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straight lines drawn through the origin by less than

5%." This statement does not appear to be strict-
ly true. Figure 7 shows the range in units of
(Z~/A)R as a function of the velocity of the projec-
tile where Z is the atomic number of the projectile
and A. is its atomic weight. The results for N

ions show a break from the straight line through
the origin at about S. 5&& 108 cm/sec and for Na
ions at about 2. 7&&10 cm/sec. For Ar ions the
present results do not go high enough in velocity
to ascertain the exact situation, but they never-
theless suggest that a break might occur at 2. 7
&&108 cm/sec. Since the range is zero at zero
velocity, the slope of each curve must decrease
as V=O is approached, as is demonstrated by ob-

serving the low-energy curve of Evans et a/. for
Ar ions in Nz. It appears that the straight-line-
through-the-origin approximation of Teplova et gl.
is not correct below a velocity of about 3 ~10
cm/sec; at higher velocities it appears to be valid,
but it is not expected to be correct at velocities
higher than the maximum of the stopping-power
curve. '
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Multiphoton Ionization of Hydrogen Atoms in the Semiclassical Treatment of an Intense
Radiation Field
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The transition probability for the multiphoton ionization of the ground-state hydrogen atom
by an intense electromagnetic field has been calculated following a nonperturbative method
developed by Reiss. One distinctive feature of the calculation is a minor reduction in the
power-law dependence of the interaction parameter in the transition probability.

I. INTRODUCTION

Recently Bebb and GoM calculated the ionization
probability of the hydrogen atom by simultaneous
absorption of several photons using the perturbation

technique. Although the perturbation technique is
useful in ordinary quantum electrodynamics, its
application to the interaction of an intense radiation
field with matter suffers from difficulties. For
instance, at high intensities of the electromagnetic
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field, higher-order corrections cannot be tackled
in the perturbative way, because the expansion
parameter here is eA/E, which could be as large
as ten, e. g. ,

where o! is the fine-structure constant (+=10 '),
and nm~/m~ is the free-electron intense-field
parameter, which can be as high as 10 for present-
ly avai. lable intense radiation field. This as compared
to ~&'z in ordinary quantum electrodynamics is large.
To avoid this difficulty Reiss has developed an
approximate method which is particularly suited for
the study of the interaction of the intense radiation
field with matter. It is based, essentially, upon q,

unitary transformation, which takes account of the
major contribution due to the electromagnetic field,
leaving out terms that can be neglected in the long-
wavelength approximation. The accuracy of the
method increases when the number of photons in-
volved in the transition is large. In this paper the
multiphonon ionization of the hydrogen atom using
Reiss's method is discussed.

Section II includes a brief discussion of Reiss's
method and calculations of the amplitude for the
ionization of the general bound-state hydrogen atom
by absorption of ~z photons of the intense radiation
fieM. The result is displayed in the form of a sum
over allowed combinations of the three angular
momenta, viz. , the initial angular momentum l, of
the bound state, the intermediate angular momentum
l~ occurring in the partial-wave expansion of e""'",
and the final angular momentum l& of the outgoing
free plane-wave electron. Each term of the sum is
an infinite series in the interaction parameter
e'a"a', , where a is the amplitude of electromagnetic
field and ao is the first Bohr radius of the hydrogen
atom. The eoeffieients of this series are functions
of parameter P'ao, where P is the momentum of the
outgoing electron. The series represents the sum
of all orders of the interaction parameter e a ao
exhibiting the presence of the lamest-order as well
as the higher-order correction terms.

In Sec. III, the ionization of the ground-state
hydrogen atom is discussed. It is indicated that the
presence of the higher orders tends to reduce the
power-law dependence of the probability of ioniza-
tion. Numerical calculations, performed for the
estimation of the reduction in power-law dependence
in the multiphonon ionization probability of the
ground-state hydrogen atom by the absorption of
eight photons of the Ruby-laser beam at various
intensities, are presented. The results for differ-
ent angular momentum combinations [running from
(0, I„, I&)= (0, 0, 0) to (0, 14, 14)] shown in Fig. 1
indicate that the pronounced effect of the presence
of higher orders appears in the neighborhood,

In the presence of an external electromagnetic
field X, the Schrodinger equation for an electron
bound by a Coulomb potential V(r) is given by

9 ( P' e e'A'
i g =

~

——X p + — + V(r)
&t & 2m m 2m

With the help of the unitary transformation g-g
=e ""'"g, Eq. (1) can be rewritten as

+ V(+) (2)

In writing down Eq. (2), terms like &, (X x) and
V(X x) have been neglected. In the long-wave-
length approximation, i. e. , when &u/E «1, where
~ is single-photon energy of the radiation field and
E is the transition energy in question, such approx-
imation is well justified. Solution of Eq. (2) will
then give a bound-state wave function in presence
of the field A. The S-D.atrix element of relevant
transitions involving the states satisfying the dy-
namical equation (1) can now be developed using
the time-development-operator formalism. Follow-
ing the calculations of Reiss, the bound-to-bound
transition-matrix element is as follows:

r~, ———i J dt e ~ & (p~,H' e""'"P(), (3a)

&y = i (« —&—~) f «e""'" (4g
e""'"4~),

(3b)where in Eq. (3a)

e - eA2 3
H = ——Xp+-

m 2m

In going from Eq. (3a) to (3b) use has been made of
a commutator theorem, which is valid in the long-
wavelength approximation of an intense radiation
field. P, and Q& are time-independent initial and
final bound-state solutions of Eq. (2). The presence
of e""'"in the amplitude indicates the presence of
multiple powers of X, showing the nonlinear char-
acter of an intense radiation field in the transition.

The matrix element for the process of multiphonon
ionization is similarly obtained and is given by ex-

and above a certain value of the interaction param-
eter [different for different (0, I„,lz) values], at
which the amplitude vanishes. Just before this
value of the interaction parameter, a reduction in
the power law is observed, while above this value
a sudden enhancement is noted. The total probabil-
ity of ionization shows a minor reduction in the
power-law dependence.

In Sec. IV the results are summarized and a few
improvements over the present calculations sug-
gested.

II. MULTIPHONON IONIZATION

A. Reiss's Method
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B. Ionization Amplitude

In this section the multiphonon
'

oun -state wave function + whi q
a sons is given by4

fbi... ( , rod)

where

(n, —l, —1)'l' '
2n, I(n, + l, )!]')

p, = Zjn, ao,

L 2l]+1 n
n~-l~-1...t (2P)r) = Z &(n l kki) (2pi r)"',

= Q(n, , l, ) (2p, r)'~ e ~" I. '&' 2.. . P'P r) F, , (!! I)
(4)

when n, l m, , m, are quantum numbe
bound-state h de y rogen atom. The f '

mbers of the initial

is a en as the usual plane wave

cree 1 -ti x

(2~ 3/ 2

the partial-t p 'al-wave expansion of which is

yfc88 4~
(2„-) ~ (- )"i,(P )

x Y 8~, ,( pV p)Fi, ,(!!,W), (5)

where

p = (P, e„y,), r = (r, 6, q ) .

Further assuming X t bo e inthe Z
w en a is the amplitude e""'"

expan ed as
e ' can be

and

Pn i~ k )=(-1)"'"'
feA xe = [4m (2l„+ 1)]'~ i'& '

Ai &g,„eAr) F,„p(8, y) .

Usmg Egs. 4)-(6), the amplitude for th
of th h d o n aom in then& l rn

b o bi hot

written as'
o ons of intense rad&at&on field can be
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m
oo OO

~ (- f)"I'i, , (ep V'i) ~ [4ii(21~+ I)]"'~'"
7r ti=o ' iX=0

t' (2 l i+ 1) (2 l „+1) ' ~ 2

I) c(l;/g, ly,' mi0)c(l;, 1~ii,' 00) Q(n; l;) (2p;)'i

ni -l i»l lA+lf

Pi/ ~ lA+lf+2 I~li+~i+l f+lA+3i v r 7
Pi=0 A+ 2)

)
eA '" ~ I'(li+Ii;+lq+l„+3+2m~)

& p „,, r(m*, +I) r(1,+m, +-', )
( ' '~'')"

(7)

/ii —lyJ - 1~- Jii+iy/,

l;+ l„+lf = even integer,

m, =mz [already used in Eq. (7)] .

(7')

The time integration in (3a) is performed by
collecting terms proportional to e"""'in Eq. (7)
with the result

7fi 2vz(E' Ef)5~ '5(Ef E' +B(d) Tf . (8)'
Tf';"' can be easily obtained by noting that for

A = a cosoi f = —,'a (e' ' + e ' ')

one can write

( eg 2r+lA ( e& 2r+lA 2r+lA( 2++ l Za&-a -i„
Ep E@'

(8)
where Z = e'"'.

where 2E& is a finite polynomial of degree m J given
by

fn J'' I 2 2(-m~)„(- lq-m~ ——,)„eA
'r' (1~+ ) P

It is to be noted that because of the presence of
the Clebsch-Gordan coefficients, the matrix ele-
ments [Eq. (7)] vanish unless the following con-
ditions hold:

For n-photon absorption, one needs only to
know the coefficient of Z ". The relevant coeffi-
cient from above is

I'(2 m+ l~ + 1)
I (y+ ~l„——,'n+ 1) I'(r+ —,'l„+ n+ 1)—

(10)
with x+ —,'l„—2n - 0, since index 8 in Eq. (9) can
have only positive integral values. This implies
that if the absorbed photons are odd (even), the in-
termediate angular momentum must also be odd
(even). Furthermore, if l„&n, r can go from 0
to ra~; but if l„&n, ~ can start from r = & ln —lA I

only.
Using this condition the expression for the ampli-

tude can be written in new indices M and K defined
by

1 1
m~ —M + Pn —~lA

I 1X=E+ 2n —2/A .

The new indices M and K can start from 0 or
~ llA -n 1 provided that lA & n or l A & n, whichever
the case may be. Using less than (&) and greater
than (&) signs as subscript for l„&n and l„&n

cases, respectively, the matrix element for the
photoionization by absorption of n photons reads

1010

1015
FIG. 2. Total transition probability
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,","'=- —2«f(E, . E-,)&(E, ~, —n~) Z (-i)'~r, ,„(~,q, )
lg-"0

CO 2E+1 2t +1
lg=0 1T f+

xe(n. . i.)(2P,)'~ »(n. . '„k,)(2P,)"

&& (&p p; )" (~ea /p )" Z r(E; +k,. +l~ +n+ 3+2M)(- —,'p p, )"
4&=0

M~=(1 j2j I l~-nI

K(=0
K&= (1/2) I l g-nl

I'(2K+n+ 1) (e a /4p )I'(I -K+ 1)r(~ -K+I~+ —)r(K+ 2 n —
2 i&+ 1)r(K+ 2n+ 2l. + —,') I'(K+n+ 1)I'(K+ 1)

The series in square brackets in Eq. (12) can be rearranged to give a double series in terms of two in-
dependent parameters, viz , th.e interaction parameter ~~e2a'p, ~ and the parameter —,p'p, ~ with the result

(1 2 2p-2)n/2
K@SO

K&- (1/2) I lq -nl

I'(2K+n+ 1)(-~e a p, )
rX+ ~n —2'&+1)I'(K+ 2n+ —', 4+-,')r(K+n+1)I(K+1)

r(2K+i;+k;+ly+n+3+ 2v)I(„,1)I(„' I 3) — 'O'P )"--(13)

Equation (13) tells us that the least power of the
interaction parameter ~ e a P,. involved in ampli-
tude of the n-photon absorption process is 2 n,
which is consistent with the ordinary perturbation
theory. All other higher powers are the correction
terms to the lowest-order term.

The series in index v of Eq. (13) can be summed

up. This can be done by first writing each series
in its hypergeometric form and then utilizing a
well-known transformation,

2~i(~, p; '; «)=(1-«)' '2~&(x-~, ' —p; '; x).

Equation (13) transforms to the result

2""' '2' I'(2K+n+1) I'[K+ 2 (l;+k;+ly+n+3) ]I'[K+ 2 (l;+k; ly++ +n4)]

«,*0 .'far(i„+-,') r(K+ 1)r(K+n+ 1) r(K+ ', n ——', I„+1)r(—K+ ', n+ —', I'„+—-,' )
E p ~(1/2) I l ~-nl

z 'E'[-K —'(I; +;k+'I+ )n+lz, -K —2(l, +I'+k;+n+I)+I"; l" +» -p p; ] ~
3 ~ 2 -2

(14)

The 2F, involved in (14) are all polynomials. The
convergence domain of the series in index K is
given by

some numerical computation In Sec. III are pre-
sented numerical results for the ionization of
ground-state hydrogen atoms.

«-» «
(14') III. GROUND-STATE IONIZATION

Here f«, g and f«are values of expressions involv-

ing p2p, 2 for the (K+ 1)th- and Kth-order terms,
respectively. Keeping only the first term of the

polynomials, the domain of convergence is

[e2A, '/(I+'2P, 2)'1 1.
Since this includes the presently available maxi-

mum value of e a a0= 0. 01, j.t j,s worthwhile to do

The ground-state ionization potential of the hy-
drogen atom is 13.6 eV. The minimum number of
photons (each of energy l. 78 eV) required for ion-
ization is eight. The energy of the outgoing electron
is then 0. 064 eV and the parameter p a0 has the
value 0. 047. Since the number of photons is even,
the intermediate angular momentum l& must also
be even.
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The amplitude for the ground-state ionization by
absorption of n photons can be easily obtained by
using the ground-state quantum numbers n,. = 1,
I,. = m,. = 0 in the general expression [Eq. (12)].

Equation (7') allows only I„=I&. Consequently only
one of the l& and lz summations would contribute.
The Clebsch-Gordan coefficients involved are all
unity. So the ground-state ionization amplitude is

2w pip
"

( I) «-4&(21 + Ihip7'i;" = —2pis(Ei E; n&u-)(E, -E-&) pip ap g» ( ~~p p)trip&(I
(2m) (p(I 3

)) p 4 ap g n +p ~cp~

where

(hfdf

apao)" + I'(2&+n+1)1"(2K+l~+n+3)
(1+0ap)",

&&&&~, „~
I"(K+~n —pl~+1)l"(K+ pn+ pl~+ —)1(K+n+1)I'(K+1)

1 2 2 2
x Bfe D- — —1 — — -1 —1 ~

(1 p2 8%2 8+1( K pn+ &1A' K 2n p+ KIA IA+2 p ap)1+0 aD/

d ln(dye 1 2 2 2power of x=, x=~e a aD .
d lnx (1V)

Taking, for example, only the l„=0 term Eq. (1V)
reduces to

a.a..gfpfi x
power of x=Ã 2 2 2 2 2a„fp

—xa~ „,q fpfq + x a«+ qf~

The probability of ionization integrated over the
full solid angle Q~(e~y~) is

cu = 2m E, -E T "' dO 5 E -E,. -yzv,

(2l„+1)=(2p) (E, Ei) ap Z
[-(,))

x(~p ap)'"~S(l~, n)~ . (16)

An interesting experimental result in the multi-
photon ionization of some noble gases is the reduc-
tion in the power dependence of the interaction pa-
rameter in the transition probability. The power-
law deyendence of the transition probability given
by Eq. (16) can be determined by using the formula

where a„and a„,1 are coefficients of x" and x"' in
(16). Equation (18) predicts a reduction in the value
of n for small values of x. Numerical results of
Eq. (16) at various values of the interaction param-
eter are given in Figs. 1 and 2. Figure 1 shows
the contribution to the probability of transition due
to terms with l„=0, 2, 4, . . . , 14. The results
show that for a particular l&, the contribution to
the probability of ionization vanishes at certain
values of the interaction parameter, e.g. , for
l& = 8, the vanishing of the amplitude occurs at
x = 0. 0050 and x = 0. 0310. Around such a point the
power-law dependence for the term of a particular
l& first decreases and then shows an immediate in-
crease as the value of the interaction parameter in-
creases. To demonstrate this effect, 1n&ui, (l„=8)
vs lnx is plotted in Fig. 3. The slope of this curve
gives the power-law deyendence. The slope of the
curve in Fig. 3 for x&0. 0050 is =7.6, while for
x&0. 0060 is =9. This shows that in the neighbor-
hood where the amplitude vanishes, the contribu-
tions from higher orders become significant.
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the total probability of transition is ex-
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Figure 2 gives the variation of the total transition
probability at various intensities. No vanishing
point occurs within the range of values of the inter-
action parameter considered; however, a reduction
in power-law dependence occurs (see Fig. 4).

It is to be noted that there exists no restriction
on the maximum value of the intermediate angular
momentum l„, and it is difficult from Eq. (16) to
draw conclusions about the convergence of the sum
over the angular momentum l&. However, the re-
sults up to l&=14 in Fig. 1 tend to show a reasonable
convergence of the l& summation.

IV. SUMMARY

Numerical results obtained indicate a minor re-
duction in the power-law dependence of the interac-

tion parameter in the total transition probability for
ionization of the ground-state hydrogen atom by
Ruby-laser light of photon energy 1.78 eV. In the
present calculations, the effects that would arise
due to the intermediate bound-to-bound transitions
have not been taken account of. Also the final wave
function of the outgoing electron that was used was
the plane-wave function. The results would certain-
ly be modified if one used the modified wave func-
tion of the outgoing electron in the presence of the
intense electromagnetic field.
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