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The calculations were based on fitting radial parameters to the observed energy levels, but
with a requirement of regularity in the behavior of each parameter value along the isoelectron-
ic sequence. Some parameters or ratios of parameters were fixed at values based on isoelec-
tronic comparisons or adjusted Hartree-Fock values. The calculated levels, g values, and I 8
percentage compositions are given for each atom, and comparisons with experimental data are
made. The results support new 5d 6s 6p levels recently found in Hgz, Tln, and Birv, and one
experimental 5d96s 6p level in Pb nx is rejected as unreal. The calculated ratio of the lifetimes
of the Hgx 5d 6s6p P& and P~ levels is compared with the experimental value. Some compar-
isons of calculated and observed isotope shifts are made for Hgr, Tlrr, and Pbrxz. The leading
percentages in the jj coupling scheme are listed for levels having assigned jj names (.4 6s 6p
levels in all four atoms and 5d 6s7p levels in three atoms).

INTRODUCTION

A large number of experiments involving excited
energy levels of Hgx have been carried out over the
years, and the spectra of the Hgr isoelectronic
sequence have been analyzed' through Bi rv. Al-
though probable effects of configuration interaction
(CI) have frequently been noted in discussions of
various experimental data, no systematic applica-
tion of intermediate coupling theory with CI appears
to have been made to the important configurations
throughout the sequence. The lower odd-parity
levels belong to the 5d' GsnP (n ) 6), 5d Gs'6P,
and 5d Gsnf (n ) 5) family, and the largest pertur-
bations are due to interactions of these configura-
tions. We first discuss the choice of included
configurations and the procedures of our calcula-
tions for the odd levels, and then give the detailed
results and comparisons with observations for
each spectrum.

GENERAL METHOD

The configurations and interactions included in
the calculations are shown in Table I. The basic
energy matrices for these configurations were
recalculated and several interactions added by use
of computer programs originally obtained from the
Laboratoire Aime Cotton (Orsay, France). The
electrostatic interaction parameters with subscripts
are as defined in Condon and Shortley, except
that we use Racah's reduction GB(Pd) = 245 G (Pd).
The additive parameter common to all levels of a
configuration is designated A, A', etc. , according
to the conf iguration, The electrostatic- interaction
elements connecting the d s p configuration with
two d' sp configurations and with d sf were included
in the matrices, the numerical coefficients of the
radial integrals having been evaluated from for-
mulas derived by Briggs. 4

The matrix diagonalizations and level-fitting cal-
culations were carried out on the NBS Univac 1108
computer. ' The method for adjustment of the
free parameters to give a least-squares fit of the
levels, as well as the method used to obtain trans-
formations between different coupling schemes, is
based on procedures described by Bacah. The
standard error given with a parameter value is a
measure of the rigidity of the value as defined by
the equations and the observed levels; this com-
puted error is not necessarily a good measure of
the physical correctness of the value, especially
if it corresponds to a very small percentage error.
The least- squares adj ustments of the parameter
values were "converged" in each case only to a
point where any indicated further change in each
parameter value was small compared to the stan-
dard error for the parameter. The parameter
values are reported exactly as used in the final
diagonalizations, regardless of the standard errors.

For a number of reasons it is not possible to ob-
tain meaningful results for these configurations by
merely fitting the observed levels with all param-
eters free. We found that requiring fairly regular
behavior of all parameters along the isoelectronic
sequence was the most useful guide. Additional
limits on the acceptable values of some parameters
were obtained by comparisons with Hartree-Fock
(HF) calculations and with experimental values
from atoms in other related sequences. HF values
for some of the parameters in Hg r and Pb rrr are
included in Yable I.

INTERACTIONS OF 5d 6s 6p WITH OTIIER ODD
CONFIGURATIONS

We did not attempt to include all the significantly
interacting odd configurations in the calculations
of these spectra. In Hgr, for example, all the
Gs~P configurations with n ) 7 are overlapped and

2022



APPLICATION OF SLATER-CONDON THEORY WITH. . .

TABLE I. Parameter values for four odd configurations in the Hgz isoelectronic sequence (units in cm ).

2023

Config.

5d ~esep

5d 6s 6p

5d 6s7p

5d es5f

CI

Parameter

A
G~(sp)

A. '

z, (dp)
a, (dp
c,(dp)

+ll
~~(sp)

Ql Jl

Gg(sf)

R'(5dep, esep)
R'(5dep, epes)

R2(5dVp, esep)
R~(Sdvp, epes)

R2 (5d5f, es6p)
Rs (5d5f, 6p6s)

HF

9935
2101

436
328
51

6121
3244

1067
365

—10 863
—10565

-3567
-3547

Hgz
Fitted

48535 +61
6381' 81
4288+75
3 528 +410

81413+51
415 +15
322 +12
56.4

6 094 +41
4 894+ 76

70 904 +56
770 fix
677 +73

77 243+41
1 fix
0 fix

—9000 fix
—9000 fix

-4084 +205
-4084

550 fix
382 fix

1700 fix

Tl n
Fitted

66 681 +72
8 VVV +96
8124 +90
7420 +344

127454+ 55
588 +14
499.9+9
91.2 +10

6 857 +39
9276 +96

121924 + 69
900 fix

1 856 +75

136236+ 53
100 fix

0 fix

-11000 fix
-11000 fix

-4334 +275
-4334

3549 +2030
2468

3880 fix

HF

16 275
7 592

745
542
91

8 437
8 945

1 738
2 077

—17 029
—16 181

—5194
—4875

8219
5448

Fitted

83 581+76
10422 ~102
12 248 +95
11588 +300

176 857 + 55
675 +16.
587 +24
104.4 +11

8 414 +42
13 168 +93

175 233 +154
1 231 +192
3 489 +104

190492 +59
409 +59
11 fix

—14000 fix
-13300 fix

-4923+670
-4e21

10428+ 950
7242

6540 fix

Bl xv
Fitted

100172+127
11783 + 170
16 758+160
16 074 +440

230406 + 126
825 +17
767 +49
135

9 670 ~121
16 068 + 198

230 460 + 150
1400 fix
4844+156

235 191+168
1317+169

100 fix

—17000 fix
—16000 fix

—7651 + 670
—7181

15 802 +1470
10973

9010 fix

perturbed by the 5d 6s 6p configuration. However,
the strongest interactions of 5d 6s 6p are with
5d' 6s6p and 5d' 6s7p, and we included only these
configurations from the 6snp family. Our proce-
dure was varied in each case to minimize effects
due to the omission of additional perturbing con-
figurations from the calculation.

The parameters for the interaction of 5d 6s 6p
with 5d"GsGp, R'(GdGP, GPGs) and R'(5d6P, GsGP),
were fixed at the values in Table I after the calcu-
lations for the whole sequence were fairly advanced.
All other parameters (internal and interconfigura-
tion) having a large effect on the energy levels were
free to vary in the level-fitting adjustments, or
were determined by appropriate fixed ratios to
freely varying parameters. Inclusion of the
Sd~ GsGp-Gd~Gs GP interaction with R (5dGP, GP6s)
and R (GdGP, GsGP) fixed at their HF values resulted
in unacceptably irregular behavior (along the iso-
electronic sequence) of the values obtained for
some of the other parameters. A 15-20% reduction
of the HF values for 8 and R in Hgi and Tl lr
gave reasonably consistent results for the other
parameters, both within each spectrum and through-
out the sequence. This reduction of these two
parameters was then applied to the sequence; for
each of the three ions in Table I, the reduction is

about equivalent to using the HF value calculated
for the preceding sequence member. Thus, al-
though the two parameters are fixed in each calcu-
lation, their values were indirectly influenced by
the observed level structures along the sequence.
A more direct evaluation of R'(5dGP, GPGs) and
R'(GdGp, GsGp), by allowing them to vary at a fixed
ratio in the least-squares calculations, gave very
large standard errors (poorly defined parameter
values) in each case. The best defined values, ob-
tained in Pbxrr. , were very close to the correspond-
ing fixed values in Table I, but had standard errors
about one-half as large as the values themselves.

The relative effect of the 5d' 6s6p-5d96s26p in-
teraction is strongest in Hgx (see below). We
believe our procedure has given a more reliable
evaluation of this interaction and, consequently,
more accurate eigenvectors for the 6s6p configura-
tion than were previously obtained.

We have allowed the parameters of the 5d' 6s7p-
Gd96s~Gp interaction, R (5d7P, GsGP) and R'(5dVP,

GPGs), to absorb a considerable part of the other-
wise uncompensated perturbations due to the omitted
GsnP (n & 8) configurations. As a result, the values
accepted for these two parameters are somewhat
less regular in the isoelectronic sequence than the
values of the other parameters in Table I. In order
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to minimize the distortion of these parameters,
only 8 was allowed to vary in the level fitting. In

the Hgr and Tl zr calculations, we fixed the ratio
A //R' at approximately the HF ratio for Hgr; for
PbIr~ and Bi rv this ratio was fixed at the HF value
for Pbus. .

The interaction of 5d Gs GP with 5d Gs5f is large
in Pb nr and Bi rv, the values of the two relevant
parameters being well defined when their ratio was
fixed at approximately the HF value for Pbrxx
(Table I). The corresponding values for Tl n have
a large error but fit well into the sequence. Both
parameter values were fixed in Hgr, but the value
of R (5d5f, GsGP) was actually obtained from a sepa-
rate calculation by fitting an observed mutual
perturbation of two levels (below). The HF calcu-
lations for Hg i 5d' Gs5f did not easily converge and

were abandoned as not needed.

f6& ~& AND THF X PARAMETER FOR Sd' 6s6p

The existence of accurate experimental data of
several types for the levels of Hgr 5d' GsGP made
it worthwhile to include in the calculations some
additional effects for this configuration besides its
interaction with 5d Gs Gp. The spin-orbit energy
has matrix elements connecting 5d' GsGP with the
higher 5d' GsvP configurations, and we have included
the strongest such interaction, that with Gs7P. The
value of the corresponding radial integral
is approximately equal to (t6~r„»), since it is
determined almost entirely in a region near the
nucleus where the GP and 7P wave functions are
practically identical except for a scale factor. '
The values of (6~, 7~ in Table I were obtained by a
method equivalent to imposing the condition (,~ »
= ($6/, f7/)

' in the least-squares adjustments.
Instead of introducing explicit electrostatic in-

teraction between GsGP and the higher GsnP configu-
rations, we have used the ~ of King and Van Vleck"
as a fourth free parameter to fit the GsGP levels.
This parameter is best regarded here as equiva-
lent to an effective operator of mixed electrostatic
spin-orbit type. The effect of & is measured by
its deviation from unity, and the values we obtain
for the sequence HgiGsGP through Birv GsGP are
0. 823, 0. 913, 0. 946, and 0, 959, respectively.
These values are, as expected, closer to unity than
are the corresponding values obtained by f itting
the GsGP levels with no CI effects explicitly included.
For example, King and Van Vleck's value of ~ for
Hg & GsGP was 0. 758.

The ~ refinement was not used for the Gs7P con-
figuration, since the approximations already ex-
plained probably have a larger effect on the Gs7p
eigenvectors than would Q~. A similar refinement
for 5d Gs 6p would probably best be accomplished
by the use of explicitly term-dependent Slater in-
tegrals.

RESULTS FOR Hg I

Sd'06s6p

The calculated positions, g factors, and com-
positions' are given in Table II. The indirect
effect of the four internal GsGP parameters (Table
I) on the levels of the higher configurations was so
small compared to their direct effect on the four
Gs GP levels that the latter were fitted almost exact-
ly by the over-all least-squares procedure. All
three of the CI parameters involving GsGP were
fixed, as explained above. The inclusion of CI
increases the value of G, (GsGP) by almost 500 cm '
over the value obtained by King and Van Vleck, "
but the fitted value is still much smaller than the
HF value. The HF value of &6~ for GsGp is, how-
ever, only one-half the fitted value.

The largest perturbation of the GsGP configuration
is a repulsion between the 'P& level and each of the
two 5d Gs GP levels having large 'P& components
[Gd ('D5/g)68 GP$/2 and Gd'('D3/z)68'Gpy/, in Tabl~
II]. The calculated depression of GsGp Pg due to
interaction with both 5d Gs GP and 5d' Gs7P is al-
most 1200 cm . The contribution from 5d Gs 6p
to the composition of the GsGP 'P, level is calculated
to be 4. 0%.

This contribution from d s p probably accounts
for a significant part of the 0. 015 cm by which
the (200 —202) isotope shift of the GsGP 'P, level
exceeds the corresponding shift of the GsGP ~P

levels. ' If the shift associated with each pure
configuration contributes to the net shift of the
GsGP 'P& level in proportion to the configuration
percentage, "a 4% total from d s p accounts for
0. 010 cm ' of the observed difference in the shifts.

The effect of CI on the calculated g value of the
GsGP P& level is of interest because of its bearing
on an estimate of the combined diamagnetic and
relativistic corrections to the g values of the GsGP

levels. Our calculated g values for these levels
include the effect of the anomalous magnetic mo-
ment of the electron, but no other corrections to
the Lande values. The corresponding theoretical
g value for the P~ level without CI is 1.50116.
Since any unlisted contribution to the composition
of this level in Table II is less than 0. 0005%, the
reduction of the discrepancy between the calculated
and observed '" g values from 0. 00017 to 0. 00009
is entirely owing to a 0. 019% (d s p Dz) component
in the eigenvector with CI. The calculated g value
is most sensitive to the value of the CI parameter
R (5dGP, GsGP); the D2 component rises to 0. 03%
for a value of &2 Rs 11000 cm ' and passes
through zero (with a sign change) at a value of R
=R' between —7000 and —8000 cm '. It thus ap-
pears very probable that the true eigenvector for
this level has a Da component large enough to re-
duce significantly (from 0. 00017) the inferred g-
value correction. Our best guess is that the addi-
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tion of any significant CI with 5d' GsGp not already
included here would further lower the calculated
g value.

The g value of the P& level has also been mea-
sured very accurately (Table II). If the four-
parameter theory without Cx" is fitted to the four
6sGp levels, the resulting g value for P, (1.488'7)
is 0. 0026 greater than the observed value, as com-
pared with the discrepancy of 0. 0009 that we ob-
tain. However, the latter disagreement is 10 times
larger than our best estimate of the upper limit of
the combined diamagnetic and relativistic correc-
tion for the g value of the P2 level. Since the
equivalent correction for the ~P& and 'P& levels is
supposed to be only slightly larger'6'"' than the
correction for 3P2, most of the 0. 0009 discrepancy
for the 3P& level presumably results from error in
its calculated composition. An alternative method
of applying the single-configuration method is
simply to fit the observed g value for the P& lev-
el. '~"' (The g values for the 'P, level calculated
by the various four-parameter methods are all
within the range allowed by the available measure-
ments. ) However, the resulting 3. 00% mixture
in the LS composition of the two J= 1 levels is
obtained at the expense of the level fit.

Another test of the GsGP wave functions is af-
forded by the experimental values of the lifetimes
w( P&) and w( P,). Only the P& components in each
eigenvector need be considered in the calculations,
since both lifetimes are against electric-dipole
radiative decay to the Gs So ground level. The
King-Van Vleck ' pure-configuration fit predicts
a value of 101 for the 7(~P, )/~('P, ) lifetime ratio,
as compared with the observed value' of (l. 1V

xl0 7 sec)/(l. 34x10 sec)=BV+3. The 3. 00%
mixture of the pure-configuration P&, 'Pj com-
ponents, mentioned above, gives ~('P, )/r('P, )
= ~~~(~4~4~&)~= 83.5, the cubed ratio being that of the
wave numbers. In order to obtain this ratio from
the compositions in Table II, it is necessary to
know the ratios of the dipole transition integrals"
I(6s, GP), I(5d, 6P), and I(Gs, VP). With the HF val-
ues for these ratios, We calculate ~

7 ( P, )/7('P, )
= 80. 1, which agrees with observation better than
the pure-conf iguration level-f it ratio. However,
our wave functions would require a value of about
—12 for the ratio' I(Gs, 6P)/I(5d, GP) in order to
yield ~( P, )/~('P, ) = 84. The HF value nf —4. 3 for
this transition-integral ratio is unlikely to be in
error by a factor of 3; we conclude that a small
but real discrepancy exists between our calculation
and a value of 87 + 3 for the lifetime ratio. This
discrepancy could well be due to approximations
in our calculation.

Sd 6s"6p m.6 &d' 6s7p

The interaction between these „v~.' configurations
was included early in our caLcQla~ions because of

the obvious distortion of Gs7p. The fitted values
of Ez(dP), G, (dP), and r~ are well defined and close
to the HF values. The value of G3(dP) is accurately
fixed at a value relative to G, (dp) based on the Tl ii
and Pbur results and on scaling the HF value.
Gz(dp) occurs only in the matrix for J= 3, and our
calculations at one stage were helpful to Learner
and Morris ' in their discovery of the two lower
levels of Hgi 5d 6s 6P having this J value.

The value of G, (6sVP) was fixed relative to the
fitted value of Gq(6sGP) according to the correspond-
ing ratio in Pb ~rx. The ratio of the adopted value
of G, (Gs Vp) to the HF value is also about equal in
these spectra. The fitted value of &7~, 667 + 73
cm ', is consistent with the value 560+ 85 cm ' ob-'

tained from the systematic Z dependence of this
interaction.

The jj structure ' of 5d 6s 6P could be surmised
from the separation of the four resulting terms
(Table II), and is confirmed by the leading percen-
tages in this scheme (given under "%jj"). The
names in Table II are shortened to (j,j2)~ designa-
tions in the following discussion. The most ap-
propriate LS names for the 5d 6s 6P levels are also
indicated in the table.

The fit of the d s P levels is fairly good except
for the (-'„-',), level at V8813 cm '. Although
the calculated leading LS percentage for this level
is 58/p~P, its second component of 23/O'P is suffi-
cient to make its interactions with GsGP P& and
Gs7P 'Pj stronger than its respective interactions
with the two corresponding Gsnj P, levels [note
the relative percentages from GsnP 'Pj and P& in
the composition of the (-', , —,'), level]. Part of the
explanation is that this 4 s p level is closer to each
of the two d snP P levels included in the calcula-
tion than to the corresponding P levels. An addi-
tional factor is that in the LS-representation ener-
gy matrix the elements connecting d s p P with
the d' sap terms are —2. 3 times the elements
connecting the corresponding P terms [assuming
R (dj, sp)=R (dP, Ps), as for Hgi in Table I]. The
strong interaction between the level at 788l.3 cm '
and the GsnP P series probably explains the pre-
vious misnaming of the level as 'P&. Since our
calculation includes the upward perturbation of the
78813-cm level by four lower GsnP levels, but
omits the corresponding depression due to its in-
teraction with the GsnP P j and P& series members
having rs ~ 9, it is reasonable that the calculated
position is too high by a relatively large amount.
The experimental position of this level was omitted
from the least-squares adjustment to avoid a dis-
tortion of the parameters by the uncompensated
perturbation, as indicated by parentheses for its
deviation from the calculated position.

The (200 —202) isotope shift of 0. 150 cm ' observed
for the (-', , —,'-), level (relative to the GsGP P term)



APPLICATION OF SLATER —CONDON THEORY WITH. . . 2027

is 37% less than the best available value of the
shift for the pure d s p configuration. ' Since the
total contribution from 6s6p and Gs7p to the com-
position in Table II is only 6/0, we deduce that the
neglected 6snp (n & 8) components would contribute
about 30/o.

The level at 88760 cm ', formerly designated
d4s~p sP, is calculated to have 62/o 'P, purity, but
the jj name (—,', z~) is seen to be best.

The d s p P~ designation was previously assigned
to the most appropriate level, 68887 cm [re-
ferred to here as (-', , —,),]. However, this level and

the 6s7p Pa level have a calculated mixture of
about 34%. This large mixture is supported by the
observed (200-202) isotope shifts of these two

levels, 0. 174 cm ' for (-', , ~)q and - 0. 080 cm ' for
the Gs7p 'Pa level, both relative to the 6s6p P
levels. The data show that the corresponding
shift for the pure Gs7p configuration would be only
about 0. 012 cm '. Again assuming that the isotope
shifts mix according to the configuration percen-
tages, we obtain a predicted shift of 0. 160 cm '
for the (-', , —,')z level and 0. 091 cm ' for the 6s7P
P, level.

McDermott and Lichten' '" have measured the

g value of a metastable level in Hgx having an ap-
pearance potential of about 9. 0 V. The g value they
obtained, 1. 086V(5), is in good agreement with our
calculated g value for the d s p level (-', , ~)4, as
shown in Table II. Learner and Morris ' have
shown that a level at 73119 cm ', to which the above
observed g value was formerly assigned, is almost
certainly not real. Their new level at 70932 cm '
is seen to be in satisfactory agreement with the
calculated position for the (-', , ~)~ level. This posi-
tion explains the metastability of the level quite
simply, since the only three even-parity levels
that lie lower have 4 values of 0 or 1. The lowest
level having J = 3 has usually been referred to as
d s p'D3, even though the major components in the
eigenvector obtained by Murakawa for the level
agree rather well with our values of 50. 7% Fs,
35. 7% ~F~, and 13.6% Dz . The level best suited
for the d s~p 4D3 name (7V% pure) has recently been
found ' at 80128 cm '. The earlier designation for
this missing level had been E3,. the jj purity is
99% (~a, ~a).

5d'06s5f

The quantum-defect plots for the 6snf series
show perturbation of only a few cm or less, ex-
cept for the Gs5f F4 level. It thus seems justified
to conclude from the generally small internal
spreads of the Gsnf configurations that the unper-
turbed values of Gs(6s5f) and f,z are at most a few
cm '. Since &» is expected to be less than 1 cm '
on theoretical grounds, we fixed these two param-
eters at the values in Table I.

The 6s 5f 'F, level is almost 50 cm ' above the
other Gs5f levels, and the only possible perturbing
level is 5d 6s36p (-, , —,)4 at V6 945 cm ~. The matrix
element connecting these interacting levels is
—0. 226VG R (df, sP), and one obtains a value IR I

= 529 cm '
by assuming that the two observed posi-

tions arise from mutual displacements of 49 cm '.
The value of R was fixed at a slightly larger value
in the over-all calculation (Table I), in order to
fit the 6s5f levels more exactly. R (df, Ps) is fixed
at a value R /1. 44, corresponding to the ratio
adopted for these parameters in Pbizr (see below).

The mixing of the two J = 4 levels (11%) is less
than the 14.4% mixture obtained from the original
2&&2 matrix, because the over-all least-squares
fitting gives the position of the d s p level at 53
cm below the observed position; the discrepancy
is within the accuracy of either method. The
calculation shows that the other two 6s5f F levels
and the 'E level have high purity.

The value of G, (GsVP) was fixed because the fitted
value was too small on the basis of comparisons
like those already described. The ratio of the
adopted value of G, (6sVP) to the fitted value of
G, (6sGp) agrees with the HF ratio of these quantities
(13% less than the corresponding ratio of the fitted
values in Pb zxi).

Both the 6s5f and GsGf configurations are dis- .

torted by interaction with d s p, but we again in-
cluded only Gs5f in the calculation. The P» param-
eter is negligible to our accuracy, and the results
are also not very sensitive to the value of G3(6s5f).
We fixed G3(6s5f) at 100 cm ' as a compromise
between the smaller (poorly defined) fitted value
and the HF value of 191 cm '; note that the fitted
value in Pb err is less than one-half the HF value.
With the ratio Ra(df, sP)/Rs(df, Ps) fixed as before,
we obtained rather poorly defined but acceptable
values of these parameters from the level fit [note
the successive values of R (df, sp) in Table I].

The complete LS compositions of the levels are
given in Table III, with underlined percentages and
asterisks being used as in TaMe II. The levels of
the 5d Gs 6p and 5d Gs7p configurations in Tlxr
are assigned jj-coupling names, the preference
over the LS names being based on the leading jj
percentages as listed.

Two observed levels of d s p, (
—', , —,')3 and (-', , —,')~,

were not entered into the least-squares adjust-
ments. The former level has recently been lo-
cated 4 [at (112116+ 5) cm ] as a limitfor absorp-
tion series in Tl r. and was not available when
our calculations were completed. The second
largest I,S component for the (-', , —,')z level is 22% Pa,
and its strongest calculated interaction results in
an upward displacement by 6s7P Pz. The omission
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of downward perturbations by Gsnp (n & 8) P21evels
probably accounts for a large part of the deviation
observed minus calculated (o —c) of this level in
Table III. The calculation also omits the depres-
sion of (

—', , 2)2 due to interaction with the Gsnf Fq

series, except for n = 5. The observed Gs5f and
Gs61 levels indicate that the upward displacements
of the Gsnf Eq levels due to this interaction are the
largest perturbations of the Gsnf series.

The interaction of the 5d' GsnP 'Pz series mith
the Sd'Gs'GP 'P, level at 134 362 cm ' [named

(—,', 2), in Table IIIj is nicely shown in Ellis and
Sawyer's quantum-defect plot. (However, the
interaction of the Gs7P I'j member of this series
is strongest with the 5d Gs Gp level at 126204 cm ',
which is mainly ~P, ). The low position of the d~s p
(-,', —,'), level, compared with the relative position
of the corresponding level in Auxr d p, is not due
to interaction mith Gs8P in Tl rr, as suggested by
Ellis and Sawyer. ' Since the two GsnP configura-
tions included in our calculation both lie below the
d s P (~, ~)q level, the agreement between the ob-
served and calculated positions for (-,', —,')q shows
that the net effect of interaction with the 6snP series
is to raise, not lower, the level. The perturbation
of this level by the Gsnp (n & 8) levels must be
relatively small. The main cause of the difference
in the level structures of Tlrr d s p and Aurr d p,
which is evident for a number of levels in Ellis
and Sawyer's Fig. 3, is the differences in the rela-
tive values of the important parameters in the two
ions.

The Tlrr levels for which isotope shifts have been
measured include the three 5d96s GP levels having
the largest percentages from 5d' Gs7P and the cor-
responding three 5d' GsVP levels (Table IV). A
comparison of the observed shifts with values cal-
culated by using the percentages in Table III thus
affords a test of the predicted configuration mix-
ing. The three pure-configuration shifts given in
Table IV were obtained by fitting three observed
shifts, one level from each configuration. The
relative order of the configuration mixing in the
remaining five levels, as indicated by the observed
shifts, is reproduced by the calculated shifts.
The quantitative agreement is also fairly good. The
disagreement for the d s p (

—'„—,'), level could well
be due to neglected configurations; an additional
contribution of about 4% from the Gsnp configurations
to the composition of this level would give agree-
ment with the observed shift.

Our results for this ion are given in Table V.
The calculation again fits the GsGP levels exactly,
essentially by adjustment of the four internal GsGP

parameters to the values in Table I. Excluding
these four levels and four parameters, we have

TABLE IV. Observed and calculated isotope shifts for
some odd levels of Tl rx. Shifts are between the 203 and
205 isotopes, with 6s9s S as the datum level.

Name

Config.
shift~
(cm-')

Gale.
shiftb
(cm-')

Obs.
shift'
(cm-')

5d 6s6p 'P

Gd 6sg/27p j/2

(0. 060) (0.065) &0.060

(0.022) (0.023)
0.027

0.023
0.027

Gd 6sg/g7p3/2

Gd ( D5/2)6s 6p3/2
1

(0.358)

0.035
0.072

(0.348)
0.818

0. 040
0. 058

0.348
0.802

0.839Gd ( D)/2)6s 6pg/2 1 0.338

Values assumed for theoretically pure configurations.
"Calculated by assuming that the shifts mix according

to the percentages in Table III. Values in parentheses
were used to determine the pure-configuration shifts.
The value of the assumed shift for the 6s6p~P level is
relatively unimportant for the other levels.

caeference 26.

18 known levels (of the 20 predicted for the re-
maining three configurations) determining 13 free-
parameter values. The internal consistency of the
results is the best of the four spectra. All the ob-
served levels believed to be real were included in
the least-squares adjustments, and both of the
troublesome parameters G, (6sVP) and Gs(5dGP) took
satisfactory values when allomed to vary.

A fairly well-defined value for G~(6s5f) was ob-
tained from the fit, as shown. It is likely that
neglected interactions have distorted the fitted
value to some extent, but we believe the HP value
(2. 8 times the fitted value) is too large. The HF
value of G~(Gs5f) in Biiv (30VO cm ) is 2. 3 times
the fitted value. The Gd~GsaGP-Gd Gs5f interaction
has become large enough in Pbrrz to give a well-
defined value of R (df, sP), with its ratio to R (df Ps)
fixed. The resulting values of R and R are seen
to agree fairly mell with the HP values.

Hume and Crawford included CI between
5d~Gs'GP, 5d'06sVP, and Gd'06s5f in their calcula-
tion for Pb rrr. . Their results were less complete
than ours, mainly because their diagonal-sum
technique could not be applied in an exact way to
the matrix for J= 3 [the d s P (-', , —,')3 level is not
known]. Thus they obtained no values for the Gs5f
parameters or for G~(5dGP), and no calculated
levels or eigenvectors were reported for J= 3.
Their values for the other 5d Gs GP parameters,
and for the 5d' Gs7P parameters, are similar to
ours. Their values for the CI parameters are
equivalent to R (5dVP, GsGP) = —6010 cm ', R'(5dVP,
GPGs) = —4985 cm ', and R (5d5f, GsGP) = 6173 cm
They reported no value for C' [necessary to obtain
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R (5d5f, GpGs)], since this parameter occurs only
in the matrix for J=3.

Another calculation with which a comparison may
be made is that for Tlxxx (5d GsGp+5d' 7p). The
omission of 5d 6p and 5d 5f from this Tlxxx cal-
culation probably accounts for a good part of its
rms error of 291 cm ', as compared with the rms
error of 101 cm ' obtained here for Pbrrx. The
interactions common to both calculations would
in general be expected to take values in Tlzrr, in-
termediate between their values in Tlrz and Pbur.
This is the case for the Tlxzx values of G, (6sGP),
Gs(5d6p), r6~, g,„,and r7~. The values of
F2(5dGp) and G, (5dGp) in Tlxxz are consistent with
this expectation only if the standard errors of the
parameters in the three calculations are allowed
for The. values obtained for IR (5dVP, Gs6P) I and

IR'(5d7P, 6P6s) I in Tl zxx were V100+2660 and

5580+612 cm ', respectively. These values are
also consistent with the corresponding values in
Pbzrz, in view of the rather large errors.

The effect of the 5d Gs 6P-5d' 6s5f interaction
in Pbxxz is strongest between (-', , -',

)~ and 6s5f 'F~.
This is shown by the depression of the F3 level to
a position 503 cm ' below Fz, and by the 6'%%uo mix-
ture of these two J'= 3 levels. Part of the 6s5f F~

F2 inversion is also due to a net upward displace-
ment of F2, mainly by interaction with the d s P
(
—'„-,')2 level.

The calculated position for the d s p (
—', , —,')0 level

is 1354 cm below the value 192880 cm ' given
for the observed level. Since the only odd levels
having J= 0 that are not included in the calculation
are well above the (—,', 2)o level, the calculated
position cannot be too low by such a large amount.
The 192880-cm ' level is thus almost surely false;
all the other unknown odd levels would lie much
higher. We find that the interaction of the 6s6P
3PO and d s P (—,', —,')0 levels, discussed by Hume

and Crawford, gives a mutual repulsion of only
-100 cm

The jj designation for the d s P (~, 2)m, z pair of
levels is seen to be less appropriate than the LS
names. Each of these levels has a large (-'„—', )
component, and the two nominal (-„2)z,2 levels
have large (

—'„-,') components. The compositions
of the four levels are further complicated by an
average contribution of 11% from 5d' Gs, &zVps&z.
Our compositions for these four levels are signifi-
cantly different from those of Hume and Craw-
ford, especially for the two levels having J= 2.
Our results are supported by reasonable agree-
ment between the calculated and experimental g
values (largest disagreements t 0. 04), whereas
the differences between the observed and pre-
viously calculated g values for (-', , —,)2 and (—,', —,)z
were 0. 18 and -0. 17, respectively.

Hume and Crawford listed observed hfs interval

factors and isotope shifts for Pbzir. and compared
these with calculated values. We recalculated the
isotope shifts for the levels in Table V, making the
same approximations they used, and obtained agree-
ment with all the observed shifts to +0. 04 cm ' or
better. ' In particular, we obtained a shift of 0. 44
cm for the d s p (2, &)2 level discussed above, as
compared with the observed value of 0. 46 cm ', and
with the previously calculited value of 0. 3'7 cm
We have not recalculated the hfs factors.

The average purity of the 5d'6s 6P levels in the
jj scheme is 91'%%uo in Hg z, but only 63% in Pb zzx.

This drop in the jj purity is mainly due to the rela-
tively different effects of the increased nuclear
charge on the 5d and 6P radial wave functions. The
HF results give an ll%%uo decrease in the average
radial distance for 5d, compared to a correspond-
ing 30%%uo decrease for Gp, between Hgx and Pbzxx.
The value of P„increases by a factor of only 1.4,
whereas the collapsed 6P wave function causes
Fq(5dGp) and G, (5d6p) to increase by an average
factor of 1.7 (and &8~ by a factor of 2. 7). The lar-
ger electrostatic interactions in Pb err, relative
to the &5„interaction, decrease the "goodness" of
the j values for the 5d core. This coupling change
along the sequence, opposite to that usually ex-
pected, is similar to the more rapid changes found
for p'nd (or nf) configurations in the rare-gas se-
quences.

In the LS coupling, the average purity of Pbrzr
5d 6s 6P is 66%. The best LS names are indicated
in Table V, the names of the three levels having
J= 3 being different from the previous tentative
designations.

Bi Iv

The observed levels of Birv now include the
lowest and highest levels of the 5d96s26p configura-
tion (Table VI). ~s The position of the 5d'06s5f con-
figuration relative to the total spread of 5d96s26P

is considerably lower in Birv than an extrapolation
of this relative position in the first three isoelec-
tronic sequence members would have indicated
(Fig. 1). However, Fig. 1 shows that the energies
of both configurations behave monotonically with
Z, relative to a hydrogenic level for the same
ionization stage. The Gs5f energy in Hgx is very
close to the hydrogenic 4f level, whereas the
Bizv 6s5f energy is more than 20000 cm ' below
the hydrogenic 4f position for a core-charge of 4
units. The consistencies of the quantum defects
of the 5f and 6f electrons in the Hgz sequence with
observed nf defects in other nearby ions is shown
in Fig. 2. The trends apparent in Fig. 2 can be
understood from consideration of the effective po-
tential for the f electrons and the changes in
this potential with increasing ionization. "'

The fixed value of &» in the Bizv calculations
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20—
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FIG. 1. Relative positions of three configurations in
the Hgz isoe1ectronic sequence. Zero energy for each
ionization stage is taken at a position be1ovr the 5ff 66@

limit equal to the 4f-'electron energy in the hydrogenic
ion of the same ionization.

(Table I) was based on a HF value of 93 cm . The
parameters Gs(5d6P) and G~(6sVP) were handled
exactly as in the Hgx calculation, and the values
of the various CI parameters have already been
discussed.

The two levels assigned to the d s P (s, s) term
in Table VI were excluded from the level-fitting
adjustments. The calculated position of the (s, &)&

level includes an upward perturbation of 3047 cm
due to interactions with d 6sVp and d 6s6P [mostly
due to interaction with the 6sVP (a, ah level]
included perturbation is thus about equal to theo —c
of —3162 crn obtained for this level. The ob-
served Level appears to be well supported by the
data, and we conclude that the depression due to
interactions with the 6snP (n &8) levels (omitted
from the calculation) is responsible for much of
its large deviation from the calculated position.
The strongest interaction of the (—,', —,')a level is with
the 6s5f Fs level, the resulting depression of
(a, s)a being 1202 cm . Inclusion of the higher
6snf Fa levels would probably not lower the calcu-
lated (—,', s)s position by a further 1550 cm ~, so as
to entirely cancel the deviation in Table VI, but it
might reduce this deviation substantially.

The configuration mixing of the d s P (s, a') and

(—',, s) terms with both the 6s5f E and 6sVP (&, s)
terms is so strong that none of the 11 levels of
these four terms has greater than 85% configura-
tional purity. The 6s5f Fa and E4 levels are each
calculated to be raised by more than 1500 cm
due to interaction with d s p. A large distortion
of the 6s5f F term results, with Fs being much
the lowest level because its calculated upward
perturbation is only 1V5 cm

The interval of each of the Gsvj jj doublets is
greatly altered by interaction with d s P. This

interaction depresses the 6s, &,VP, &a (J'=1) level by
a calculated 666 cm, and the Gs& ISVPtl a (J= 0)
level by only 152 cm . A calculated interval of
550 cm between these levels without the interac-
tion is thus reduced to 35 cm (calculated) with the
interaction. The observations do not give these
two levels directly, but instead four hyperfine levels
are observed from 224585 cm ' (lower level with
E= a) to 224612 cm ' (E= s). An observed position
of 224600 cm was used for both fine-structure
levels in our least-squares calculation (Table VI). ss

Because of the smaLL fine-structure interval, the
intermediate hyperfine level (E= a) of the three
hfs levels based on the theoretical J= 1 level in-
teracts with the E= 2 level based on the J= 6 lev-
el; their "unperturbed" separation of 19.4 cm
is increased to the observed 22. 4 cm, Rnd their
J values are not exact quantum numbers. This
hfs perturbation is not due to configuration mixing
in the Level compositions, but. to the fortuitous
great reduction of the fine-structure separation
induced by CI.

The noxmRL intexvRl fox R sj /2P3/2 term hRs
the J= 1 level above the J = 2 level. If the Bixv
6s, &27p3» levels mere unperturbed, this interval
would be almost 2000 cm . The observed inver-
sion of these levels is explained by a calculated
depression of 1755 cm for the J= 1 level and an
upward perturbation of 979 cm for the J= 2
level, when the interaction with d s p is included.

The average purity of the d s p level compositions
is 77/~ in the jj coupling scheme and 68fq in the
I.S scheme. The purity of the 6s6P levels in the
jj scheme {91%for the two levels having J= 1) is
slightly higher tha, n their LS purity, but we retained
the latter scheme for the compositions in Table VI.

I [ 9~ l I I l

Z = 80 Bl 82 85' 84 85 86 8-7 88
Hg

' Tl Pb-: Bi PO At Rfl Ff Ra
FIG'. 2. Observed effective principal quantum numbers

(g*) for 5f and 6f electrons in the region Z =80-88.
(n* is related to the absolute-term value T by T =RZts/ns2,
where. R is the Hydberg and &~ is the-net charge of the
core. ) Ionization stages are indicated by H,oman numerals
for the corresponding spectra.
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value of the radial distance (r)& also varies as 1/Z~,
and the quantum defect remains near unity, as long as the
core overlap is small. This already rapid contraction
is sufficient to explain most of the large increase in the
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Estimated values for the fluorescence yields for various atomic configurations of the carbon
atom and the calculated energy shifts of the x rays resulting from these initial configurations
are presented. These results are used in conjunction with recent results concerning the prob-
ability of multiple ionization as a function of the incident proton energy to give a more detailed
analysis of the variable fluorescence yield observed and presented in an earlier publication.

I. INTRODUCTION

A comparison of x-ray and Auger-electron emis-
sion cross sections measured for proton ionization
of carbon targets has indicated a E-shell fluores-
cence yield which varies with the bombarding
particle energy. This increase in the fluores-
cence yield of carbon observed for proton energies
increasing from 0. 3 to 2. 0 MeV was attributed to
multiple ionization of the target atom. Recent ex-
perimental and theoretical work associated with
multiple vacancy production and the dependence of
the fluorescence yield on the degree of ionization
provide a basis for a more detailed analysis of the
observed energy dependence.

It was suggested by Toburen' that the observed

increase in the fluorescence yield of carbon with
increasing proton energy may be due to a higher
probability of producing multiple vacancies as the
proton energy was increased. Recent measure-
ments of multiple vacancy production as a function
of proton energy by Stolterfoht and by Knudson
et aE. ,

3 however, do not support this supposition.
Stolterfoht's results for the variation in the inten-
sity ratio of the Auger satellite to Auger diagram
lines as a function of proton energy show that for
the elements carbon, nitrogen, and oxygen the de-
gree of multiple ionization decreases as the proton
energy is increased from 0, 05 to 0. 5 MeV.
Similarly, recent measurements of x-ray satellite
lines by Knudson et a/. for higher proton energies
and for elements of somewhat higher atomic number


