8:,v,81]1} . (6.64c)

These equations can be solved by the same pro-
cedure used to solve Eq. (6.35a). The results are

$1:G,7)=8 - Ty lr) = IT+ Dyl )L, (6. 65)
where

hy@)=(Q=-e"), h)=@+e"=1); (6.66)

_S_z((-l.; "')=(-1.'Ehz1(7')—J(J+ hge(T)I, (6.67)

where
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oy (T)== 3(e" = 27-€7"), (6.68)
ha(T)=5[27=5+4(T+1)e"+ 2], (6.69)
85, 7)== T+ Dhgg(T)I +q » I gy (7)
th(MI@+ 1)1 - @3],  (6.70)
where
hao(T)= &[217 - 76+ (187% +727+36)e™"
+36e77 +4e77),  (6.71)
hyy(T)=—15[7€" - 67° - 127+ 12
~ (187+15)e" - 4e™2"],  (6.172)
hop(T)=—15[€2 "~ 6" +6T+3+2e77]. (6.73)

Since from (5.3), w(t)=2(0, Bt), it follows from
(6.62) and (6.65)—(6.73) that

wit)= exp( wl A%S,0, Bt))

n=

=1 exp{~ J(J + 1)[Ahy,(Bt) + Ay (Bt)

+A%hy(Bt)]+ 0(AY)}.  (6.74)

It appears from expressions (6. 66) for z,,(7),
(6.69) for hy(7), and (6.71) for hyy(7), that the
series in the exponent of (6.74) converges rapidly
if A<1, In this case, w(t)is obtained to good
approximation by retaining just the first term in
the exponent of (6. 74):

w(t)=1exp[ - J(J+1)A(Bt+e7 P - 1)] if A<1,
(6.75)
If expression (6.'75) is used in Eq. (5.1) for the
conditional probability density for orientation,
one obtains the same time dependence previously
given by Steele for the case of a spherical body
with equal principal moments of inertia and equal
frictional constants about the three principal
axes.?® It is clear from the present derivation
that this result is correct only if A <1,
If, in addition to A<«1, it is also the case that
J(J+1)A <1, then it follows from (6.75) that, to
good approximation,

w(t)=1e T D4Rt f J(T41)A<1, (6.76)

Expression (6.76) is the result obtained in theories
of rotational diffusion of a spherical body.*™*® The
present derivation shows that such theories are
valid only if J(J+1)A<<1,

Since Steele discusses the limit of expression
(6.175) as B~0,% it is of some interest to consider
the behavior of the more general result (6. 74) as
B-0. It can be shown from expressions (6.66),
(6.69), and (6.71) that

hyo(T)= 3724+ O(7%) | (6.77)
hao(T)= 2 T+ O(7°), (6.78)
hao(T)=1h 7%+ O(7") . (6.179)

=)

Since A=a/ B? and 7=Bt, it then follows that the
limit of expression (6.74) for w(t) as B~0 is

wi(t)= Texp{~ J(W + 1)[3(at®) + 75 (at®)®

+ 1z (@?)’]++-}. (6.80)
From the manner in which the _S_,,(Ef, 7)in (6.62)
are calculated, it is apparent that the omitted
terms in the exponent in (6. 80) will involve ¢"
where n28,

The exact expression for w(f) for a free body
(B=0), Eq. (6.18), approaches w(t)=1(2J+1)" as
t-, But expression (6. 80) apparently approaches
zero as £—=, Thus (6.80) cannot be correct for
large values of ¢, presumably because the series
in the exponent does not then converge.

On the other hand, the omitted terms in the ex-
ponent of (6. 80) are of order (a#?)*. Hence, the
expansion of (6. 80) itself (not the exponent) to
third power in (af?) can be obtained by using just
the terms in the exponent to O((at?)®). It can be
shown that the expansion of (6.80) obtained in this
manner agrees with the expansion of the exact ex-
pression (6. 18) for a free body to the third power
in (af?).

Thus, while the exponent in (6.74) is finite as
B-0, the resulting expression is not correct ex-
cept for small values of {£. However, as we have
noted above, Eqs. (6.74) and (6.75) appear to
provide a good approximation for all £>0 if B is
sufficiently large that A=a/B?< 1,

VII. CORRELATION FUNCTIONS

The results obtained above can be used to calcu-
late time-dependent correlation functions of func-
tions of the orientation of a body. The functions
that occur in practice can be expressed as linear
combinations of irreducible spherical tensors, so
it is sufficient to calculate the correlation function
of two such tensors. A spherical tensor of rank
k has 2k +1 components T4, , where m=—-%k, —k+1,
..., k. The tensors considered here have the prop-
erty T%,=(=1)"T,,... As before, suppose that S’
is a principal body-coordinate system whose Euler
angles with respect to the laboratory coordinate
system S are g=(afy). Components Ty, in S are
related to components T;, in S” by*®

k
Tim = Z“; DEx () Th, (7.1)
nam
We consider here spherical tensors that depend
on the orientation of a body, but not on its angular
velocity. In this case, the components T4, in the
body system are constant, and the time dependence
of the components T4, in the laboratory system is
due to the time dependence of the Euler angles.
The correlation function of two such tensors, say
T and Syepe, is then



6 ROTATIONAL BROWNIAN MOTION

) o
= 2 25D (e®) Dy%(g(O) Thn Sioe

n==k n'=w=p’ (7. 2)

The joint probability density that a body has ori-
entation g at / and orientation g, at the earlier
time =0 is W(g, t;2,)/87%, where W(g, t; g,) is
the conditional probability density discussed in
Sec. V, and 1/87% is the probability density for g,,
assuming that initially all orientations are equally
probable. Hence, for {20,

(D}..(8(0)) D} (2(0))

= [ dg [ dg,D},.(8) Divite(g0) Wig, t; g0)/87 .
(7.3)
If expression (5.1) is used, and also definition
(3.1), the integrals over dg and dg, in (7. 3) can be
performed by use of (3.3), with the result

(DE(g(1)) DEX.(2(0)) = 8408 prmtle 1)/ (20 + 1),

(7.4)
where w,,(¢) is defined by (5.2).
Use of (7.4) in (7.2) gives, for >0,
(T;m (t) Sktml (0)) = Gkkaﬁmm.(Zk + 1)-1
.3
X 25 whe() T Sppe . (7.5)

nyn’==k
The equations given above in this section are
valid for a body of arbitrary shape. In the special
case of a spherical body, it can be shown that®!

(7.6)

The specific expressions calculated in Sec. VI all
satisfy this relation, as can be seen from Eqs.
(6.18), (6.49), (6.54), and (6.74)-(6.76). Thus,
for a spherical body,

wh e () = 6 e w*(@) .

R
(T (DS o e (0)) = 80 B e (28 + 1)L (2) 25 TLESE, .
n==k
(7.7)

A spherical tensor that occurs frequently in
applications is the spherical harmonic Y,,(;), whose
spherical angles ©;=0;, ¢; specify the orientation
in the laboratory coordinate system S of a vector
¥, that is fixed in a body undergoing rotational mo-
tion. Thus Tp,(f) = Yy, (Q,() and Th,= Y, (R,
where 2;=6;, ¢, are the constant spherical angles
of T; with respect to the body-coordinate system
in which T, is fixed. The correlation function of
two such spherical harmonics is given by (7.5) for
a body of arbitrary shape, and by (7.7) for a spheri-

cal body. Since the addition theorem for spherical
harmonics gives®
& 2k +1
2 71(0) (@) - k1) p(costy), (1.8)
N=e=

where P, is a Legendre polynomial and 6,; is the
constant angle between T, and F, fixed in the body,
it follows from (7.7) that
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(Vi (4 (1)) Yo e (2,(0))) = B0 B e w*(#) Pp(cosby,)/4m.
(7.9)
In Egqs. (7.7) and (7.9), which apply to a spheri-
cal body, w"(t) is given by (7.6) combined with
(6.18) for a free spherical body, with (6. 54) if
bk(k+1)<1, and with (6.75) if A< 1,

APPENDIX A

The components of the angular-momentum op-
erator J with respect to the laboratory coordinate
system S are J,, J,, and J,, and with respect to
the body coordinate system S’ are J;, J,, and J;.
The P5x(g) defined by (3.1) are eigenfunctions of
J?2, J,, and J,, with eigenvalues J(J+1), M, and
K, respectively. 20 From the explicit expressions
for the operators J,, J,, J,, and J, given in Sec.
2.5 of Ref. 17, it is clear that J,, J,, and J, com-
mute with J;. Hence the matrix elements of J,,
J,, and J, between two ¢’s are diagonal in X, and
have the usual expressions with regard to J and
M:

(TME|J,| T M'K") =81 7 8y S0 M (A1)

(TMK|J, +id,|J M'K"

=6y 70 8y, upr 1 xpe [(TEM )T M+ 1) ]2, (A2)
The spherical components of J in § are®
Ta=F@2)Y2(J,+i]), To=J,, (A3)
and the spherical components with respect to §’ are
ThH=% Q)2 id;), To=dy. (A4)

Since the spherical components are irreducible
spherical-tensor operators of rank one, **

1
Tn= 27 T,Dm(8) (A5)
n==1
where g= (a¢fy) are the Euler angles of S’ with re-
spect to S. These same Euler angles are the argu-
ments of the P5,(g), so that from (A5)

(JMK| T} | T M'K') = ) (JKM| T, DL, ()| I’ M'K")

n==1
1
=2 4
==l JOOIOEY

X (J"M"K"{D,l,m(g)|J' MIKI ) . (A6)

(IMK | T,|J"'M"K""

It follows from (A1), (A2), and Eq. (5.19c) of
Ref. 18 that

IMK|T,|T"'M"K"")
=8 500 e [JT+ D2 CWILT; M mbr) ,  (AT)

where the C is a Clebsch—Gordan coefficient. 1®
Use of (A7) in (A6) gives

(IMK| Ty | I'M'K")
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=[gT+ D2 22 cWULd; M''nM)

no b
X{JM"'K| DL (&) |J'M'K") . (A8)
From the expression for the integral of three D’s,®
(IM"'K| D%, (g)|J’ M'K")
_ ( 2J+1

1/2
o7 T 1) CWYLJ"; M'"'nM") CWLJ"; KmK') .
(A9)
If (A9) is substituted in (A8), the sum over # can

be performed by using the property
CULT"; M"'nM") = CWI1"; M'R) Syy0 yyr0.y . (A10)
If one also uses the fact that®

2 CUL; M, M-M")CWULI'; M, M=M"")=6,;.,

Mll
. (A11)
the result is
(MK | T, | T'M'K")
=8 45Oy [T+ D2 CWLT; KmK') . (A12)
Since T,f =(-1)"T’,, and since
CWLJ; KmK") =(-1)™ CJLJ; K', —m, K) ,
(A13)
it follows from (A12) that
MK\ T M'K"
=800, [T+ D2 CWULT; K'mK) . (Al4)
Comparison of (A14) and (A7) shows that
(TME| T} | T MK =(JKM| T, | T'K'M") . (A15)

The matrix elements (3.9)-(3.11) in the text follow
from (A15), definitions (A3) and (A4), and matrix
elements (A1) and (A2).

It is worth noting that result (A15) is also ob-
tained if the transformation equation (A5) is
written )

1
T! = ZID},m(g)T,, . (A16)
n==
APPENDIX B
Consider the matrix function of ¢:
f(p)=et®Lsg, e7t?Ls (B1)

where J,=J,+iJ,. Differentiation of f(¢) with
respect to ¢ gives

/() =te'% Iy, Iy xiT,]e 0% . (B2)

But the commutation relation (3.13) can be written

[{i ’ {j] == i‘lk ’ (B3)

where the subscripts ¢, j, and & are a cyclic per-
mutation of 1, 2, 3. Hence

[J3, J1280,]=% 0y 4d,) , (B4)
S0

£'(p)=%if (¢) .

The solution of this equation which satisfies the
condition £(0) =J, +4J, implied by definition (B1) is

e‘“’h(gl'ii;_g)e'm!a:(ild:ig_z)e*“ . (B5)
By adding and subtracting the two equations (B5),
one obtains

e'®13J,e"*13=J, cos¢ +J, sing (B6)
and

e'*133,e7*% =7, cos¢ - J; sing . (B7)

The equations obtained by cyclic permutation of
the subscripts 1, 2, and 3 inEqgs. (B6) and (B7)
are also correct, since (B6) and (B7) depend just
on the cyclic commutation relations (B3).

Now consider

@ i= w[sinb(cos¢ J; +sing J,) +cosbI] . (B8)

Using (B6), and then a cyclic permutation of (B6),
one obtains

-

-
@+ J =we'®¥[sind J, + cosb Ig]e™ L8

= we'*Ts g1l 3, 1ok oiols | (B9)
Equation (6. 9) then follows from (B9) and the power-
series definition of e™@¥
APPENDIX C

If follows from the relation JxJ =-iJ, Eq.
(3.13), that

&3, 3]=i@xT) . (c1)

Thus, if the expression 3_ (s) given by (6. 27) is
differentiated with respect to s, one obtains

J'(s)= -3, x3(s) (c2)
A second differentiation then leads to
J6) w2 T (s)=,@y- J) . (C3)

The solution of Eq. (C3) which satisfieg the initial
conditions implied by the definition of J(s) and by
(C2) is Eq. (6. 44).

*Research supported in part by a grant to the author
from the National Science Foundation. )
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We calculate the two-photon exchange (retarded van der Waals) potential between neutral
spinless systems, including the effects of higher partial waves in the atom-photon scattering
amplitude. This is equivalent to including higher multipoles in the interaction of the charges
in the atoms. We show that this potential can be expressed as an infinite series of terms,
with coefficients that can, in principle, be measured in atom-photon scattering. The be-
havior of the various terms, at small separation and large separation of the system, is dis-
cussed. We show that the leading term in the contribution of each multipole has the property
that it has one more power of R™! in its large-R behavior than in its small-R behavior.

I. INTRODUCTION

A recent analysis® has shown that the two-photon
exchange (retarded van der Waals) potential be-
tween spinless atoms can be expressed in terms of
the scattering amplitudes for photon-atom scatter-
ing by the individual atoms. An exact expression
for this potential has been given, involving an inte-
gral over these amplitudes, evaluated at positive
photon energy, and at positive, and therefore un-
physical, momentum transfers. In the previous
analysis, it was shown that when the dependence of

the scattering amplitude on momentum transfer was
neglected, the potential could be expressed in
terms of the atomic polarizability evaluated at
real frequencies, a quantity directly measurable
in photon-atom scattering. The approximation so
made is equivalent to neglecting all partial waves
other than s wave in the photon-atom scattering
amplitude. The result obtained is an extension of
the retarded van der Waals interaction of Casimir
and Polder,? generalized to include magnetic ef-
fects and relativistic effects.

In the present work, we shall retain the depen-



