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TABLE II. Hates in sec for the vibrational-rotational levels indicated and electrons ejected from the nth level.
All results are in the Born approximation.
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tron and nuclear velocities may be comparable
but the contribution to the total magnitude of the
rate in this region is not as large, although as
stated above is quite important. Our conclusions
may be summarized as follows. The rates of the
I'aisal calculation are fortuitously too low; these
rates would be directly comparable to our rates
Mithowt VLR if the short-ranged part of the Hartree
potential, VSR, had been included. Note that these
rates (w VLR) show an agreement with the mea-
sured rates of Chupka and Berkowitz (CB) which
are better, in general, than the rates calculated
in the best representation of the potentia, l (w VLn).
On the other hand, these best" rates (w V~„) show
a consistently good agreement with the fully quan-

turn-mechanical rates of the BN theory. This is a
check on the accuracy of the semiclassical approxi-
mations made herein. Our rates are consistently
larger than those of BN and in better agreement
with experiment; disagreement with these rates
may be due to errors inherent in the semiclas-
sical approximation; however, it is also likely
to arise from other sources such as choice of
vibrator states and errors inherent in the per-
turbed-stationary-state theory, viz. , the accu-
racy of the zeroth-order BO states and the ac-
curacy of the Born approximation calculated in
large nonadiabatic perturbations. Additional errors
may arise from the choice of cutoff functions
[Eqs. (12)].
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Line spectra at the 3d photoabsorption edges of La, Er, and Tm are interpreted as transi-
tions of the type 3d~ 4f+ 3d94f ' . Calculated relative gf values for these transitions are
compared with published absorption curves.

The penetration by the 4f wave function of the
centrifugal potential barrier in the lanthanides
(57 & Z & 70) has been invokedi' to account for the
rich photoabsorption resonance structure in the

vicinity of, and far beyond, the 4dabsorption edges.
Extensive overlap of the 4d and 4f orbits results
in a large exchange interaction and therefore a
large splitting (10-20 eV) of the 4ds4f»" configu-
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FIG. 1. Comparison between ob-
served and calculated photoabsorp-
tion spectrum of erbium in the re-
gion of the M~ and M~ edges. Ex-
perimental curves are from Ref. 4.
The lines show calculated relative
gf values.
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ration formed by excitation of an electron from
the 4d shell into the 4f" shell. No edge structure
is observed, since no higher members of the nf
series (n & 4) penetrate the barrier and overlap the
4d wave function. Thus, no buildup of a series
limit (edge) takes place.

Tr ans itions E~c

TABLE I. Calculated energies (in eV) and relative gf
values of absorption lines in La, Er, and Tm metals near
the 3d edges. In Er, lines less than 3% of maximum are
omitted.

Photoabsorption in the vicinity of the 3d thresh-
old also exhibits line structure, 4-' but in this
case the 3d spin-orbit interval is prominent„ lines
cluster about the expected positions of the M~ and
M~ edges. The penetration of the potential barrier
by the 4f orbit is again responsible for these lines,
but the overlap in this case is much less than with
4d. Consequently, the line structure observed
constitutes a small fraction of the total oscillator
strength for Sd absorption. There is again no
edge due to higher series members. It will be
seen that all the observed features for the cases
treated are accounted for by the Sd 4f"'~ configu-
ration.
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La
3d'4f

6.03
2. 78
4.19+ 0'
2.44
l.68
6.45 + 0
0.080

7.64
3.67
5.74+ 0.04
3.43
2. 59

16.8 + 0.06
0.327
0.896
0.004
0.084

Tm
3d'4f"

7. 87
3.78
5.98
3.50
2.41

17.85
0.330

The fit is exact for La since only two intervals between
peaks are fitted with two free parameters.

TABLE II. Values of the radial interaction integrals
used in the diagonalization of the 3d 4f 'i energy matrices.
Standard errors are given for values fitted by least
squares to observed data. All values are in eV.
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FIG. 2. Comparison between ob-
served and calculated photoabsorption
spectrum of thulium in the region of
the MI& and M~ edges. Experimental
curve is from Ref. 6. Calculated
relative gf values appear above
curve.

I carried out a parametric calculation of the 3d
absorption spectrum of Er that gives good agree-
ment with the observations reported by Steward-
son and Wilson. A comparison between the ex-
perimental and theoretical results is shown in Fig.
1. Curves a and b (reproduced from Ref. 4) dif-
fer by the thickness of the absorbing metallic film,
a being obtained with a 0. 1-mg/cm sample and b

with a 0. 3-mg/cm sample. The strong peaks
A(M„) and B(M„) of curve a have apparently be-
come saturated in b, and the small peak at D(M„)
is evident in b. There is no predicted line at
E(M v) or double peak at B.

The computational methods and the physical
model are the same as those used in Ref. 2 for the
4d excitations. In summary, the initial state is
considered to be effectively a triply ionized free
atom in the ground state. The energy matrices
of the Sd~4f~2 configuration of triply ionized Er
were diagonalized with scaled Hartree —Fock (HF)
values for the Slater integrals, a value for the
Sd spin-orbit parameter estimated from the com-
pilation of x-ray data by Bearden, and values for
the 4f~2 interactions taken from Ref. 2. The re-
sulting eigenvectors were used to transform cal-
culated line strengths of the Sd~ 4f"- Sd 4f"'~
transition array from IS to intermediate coupling
so as to predict the experimental relative line
strengths. The energy eigenvalues were then fit-
ted to the observed peaks by adjustirg the values
of the radial coefficients G'(df) and g~ (the Sd~

spin-orbit parameter). After a fitted value of G~

of about 65% of the HF value was obtained, all
the other Slater integrals were reduced by the same
amount. This is consistent with the fitting of the
4d absorption data for Er, which required a re-
duction of the HF value of G ~ by 67%%uq.

The Tm data are more sketchy. In 1952 Lee,
Stewardson, and Wilson reported the absorption
curve shown in Fig. 2. It represents only the
neighborhood of the M~ edge and shows evidence of

two lines. In 1966 Williams reported on the M,~ ~
spectra of Eu and remarked that Stewardson and
Wilson had made new observations of Tm which
revealed three lines at M~ and one at M~. The
present calculation of Tm is given in Fig. 2 for
comparison with the data of Ref. 5. It does indeed
show four lines. No fitting was done, but the esti-
mated interval'between A and 8 of -2 eV is con-
firmed. For this calculation the HF-Slater param-
eters were reduced by 65%%u~, in accordance with the
Er results.

I also calculated the spectrum of La, fitting it
to the experimental curve given by Fisher and
Baun. ~ The relative intensities are in qualitative
agreement with the data, but the fitted scaling of
the HF integrals is 77%%uo compared with 58%%u~ for
6 in the 4d shell.

Reference 7 gives absorption curves for each
of the lanthanide metals (except Pm). In some
cases they are in disagreement with other pub-
lished data and with the present theoretical model.
Ytterbium has previously been found to have no
&sorption line in the pure metal and only one in
the oxide. This is consistent with the divalent
nature of metallic Yb which leaves a closed 4f
shell, and the trivalency of the oxide where the
only possible absorption line is Sd~ 4f~ E~~ ~
-Sd~4f~4~D, ~3. In Ref. 7 there are four absorp-
tion peaks for Yb. The curve for Tm in Ref. 7
contains seven peaks where only four are allowed:
Sd 4f H -Sd 4f G H H H On the other
hand, the Er curve matches the data in Ref. 4,
which is reproduced here in Fig. 1. There is a
need for sorting out these discrepancies in the
observations, or for further refinement of the
model.

The calculated spectra for La, Er, and Tm are
given in Table I. Table II contains the values of
the radial integrals (the Slater F" and G" and the
spin-orbit parameters t~ and Kz) used in diago-
nalizing the energy matrices.
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The total energy of an accurate beryllium ground-state wave function is decomposed into
energies of its natural-spin geminals. These are further subdivided into kinetic, electron-
nuclear attraction, and electron-electron interaction energy contributions. Similar subdivi-
sions for a Hartree-Fock wave function are presented. It is pointed out that it is unreasonable
to expect natural-spin geminals to be populated on the basis of their energies. The important
energy implications of singlet-triplet degeneracies in a two-matrix are also discussed. The
correlation energy is analyzed at the geminal level, and it is shown that the electron-nuclear
attraction part of the correlation energy is negative and not negligible. For the beryllium
ground state the Coulomb correlation energy is about four times greater than the Fermi cor-
relation energy. It is pointed out that the Hartree-Fock wave function for beryllium contains
too much Fermi correlation.

INTRODUCTION

A previous paper from this laboratory' presented
an accurate beryllium wave function (referred to in

the report as BeG1) accounting for nearly 96/p of the
correlation energy. The eigenvalues and eigenvec-
tors of its first- and second-order density matrices
were given, in part to illustrate the utility of den-
sity matrices as a global representation of a wave
function, and to show how density matrices aid in
the selection of orbital basis and configurations in
a configuration-interaction (CI) scheme. The paper
expressed the desirability of decomposing the total
energy in terms of geminal energies. We have
now completed this task and the present paper, as
a first consideration, provides the answer to the
question: How is the total energy partitioned among
the natural-spin geminals (NSG's)? In attempting
to answer this question one is led, partly as a
matter of course, to a discussion of some aspects
of the correlation problem, e.g. , the Fermi and
Coulomb correlation energies and their principal
sources. In addition, we further subdivide each
geminal energy into its various components: (i) the
kinetic energy part T, (ii) the electron-nuclear
attraction part V„and (iii) the electron interaction
part V». By such a subdivision one hopes to gain

a clearer understanding of the essential differences
between geminals of a given wave function and cor-
responding geminals of the different wave functions.
Since a similar subdivision can be made for Haitree
Fock (HF) geminals, one is afforded the opportuni-

ty to examine the components of the total correla-
tion energy —in particular, the part due to the elec-
tron-nuclear attraction, whose sign apparently can-
not be determined a priori from any quantum-me-
chanical argument.

Barnett and Platas2 have previously reported the

geminal energy decomposition of the Weiss Be wave

function, 3 but their work is quite different from
ours in content, emphasis, and purpose. In addi-
tion their work left some unanswered questions, on

which we plan to elaborate and to which we attempt
to give some answers.

COMPUTATIONS

In view of the fact that the Hamiltonian contains

only one-particle operators (T =P,t, and V~ =P,v, )

and two-particle operators (V&3 =QU«&» v, &), the

total energy can be obtained from the two-matrix.
The natural expansion of the two-matrix is given

by

I (i2
~

I'2') = Z, ),g, (i2)g,*(I'2'),


