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Pressure broadening by neutral atoms is treated in a time-dependent formalism making use
of generalized cumulants due to Kubo. A thermal-equilibrium initial density matrix is as-
sumed, unlike in previous theories by Baranger and Fano who neglect initial correlations be-
tween atoms; it is pointed out that the wings of the spectrum depend in an essential manner on
these initial correlations. The treatment centers on a time-evolution operator Ut) = (Trgp)!
X Tere"Hx operating inthe Liouville space of the radiating atom and governing its motion under
the influence of the perturbing gas or bath {Try is the trace over bath coordinates, p~ e is
the density matrix, and HXis the quantum-mechanical Liouvillian: H*( )=[H, ( )]; H is the
total Hamiltonian for the system radiator plus bath}; U(f) is written as U(t) = T. expli [§ at’'L @),
L(t) =H§ +R(t) (T. is a time-ordering operator), where the effect of the bath is contained in
the time-dependent non-Hermitian perturbation R () added to the Liouvillian HJ of the unper-
turbed radiator. The operator R(t) is expanded in powers of a “reduced” density equal to the
perturbing-gas density multiplied by the ratio of the fugacities corresponding to mutually in-
teracting and noninteracting perturbing atoms, respectively; the terms of the expansion are
expressed by means of generalized cumulants, and describe interactions of the radiator with
clusters of perturbers. By setting R(t) =R +R(¢), where R =limp..[(1/7)[{dtR{#)], the spec-
trum is written as the sum of its impact approximation, determined by R, plus a correction
expanded in powers of B(¢), which to first order in the gas density equals the one-perturber

spectrum minus its singularities at the resonance frequencies.

I. INTRODUCTION

Much of the recent work on pressure broaden-
ing’~* is based on the theory of Fano,® whose ap-
proach is equivalent to that of Zwanzig® for treat-
ing relaxation phenomena. Fano® assumes that the
initial density matrix is a product of two matrices,
one for the radiating atom (the system of interest)
and one for the gas of perturbing atoms (the bath),
thus neglecting initial correlations between radia-
tor and perturbers. In reality, there always exist
correlations between the particles of a gas, and by
neglecting initial correlations, one allows initial
states in which different atoms are arbitrarily
close to each other and hence have arbitrarily large
potential energies; this can significantly affect the
radiated spectrum, since this extra available po-
tential energy may be transferred to the radiation
field.

In this paper, we assume an initial density ma-
trix which describes thermal equilibrium of the
whole system radiator plus perturbers. The ex-
ponential form of the equilibrium density matrix
allows us to consider it formally as an extension
into imaginary times of the Liouville-space time-
evolution operator; this brings about considerable
simplifications in the notation and in the combina-
torial manipulations required to perform the per-
turbation expansions. But the general procedure
used can be applied to the case of arbitrary initial
density matrices.

The spectrum is given, as usual, > by the Four-
ier transform of the autocorrelation function of the
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radiating dipole moment. After performing (for-
mally) the trace over bath coordinates, the corre-
lation function is expressed in terms of a nonuni-
tary time-evolution operator U(¢) which operates in
the Liouville space of the radiator alone. The op-
erator U(t) cannot be calculated exactly in general;
furthermore, its perturbation expansions, which
can be derived quite straightforwardly, do not con-
verge uniformally with respect to £, and conse-
quently cannot be truncated. One therefore seeks
to express U(t) in terms of quantities which have
usable perturbation expansions. Two different ap-
proaches suggest themselves naturally, when one
notices that in the absence of the bath, U(t)=e!*¥s,
where HYis the Liouvillian of the unperturbed ra-
diator, and the Fourier transform of U(t) is U(w)

= -i(w-i0 - H%L. In the first approach, we write

U#)=T. expli [ Yat' L], L(t)=H*+R(t),
(1. 1)

where T. is a time-ordering operator, and L(¢)
is the radiator Liouvillian to which is added a
time -dependent perturbation R(¢) representing the
effect of the bath; in other words, to the “frequen-
cy” HZ is added a time-dependent part, and since
we deal with operators, the exponential is time
ordered. In the second approach, we write

iU(w)=[w-H%-Cw)]?, (1. 2)

in which the effect of the bath is contained in the
frequency-dependent C(w). In these two approach-
es, we solve, respectively, for R(¢) and C(w) in
terms of U, and deduce their perturbation expan-
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sions, which we expect can be truncated, directly
from those of U. In this paper, we shall concen-
trate mainly on the first approach; a detailed study
of the second “resolvent” approach will form the
subject of a forthcoming paper.

Much of the paper is devoted to deriving the den-
sity expansions of U(f) and R(t). Actually, the ex-
pansion parameter is not the gas density itself, but
a “reduced” density » equal to the gas density
multiplied by the ratio of the fugacities correspond-
ing to mutually interacting and noninteracting per-
turbing atoms, respectively; a strict density ex-
pansion can be obtained by then performing the
density expansion of the interacting gas fugacity.
The “reduced” density expansion of R(f) is ex-
pressed in terms of generalized cumulants due to
Kubo,  and its terms describe interactions of the
radiator with clusters of perturbers.

At large times, R(f) tends to a constant R
=limy . . [(1/7) J§ dt R(#)] upon which may be super-
posed oscillatory terms due to the formation of
radiator -perturber bound states; the non-Hermi-
tian operator R represents a complex frequency
simulated by successive collisional phase shifts.

It is R which, resulting from the cumulative effect
of many collisions, causes the successive terms in
the density expansion of U(¢) to diverge as increas-
ing powers of £, thus forbidding one to approximate
U(#) by truncating its expansion. On the other
hand, the oscillating part R(#)=R(¢) - R represents
the effect of perturbers while in close proximity to
the radiator, and one may expand U(t) in powers of
that quantity, and from this construct a density ex-
pansion of the spectrum; the first term of that den-
sity expansion is the impact approximation to the
spectrum, which is essentially independent of the
initial correlations; the second term is the one-
perturber spectrum minus its singularities at the
resonance frequencies, and it depends in an essen-
tial manner on the initial correlations between the
radiator and the perturber. Together, these two
terms constitute the spectrum in the binary-colli-
sion approximation.

In Sec. II, the basic expressions and definitions
are given. In Sec. III, the general expressions of
R(t) and C(w) are derived, and by treating R(¢) as
a perturbation, the spectrum is written as the sum
of its impact approximation plus a correction ex-
panded in powers of B(f). In Sec. IV, some sim-
plifying notation involving imaginary times is in-
troduced. In Sec. V, R(¢) is expanded in powers
of the radiator-perturber interaction and the re-
sult expressed in terms of cumulants. ® In Sec. VI,
cluster expansion methods of the equilibrium the-
ory of fluids® are used to expand U(¢) in powers of
the “reduced” density, and the corresponding ex-
pansion of R(¢) is then deduced and expressed in
terms of cumulants. In Sec. VII, the physical sig-
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nificance and structure of the “reduced” density
expansions are discussed. Sections VIII and IX
are more specific to pressure broadening, unlike
the preceding sections which can apply to a large
class of relaxation phenomena; in Sec. VIII, the
average over the irrelevant translational motion
of the radiator is performed, and in Sec. IX, the
spectrum is written to first order in the density,
valid in the binary-collision limit,

Throughout this paper, the frequency w and the
time 7 are considered conjugate variables in the
sense that for any function £ (7), the function f (w)
is defined by

f(u.>)=j;)°e dr e 7 f (1) .

II. BASIC EXPRESSIONS AND DEFINITIONS
A. Line Shape

Let us consider a radiating atom, the “radiator, ”
immersed in a gas of other atoms, the “per-
turbers, ” there being N perturbers in a volume U.
The power radiated at the frequency w is denoted
(40*/3c*) 7' Re I(w), where c is the velocity of
light and Re denotes the real part. Rel(w), or
simply I(w), is referred to as the spectrum or
line shape; it can be expressed®” as the Fourier
transform of the autocorrelation function of the
radiating dipole moment operator D (units are
chosen such that 7#=1):

Iw)= [~ dre’“"I(1),
0 (2.1)
I(t)=TrpD(7) D= Tr DpD(7) ,

where

D(T)‘-‘-e”HDe'”H ,

H being the Hamiltonian for the whole system ra-
diator plus perturbers, and

p=e™/z, Z=Tre™®¥

is the thermal-equilibrium density matrix. Equa-

tion (2. 1) is rewritten in the form®
I(r)=TrDpe'™ D, (2.2)

where, for any operator A4, the Liouville-space

operator A* is defined by its action on any oper-
ator B:

A*B=AB-BA ;

this notation is due to Kubo®!!; H*is the quantum-

mechanical Liouvillian. Expression (2. 2) may be
viewed as a correlation function, or alternatively®
as the average value of D(7) when the initial den-
sity matrix is Dp, where D represents the effect
on p of an impulsive interaction with radiation at
time zero.



|

B. Time-Evolution Operator

The underlying physical picture here is that of
a small system §, the radiator, in interaction
with a large system of very many degrees of free-
dom, the perturber gas, or bath 8. We are in-
terested in the correlation or expectation value of
operators (the dipole moment) which pertain to s
alone; the bath ® is relevant to our problem only in
regard to the influence it has on the state and time
evolution of the observed system §. As in ordi-
nary quantum mechanics, it is convenient to de-
fine an operator U(7) which governs the time evo-
lution of the (open) system § considered; this time-
evolution operator can then be studied separately,
independently of what are the observables of $ one
is interested in.

Inspection of Eq. (2.2) suggests the definition
UM=(Trsp)  Trypei™ , U0)=1,  (2.3)

where Trp (Tr,) denotes the trace over bath (sys-
tem) coordinates. Then

I(1)=Tr,DoU(T)D, (2.4)
where
oc=Trzp, Trgo=1

is the reduced density matrix describing the state
of the radiator at time zero; we note that by the
lemma of Appendix C, o is a function of H;. Equa-
tion (2. 4) is of the same form as (2. 2), but with
the density matrix p and the Liouville-space time-
evolution operator ¢!™* replaced by correspond-
ing quantities ¢ and U(7) which operate in the space
of the radiator alone.

C. Interaction Representation

The time-evolution operator U(T) is now ex-
pressed in a kind of “interaction representation,”
which is more practical for performing perturba-
tion expansions. The Hamiltonian H is first
written in the form

H=H,+Hg+V=Hy+V,
Hy=H,+Hp,
where H, is the Hamiltonian of the radiator alone,
and
N
Hy=2J H;
4=1

is the sum of the one-perturber Hamiltonians; V
is the interaction between atoms:

N

Va=Vep+ Ve=20 Vey+ 20 Viy s (2. 5)
§=1 i<y

where V; is the interaction between the radiator

and the jth perturber, and V;; the interaction be-

tween the {th and jth perturbers. In general, it
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would be more natural to let V be the system-bath
interaction alone, but the interperturber interac-
tion Vjy is included in V for convenience in the
later expansion into powers of the gas density. °
The following density matrices are now defined:

ps=e™s/Z,,

ps=e®B/Zy, Zg=Trze™s .

= -BHg .
Z,;=Trge™"s ;

Using the fact that H; commutes with H; and with
operators which pertain to the radiator alone (so
that H3D=0), we can write Eq. (2.2) in the form

I(T)=Tr,Dpy B(T) e'™sp (2. 6)
where

B(T)Ep;l (Terei-er) e-irH:
=(Z,Z5/Z) Trg pg(e®o ™)

X(ei-rﬁ-"e-im{;) . 2.7)

The bath opevator B(t) contains all the effect of
the bath on the radiator, and it would equal 1 if the
radiator and bath did not interact!?; at 7=0, B(r)
consists of an impulsive interaction B(0)=pZlg,
which changes the initial-density matrix of the ra-
diator from p,, what it would be in the absence of
the bath, to o, its actual form. As 7 increases,
B(7) describes the effect of the bath on the subse-
quent evolution of the radiator.

The bath operator B(7) can be expanded straight-
forwardly into powers of the system-bath interac-
tion strength, which may be taken as V 5, or as
the perturbing gas density, which determines the
average strength of the interaction. All quantities
of interest will be expressed in terms of B(7), and
their perturbation expansions deduced directly
from those of B(T).

In terms of B(7), the time-evolution operator
U(T) has the expression

U(r)=B(0)™ B(r) ¢'™s . (2. 8)
III. GENERAL TREATMENT
A. Equation of Motion for U(¢)

The time-evolution operator U(t) satisfies the
(trivial) equation

ft- ()= U(t) = U [T 0)] ;

this can be rewritten (note that H; is the value of
U1 U in the absence of the bath):

L ()= iv() [H 3+ RO,

7 U0)=1, (3.1)

where

RO=A/)Uu®* 0@ -H}
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contains the effect of the bath on the evolution of
the system. In terms of B(t), R(¢) has [by Eq.
(2. 8)] the expression

R(#)= (1/4) 75 B(1)™ B(t) e**#% (3.2)

from which the perturbation expansions of R(¢) can
_be deduced from those of B(f).
For future reference, we note that

d -
— B()=¢B({)R(t) ,

dt (3.3)
I‘é(t)f ettH;‘R(t) e'””: .

B. Solutions

Equation (3. 1) has the formal solution (1. 1), in
which 7. (T.) orders operators such that their
time arguments increase from left to right (right
to left).

The operator R(¢) will be seen to tend to a con-
stant as ¢~ «, on which may be superposed oscil-
latory terms due to the possible existence of bound
states between the radiator and perturbers; we
may accordingly write

R()=R+R®),
where

R=limg., T fOT dtR(f)

(3.4)

is the average value of R(¢), and
R(t)=R(t)-R

is an “oscillating” term which reflects, at small
values of £, the details of the time evolution dur-
ing radiator-perturber collisions, in addition to
containing the long-lived oscillations due to bound
states.

An expression of U(7) more useful than (1. 1) can
now be obtained by treating R(¢) as a “perturba-
tion” added to the time-independent operator

L=HX+R
in Eq. (3.1); setting
é,(t)Ee"m k(,) eite
we have

U(t)=T. expli f;dt R,(®)]e'"¢
=™ +if(;r dt e™® R(t) ' "1
+i flat ['at’ e’ R()

xe! LR T 4 L (3,5)

One may interpret this expansion as a sum over
histories in the usual manner, with an “interaction”
R(#), and an “unperturbed” time-evolution operator
e*** governing the “average” motion of the radiator
in the bath.

ANTOINE ROYER
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Let 7, be a time such that when ¢> 7., R(t) es-
sentially assumes its asymptotic value R (here we
neglect the possibility of radiator-perturber bound
states), or equivalently, U(t#) essentially equals
Ae'®, where

A=T. exp[i f: atR,(1)] . (3.6)

In the binary-collision limit, 7, would be the mean
duration of a collision. The asymptotic value of
U(r) determines U(w) in the vicinity |w —wgl< 73!
of resonance frequenc s w,, namely, U(w)

= - jA{w - £)™; this yields the impact spectrum

Limy(w)= i TryDoA(w - £)'D . (3.7)

The non-Hermitian operator A introduces a skew-
ness into the Lorentzian line shape, in addition to
that arising from the interference of overlapping
lines”; it is usually treated to lowest order in the
density, i.e., set equal to 1. In the adiabatic
theory of pressure broadening, the counterpart of
A is well known and its main effect is to produce
an asymmetry in the line. 3

The operator U(7) may be written

Ult)=Aet™+ AN(7), (3.8)
where!*

N(r)={T.exp[-i [~ dtR,()] - 1} '™ ;
thus

Ulw)= —iA(w - £)*+ ANw) . (3.9)

It will be seen in Sec. IX that to first order in the
gas density, AN(w) yields the one-perturber spec-
trum to which are substracted its singularities at
the resonance frequencies.

C. Resolvent Form

Rather than include the effect of the bath in a
time-dependent perturbation added to the system
Liouvillian, we may also introduce it as a fre-
quency -dependent operator added to Hj in the un-
perturbed resolvent —i(w —i0 ~ H*)™; this form,
which is that obtained in Fano’s theory, 5 is now
briefly discussed (in this section, the frequency w
is understood to have a small negative imaginary

part —i0).
Let us set
iU(w)=[w-HZ=-Cw)]?; (3.10)
solving for C(w), we have
Clw)=w-H%-[iU(w)]?
- (1 Tilw —Hl’;)U(w)) (w=H3) . (8.11)

We introduce the quantity

(M(w))=(w - HY) [iU(w) = (w = H) ™ (w - HY) ,
(3.12)
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which vanishes as the system-bath interaction
tends to zero, since it is proportional to ;U(w)
minus its value (w —H%)™ in the absence of the
bath. We then have

1
T1+(M(w)) (w=-H)T

1
= 1+ (Mw)) (w —H’;)'l (M(w)) ,.

Clw)= (1 > (w - H?)

(3.13)

which is Fano’s® Eq. (20), but without any assump-
tions on the density matrix. The operator (M(w))
also has the expression

(M(w))=ilw -H) ["ar[BO) B(r) - 1]

xe i TwHD (o —HY) ,  (3.14)

which may be used to deduce the perturbation ex-
pansion of ( M(w)) and hence that of C(w) from the
expansion of B(7). To first order in the density,
C(w) and { M(w)) are equal [by (3. 13)] and given by
the right-hand side of (3. 14), with B(0) replaced
by unity and B(7) by its first-order approximation.
This first-order expression for C(w) (but with p
=p,pp) is used by Smith et al.® as a starting point
for numerical calculations. '

An alternate expression of U(w) is obtained by
setting

iU(w)=[w - £ - D(w)]™ (3.15)

in which the operator D(w) vanishes with R(¢); us-
ing Eq. (3.9), we obtain

1 -
D)= -2 (1- e 4°)

- (0 -2){(1 - 4™ -i: [-iN(w) (@ —£)] A7} .
k=

(3.16)
We note that Eq. (3. 15) implies the following non-
Markoffian equation for U(7):

2L vtn)=ivn) & +i [ at U@ Dir~1)
6.17)
vo)=1.

With reference to Eq. (3. 17) we may speak of
D(w), or N(w), or R(f), as representing the non-
Mavkoffian effects, and of (w — £)™! as being the
Markoffian approximation to iU(w); but this distinc-
tion is somewhat artificial since U(7) also satisfies
the Markoffian Eq. (3. 1).

IV. COMPLEX-TIME NOTATION

In order to simplify the manipulations required
to perform its perturbation expansions, the bath
operator B(7) will now be written in a compact
form by taking advantage of the exponential nature
of the equilibrium-density matrix and considering
it as an extension into imaginary times of the time-

evolution operator.
We first rewrite expression (2.7) of B(7) in the
form

B(1)=(2,25/2) Tr5ps T~y xp[ - [ ® db V(= ib)]

X Ty expli [ @t V]| (4.1)
where

V(- ib)= e®fo Ve?Ho= ! 1o ygmt 0o |

V(t) Ee“”ﬂ Ve-“HO .

[note that for any two operators A and B: e” Be
=eABe™, A" B*e"* = (e Be™); thus e*t#3 V* e 140
= (e'*#o Ve ttH0)* = V(t)¥]; the operator T,. orders the
V(t)* such that their time arguments increase from
left to right, and T., orders the V(- ib) such that
the arguments b increase from right to left. De-
fining the operation T., ,. which compounds the
two previous operations in addition to putting all
V(- ib) to the left of all V(¢)*, we also have

B(T)=(Z’ZH/Z) TerB T"b,t"

=AX

x expl~ [ db V(= ib)+i [ dt V()] .

Another, more suggestive, form is obtained by de-
fining the complex-time variable z=¢+¢b, and the
function

W(z)= V(z)*= V(£)* on the real z axis

= V(z)= V(t+1ib) off the real axis , 4.2)

where

V(z)=e'*Ho Ve isho | (4.3)

We then write

B(1)=(Z,Z3/Z) Trp pg T,- €xpli f-:e dz W(z)],
(4.4)
where [,;dz denotes the integral along the contour
shown in Fig. 1, namely, from -i8to 0 along the
imaginary z axis, and then from 0 to 7 along the
real axis; the operation T,. orders the W(z) such
that when read from left to right, the arguments z
proceed from - iB to 7 along the contour.
It will prove convenient to define the operation

(e0e)=TrgppTe- (--4), (1)=1, (4.5)

which contains the complex-time-ordering operation
in addition to that of averaging over the bath vari-
ables. Then

B(r)=(2,25/2){expli [ dz W()]) . (4.6)
ib
of > LI FIG. 1. Complex-time
integration contour defining
frde.
-ip z pl ane
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In expressions (4.4) and (4. 6), we may consider
- iB as representing an “initial time” at which the
particles of the gas, radiator, andperturbers, are
uncorrelated, i.e., the density matrix is a product
of one-particle density matrices; as time pro-
ceeds along the imaginary axis from -iBto 0, the
particles “interact” thus building up the correla-
tions contained in the density matrix at the physical
initial time zero; time then proceeds along the
positive real axis. The complex-time-ordered ex-
ponentials may be expanded and interpreted in
terms of Feynman diagrams, with interactions oc-
curring at imaginary times influencing the initial
state (at time zero) of the radiator, and those oc-
curring at real times affecting its subsequent evo-
lution.

From expression (4. 1), it is seen that B(7) tends
to zero as 7~ «, for as 7 increases, the possible
values of the phase [jdt V(¢)* become more and
more spread out, so that the average of its expo-
nential tends to vanish.

V. EXPANSION IN POWERS OF THE INTERACTION V

The operator R(¢#) has been introduced as a quan-
tity which, unlike U(7) or B(7), is expected to have
perturbation expansions that converge uniformally
with respect to ¢, and can therefore be used as a
basis for eventual approximations. The expansion
parameter will usually be the strength of the sys-
tem-bath interaction, which can be taken directly
as the interaction V, or alternatively as the per-
turbing gas density, which determines the average
strength of the interaction. The expansion in pow-
ers of V is of more general applicability, and is
briefly treated in this section; the density expan-
sion, which is of use only if the bath is a gas, as
in our problem, is derived in Sec. VI.

In order to obtain the expansion of R(¢) into pow-
ers of the interaction V, one must introduce (4. 6)
into (3. 2), and expand the result into powers of V.
But actually, the expansion of the logarithm of an
expression of the type (4.6), namely, the average
of an exponential function, defines well-known
combinatorial objects called cumulants; Kubo® has
extended the theory of cumulants to include time-
ordered exponentials, and the explicit expressions
and properties of the cumulants of the type we use
are given in Appendix A.

In terms of cumulants, we can immediately
write

B(1)=(2,25/2) T, expli [, dz R(z)]
~{(2,25/2) T expli [ @z R ()]}
x T,. expli f; dtR(1)]

= BO) ;.. expli [ dt R(1)] , (5.1)

ROYER

K=z

where

B(z)=(exp[i [ dez' w(z")] W(z2))e- (5.2)
-1

and the cumulant average ( ). is defined in Ap-

pendix A, We thus have, according to Eq. (3. 3),

et SR(t) e 5= R(¢) = (expli f_:ﬁ dz' wz')] V{£)*)e.

= e*H5 (expli f_tm dz’' Wz’ =) V*),. eiths ;

(5.3)
in time translating by - all operators in the cum-
ulant bracket, we have used the relation

(IIL: W(z;))= (e“”i)( (I, Wiz, - 2)) e-itii;)
= ity IL W, -¢) o-ithE ,

the second equality following from the fact that H;
and Hpz commute with pp, so that the operators

e*t#3 cancel each other by the cyclic property of
the trace Try [recall Hy= H,+ Hjy, and the defini-
tion (4. 5) of the operation ( )]. We have finally

R(t)=(expli [y dz W(z )] V*),.
=(V>x+if_;dz[(W(z—t) 4
—(W(z =) (V)] +---
wit [0 day [T dz,e A
X ( Wz, —8) W(zpq 1) -+

X Wy —8) V*)gtere (5.4)

If it can be assumed that successive interactions
W(z) are statistically uncorrelated when separated
in real time by more than some correlation time
T,, then theorem (Al) of Appendix A implies that
the kth-order cumulant in expansion (5. 4) vanishes
when its two extreme interactions are separated
by more than k7, (for then there is at least one
time interval larger than 7, between two successive
interactions, which separates the % interactions
into two uncorrelated groups). In passing from
R(¢) to R(¢), the interactions have been time trans-
lated such that the last interaction always occurs
at time zero, and all the interactions must there-
fore be clustered near that time. Thus nothing is
added to the multiple time integral in Eq. (5.4)
when ¢ increases beyond %27,; in other words, the
kth term of the expansion becomes independent of
time after t=k7,, and it is therefore concluded
that R(¢) tends asymptotically to a definite limit.

The above discussion® is based on the assumption
of a finite correlation time between successive in-
teractions; whether this is the case or not is in
general not easy to establish with certainty, though
intuitively it seems a reasonable assumption; but
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one can exhibit cases where a correlation can ex-
ist between two successive interactions separated
by any amount of time, as will be seen in Sec. VIII
when discussing center-of-mass motion of the ra-
diator. The expansion in powers of the density will
provide a much sounder basis for discussing the
behavior of R(t).

We note that V is the sum of radiator-perturber
and perturber -perturber interactions, as defined
initially in Sec. II; but we may also think of V as
being only the system-bath interaction V5, and of
Hjy as being the total Hamiltonian for the bath. This
latter definition of V is of wider applicability than
the one we have chosen, which is really useful only
when a density expansion is intended.

VI. EXPANSION INTO POWERS OF THE GAS DENSITY

The radiator immersed in the perturbing gas suf-
fers collisions with individual perturbers or with
clusters of perturbers; the interaction between
atoms during collisions can be so strong as to pre-
clude treating it as a perturbation, as in Sec. V.

If, however, the perturbing-gasdensity is low
enough, collisions may be sufficiently unfrequent
as to render the average interaction of the radiator
with the bath small, in which case the gas density
recommends itself as an expansion parameter. But
independently of these considerations, the density
expansion of R(t), besides providing an approxima-
tion scheme, is the most natural way of expressing
R(t) in order to reveal its physical structure; in-
deed, the successive terms in the density expansion
of R(t) correspond to collisions of the radiator with
clusters of perturbers of increasing size, and thus
represent the elementary physical processes by
which the radiator interacts with the bath.

In order to perform the density expansion, we
shall use graph methods of the type used in the
equilibrium theory of classical fluids, ® and the
relevant definitions and lemmas are grouped in
Appendix B.

A. Expression of B(7) in Terms of Labeled Graphs

Referring to the respective definitions (2. 5) and
(4.2) of V and W(z), we can write

N

W=23 Wey+20 Wyy= 20 W, (6.1)
§=1 i<y u<v

where u and v take the values s, 1, 2,..., N, and

for notational convenience we put “s < 1.” Defining

fuw=expli [ dz W, (2)] -1, 6.2)
we have

F(r)=expli [ dz W@l= T (fu+D . (6.3)
According to Eq. (4.6),

B(1)=(Z,23/Z){F(T)) . (6.4)
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Note that the time-ordering operator included in the
operation ( ) entangles together the different fac-
tors f,, in a product.

Expression (6. 3) is of a form familiar in the
theory of the virial expansion for real gases, ® and
we shall make use of the same graphical methods
to represent products of [u,,’s: we draw a white
circle labeled s representing the radiator, and a
black circle labeled j to represent the jth pertur-
ber; a factor f,, in a product is then represented
by a black line joining the circles representing the
i th and vth particles. An example is given in
Fig. 2; note that a graph can be viewed and written
as the product of its connected parts. In terms of
these labeled graphs, Eq. (6.3) is written

F(r)=sum of all distinct labeled graphs. (6. 5)

B. Elimination of Graph Components Not Connected to
Radiator
Clearly, the radiator is affected only by per-
turbers which are “connected” to it; we therefore
seek to isolate graph components not connected to
the radiator by first rewriting the sum (6. 5) over
all graphs as follows:

N
Fr)=T(s)E® + 2 T pals, ))E 7
=1

+ Z [Erconn (3’ i,j)]E(s"’“ teee,
i<J

where I'(s) is the graph consisting of the radiator
alone, and = is the sum of all graphs not con-
taining the radiator, and Y I'y,,(s, 4,4, ...) is the
sum of all connected graphs containing circles
S, 4, j, «+., while m® %) ig the sum of all
graphs not containing s, %,j,.... Inother words,

F(T)';i Z Z>“'Z;l:z;rcom:(s, jlr"-rjm)]

mD  f1<4p< <y

X H(Sv.’lvu-y!m) (fuv_', 1) ,

u<y

(6.6)

(Syfqreeesd )
where the product IT, ¢, ™ is over all values of

i and v to the exclusion of s, jy,...,j,, and

Y Toomn (S,715. .. 5Jm) is the sum of all distinct con-
nected labeled graphs of vertices s, j,, .. ,Jm;
for instance,

Z>r'com: (s, 4,5) =fai fis +fssf1y +fs1f s +fsifsifs

is represented graphically in Fig. 3.

Because the quantities T /1**"/n’(f,,+1) and
ST com (S, j1s-++» jm) depend on mutually exclusive
sets of atoms, the average () of their product

equals the product of their averages; we then have,

- assuming all perturbers to be identical,

F(1)= ZN) [NI/(N=m)tm!]

m=0
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FIG. 2. Labeled graph representing the product
Jstf1afasS 5660 -

X <Erconn(3; 1, coey m)><F(T)>(s, {m}) ,

6.7)
where (F(1))® ™ =(TI%, "™ (f,,+1)); by com-
paring with (6. 3), we see that (F(7))® ") equals
the function (F(7)), but with the coordinates of the
radiator and of m perturbers deleted. Thus [cf.
Egs. (6.4) and (2.7)]:

T) . Tx
(F(1)) (ml)z[TrB pp e?B e~ oimp e-;-rH’fB](N_m)

= [ZJ(BT)/ZB]<N-m) ’

where H$T)= Hy + Vj is the total bath Hamiltonian,
Z{F) =Trzexp(- pHT’), and the subscript (N —m) on
the square brackets indicates that all quantities in-
side refer to the perturber gas minus m perturbers;
the operators H{™* and H’% have vanished since
nothing on their right-hand side depends on the
perturber coordinates.

Now, [Zg]w.my=Z1™, where Z;=Tr,e*"11is the
partition function for a single perturber, and

[Z5D] wemy = [Z57 ] (wy ™, (6.8)

where u is the chemical potential for the perturb-
er gas; (6. 8) follows from the fact that N> m, and
the relation

9
SN ln[ZéT)](N) =-pu.
Thus, taking the limit N— o, 9~ « (0 is the con-
taining volume) with N/U=#ng, the density of the
perturber gas, we obtain:

B(1)=(2,2§/2)% (a/k1)
2=0

X (0 20 Toml(s, 1, 2,..., k), (6.9)
where the operation
w(see)y=lim(...)=limTrps T. - ..
asv - (6.10)

and

n=ng (Ze*) =np(2,/Z{"),

where Z{T'=¢®"=[Z(D] \,/[Z§] .1, is the inverse
fugacity for the perturber gas; note that Zi! is the
fugacity of the “noninteracting” perturber gas.

We observe that since the interatomic interactions
are assumed of short range, the connected graphs
Teomls, 1,..., k) are of order!® 0%, so that

o

o{ V¥ o (s, 1, ..., B)) is well defined.

The expansion (6. 9), and all “density expansions”
derived in the sequel, are in powers of the “re-
duced” density »; in order to obtain expansions in
powers of the density ng, » must be expanded in pow-
ers ofny inthese expansions [n=ng(l +ang +- - - )].
Over-all multiplicative constants in B(7) (e.g.,
Z,Z{’/Z) play no role, and we shall omit writing
them in future.

C. Expression of B(7) in Terms of Irreducible Graphs

We could now obtain the density expansion of R(¢)
by introducing (6. 9) in (3, 2) and expanding the re-
sult in powers of »; but it is more enlightening to
first make use of a well-known lemma of graph
theory® and write the sum (6. 9) as the average of
an exponential function, so that we can then make
use of cumulants to obtain R(#).

It is convenient to first attach a weight »n to
each black circle (i.e., perturber) in the connected
graphs T',..(s, 1, ..., k) so as to absorb the fac-
tors #*U® in expansion (6. 9); from now on then, all
graphs are understood to be “weighted” graphs in
the above sense. By the lemmas (B2) and (B3) of
Appendix B, Eq. (6. 9) becomes

B(1)= w<2 T eonn /U(rconn)>
= uo( eXp[ZI Firr /U(rirr)]> ’

where the graphs here are unlabeled graphs; the
symmetry numbers o(I') and the irreducible graphs
T, are defined in Appendix B. The sums } T are
always over all distinct graphs of the type indi-
cated, consisting of one white and some or no
black circles, except for the sum E' T which ex-
cludes the graph consisting of the white circle
(i. e., the radiator) alone.

In order to simplify notation, we define
primed graphs

(6.11)

I'=r/0(l) ;
then

B(7) = {2 Teon) = o{ €xp[ 27 i ]) . (6.12)

D. Density Expansion of R(#)

We can now write

B(r)=T,. exp[f.fa dz (Ed)

] ] ] j
OA + /\ + / o+ /\
s i s i s i s i

FIG. 8. YT (s,%,7).
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(L), - (L) - (D) N

% (e[ 2 Thes)etr, ) | » 619

where the graphs I'(z) have bonds f,,(z)

=expli [45dz" W(z')] -1, and ¢{T,,,} indicates cum-
ulants constructed on the irreducible graphs: For
instance,

(fslfszf12f33>c[r"") =<f31f32f12fs3>
=2 (fafaafr2) (fos) +{Fss ) farSsaf12))

is represented graphically in Fig. 4; the operation
(d/dz)., defined in Appendix A, equals the ordi-
nary differential operator (d/dz), with the differ-
ence that when operating on a product, each dif-
ferentiated factor is displaced to the right of all
other factors.

We thus again have Eq. (5.1), this time with

2= /0 (77) <0l D' Ty Ot 1 6.14)

= (l/l) (ﬁ‘)‘ °°<Z>Ft,:onn(t) >°{Pirr) ’ (6. 15)
that is, R(¢)=e'*"s R(t) e*¥% is the derivative
(d/at). of the sum over all connected graphs, on
the irreducible components of which are built (or-
dinary) cumulants. Returning to labeled “un-
weighted” graphs, we have

ao-0/(2) = %)

X o(0* 2 Toom(s, 1, ..., E)Jeir,, ) (6.16)
-/ 5 [(5)
X o(V* @ frotfar faa fra+far Fo2))
—2n<'Ufsl>u<'U}sz>]+'“ (6.17)

One may return to the noninteraction represen-
tation by first writing each quantity ( IT{2, f.,) as
the average of a sum of e-bonded graphs y
=I1{%, eu,, where e,,=f,,+1=expli[jsdz W,,(2)]:

(Ty=(2Dyy .

Now,

X

o] -8 TRy L
(7>=ZlkeBH3(TI‘BeBH eitH )e “Hs’

where Z,=Tr e,

in the graph y, and

k is the number of perturbers

FIG. 4. Example of a
c{Ty;f cumulant.

|
)

H'=H+20H 420, ¢y Vi s
2 H; being the sum of the Hamiltonians of the k& per-
turbers in y, and the sum 3{’), is over the e bonds
in the graph y. Note that the graphs y can be of
any type, and (V®y) may diverge in the limit - «;
it is only the sum (0*%™ y), where I' is connected,
which has a proper limit.

VII. DISCUSSION OF DENSITY EXPANSION

In order to discuss the physical significance of
the various quantities entering the density expan-
sion, it is convenient to express the quantum-
mechanical quantities in a form which provides and
can be analyzed with reference to a classical image
of the gas; this can be achieved by use of Feyn-
man’s path-integral formulation of quantum mech-
anics, or more simply by the use of small wave
packets which follow approximately classical tra-
jectories. The latter method is less rigorous and
of less general applicability than the path-integral
method, but it suffices for the qualitative discus-
sion we want to give.

The products of Liouville operators f,, in our
expressions operate on [[;I;D, where I, is the unit
operator in the space of perturber j, and D is the
radiator dipole moment operator. We can write

=20, [ @%vyd®ky |7y, kysm)(ny, kysn|

where |7;, ky; n) is 2 minimum uncertainty Gaus-
sian wave pawket17 centered at (7;, k;) in the phase
space of perturber j (r is the spatial coordinate and
% the momentum), and » labels the internal states
of the atom; the unit operator in the space of the
translational motion of the radiator is also written
in that form. In order to keep the discussion sim-
ple, we assume that the atoms do not undergo col-
lision-induced electronic transitions (adiabatic as-
sumption), so that a single-particle wave-packet
product e'*#II,|v,, k;, n; ) follows a unique tra-
jectory in phase space and does not become, under
the effect of collisions, a superposition of packets
with different internal states which may follow
different trajectories (since the internal states of
the atoms affect the dynamics of collisions). Be-
cause both | ) and ( | in the Liouville wave packet
V7, Ry, ny5 t)(v;, By, n;; t | follow the same
unique trajectory, we can speak of the trajectory
followed by the Liouville wave packet. Allowing
for the possibility of collision-induced transitions
introduces interference effects between different
“paths,” arising from the cross terms in | ) (|

if each of | ) and ( | is a superposition of states,
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but does not alter the basic discussion.

The discussion given in this section is not in-
tended to be rigorous; its purpose is to indi-
cate the physical significance of the various quan-
tities entering the density expansion of R(¢), and to
reveal the physical structure of R(¢). We neglect
the possibility of bound-state formation between the
radiator and perturbers.

A. Significance of fw-Binary Collisions

Let 9 =¢, ¢, be a product of two single-particle
wave packets, depending, respectively, on the co-
ordinates of particles u and v, and let us consider
F.,(t) operating on the Liouville state 13) (!

Fus®|8) @] =iT. expli [} dz W,,(2)]

X (V, 019) @ = |0) @] v,,00) 5

for this expression not to vanish, the two particles
must be interacting, that is, the packets |4, (#))

=¢ **¥u1y, ) and [9,(t)) must be colliding at time

t. In order to separate the intrinsic time behavior
from the “free” time evolution, we perform a time
translation which brings the last interaction v, ()
to time zero, and define

(7.1)

mt,=(1/i) e'“”oxf',,,,(t)e“”s

=T expli [, dzW,, )]V, , (7.2)
where the integral J'_oi -+ dz is along the contour of
Fig. 1 displaced by ¢ to the left, and with 7=+¢.
Since the collisions last only for a finite time #,,
the collision duration, only the interactions W,,(z)
with Rez> — ¢, are nonvanishing, since the collision
must end at or after time zero for V7, not to van-
ish. Thus when ¢ is increased beyond /., nothing
is added to the phase [5,_,dz W, (2), that is, m’,
becomes independent of time and equal to m,:

0
mh, L2 ey, =T expli [_atve)v:.  (1.3)

We note that the imaginary-time interactions do
not appear in m,,; that is, if the collision of par-
ticles u and v occurs a sufficiently long time after
the “initial” time, then they cannot be correlated

‘at that initial time since they are far apart from
each other, and the density matrix is a product of
one-particle matrices, so that the interaction rep-
resentation density matrix e®Hu*#) g B H Y )
becomes unity. The operator m, has the struc-
ture of a T matrix, and it may be called a Liouville-
space T matrix for the scattering of particles u
and v. Note that provided it is not entangled with
other operators by the time-ordering operation in-
cluded in (),

X
© 1 St HY it (Hgs Vi )X X
my,=1lim, _ e 0gt o Fuy

(7.4)
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which is a more familiar form for defining a 7 ma-
trix.

B. Operator R(?) to First Order in the Density

The expression of R(¢) to first order in the den-
sity, designated RV (¢), is given, according to
(6.16), by

ROW) =0/ )0 (0F 1 (t))

: X X
=nettfs (Omby)e s
that is,
RYW)=n (0m!y)
1 s1 1 1
= nlim(U/ 2y) Try e 17T oMb oPH g1t hG ]

ST L (1.5)
where H, is the Hamiltonian of the uth particle,
HEVEHIL +Hu: HquHu +Hu+ Vu.v’ ZIETrle- 8H1,
and Tr, is the trace over the coordinates of per-
turber 1; note that Z, is proportional to U, so that
1im(V/2,) as V- » is well defined.

According to (7.3), the asymptotic limit of R ™ (¢)
is (excluding bound states)

RV (w)=n(v/Zy) Trye " imy ;

X e

(7.8)

this is, the result first obtained by Baranger’ and
then rederived by Fano,® both assuming from the
start a zero-correlation initial-density matrix.

It is seen that the initial correlations do not affect
R®W(x), and R(~) in general, which determines
the impact part of the spectrum; but they do affect
R(t) at small times [and also the bound-state part
of R(#)], and consequently the initial correlations
affect the wings of the spectrum (and the bound-
state spectrum), as discussed in Sec. IX.

C. Irreducible Graphs

Any graph T'=II %) 7, can be written in the form

an(r) [ —:B dzuvf.wv(zuv)]

v

=H @@ [i[iﬁ dzul'miullu (ZU-V)] b

ulv

where
mzv(zl)z (l/i)eiwl-z)ﬂsjuu(Z)e- i ")”)((] ’

and the product II1. %), is over the particle pairs con-
nected by a bond in the graph I'. It is argued in
Appendix D that if I" is irreducible, then

(1%, 7u,(2,,)) vanishes unless all the collision
times Rez,, are clustered together; thus, an ir-
reducible graph corresponds to a collision of the
radiator with a clusfer of perturbers, which may

be called an elementary system-bath interaction.
Let us call #- the maximum duration of such a col-
lision, and consider



|

(mty=(1/4) (e A0 T(¢)ei*Hb)
=E(I’) H(P) [ f

wly iB-t
o, B")f- (u v)

xmas (zag)]muv(0)>,' (7.8)

dzys

because of the factors m:%,(0), only collisions oc-
curing around time zero contribute to (7. 8), and
we see that as ¢ increases beyond /-, nothing is
added to the integrals; thus, when > #., (mb)
becomes equal to (mr ), which can be termed the
averaged T matrix for the multiple collisions rep-
resented by the irreducible graph I'. We note that
(my) is given by (7. 8) with the lower integration
limits replaced by —«, and each m%s (z’) replaced
by mys(2’); again, the 1n1t1al correlations disap-
pear in the large time limit, since then the “initial
time” occurs long before the collision, so that the
radiator and the perturbers involved are far from
each other and uncorrelated at that initial time,

D. Density Expansion of B(7)

According to (6.12), we can write B(7) in the
form

B(r)= (exp[ [ a2 X Tl(2)]) (7.9)

which is analogous in form to expression (4.6),
with W=3,.,W,, replaced by (1/4)2' T}..; this cor-
respondence between Fm and V,, emphasizes the

role of Ty, as an “elementary” system-bath inter-
action. Expanding (7.9), we have

B(r) Z)(l/k' 2 2 dzlf dzs -+
iz ’h -i8

T
xjdmm&mywummm
-i8

(7.10)
where 3/ I'; denotes the sum over all irreducible
graphs; each I"]f represents a collision of the radia-
tor with the bath, and (II}, I7,(z;)) represents a
succession of % collisions; these are integrated
over all possible sets of collision times, then summed
over all possible sets of 2 collisions, and finally
summed over k: B(r) thus represents the sum over
all possible histories of the radiator in the time
interval — B to 7. As is well known, the expansion
of B(r) in powers of V has a similar interpretation,
which can be visualized in terms of Feynman dia-
grams; but the expansion (7. 10) has a more im-
mediate physical meaning, for its “elementary”
interactions represent actual physical processes,
unlike the “interactions” V(¢) which are a concept
introduced precisely to allow interpreting the per-
turbation expansion as a sum over histories, but
do not represent actual physical processes.
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E. Density Expansion of R(#)

In order to see the physical significance of the
successive terms inthe density expansion R=},R "”,
we first consider the case of very low densities,
at which (almost) only binary collisions occur, and
then consider the corrections corresponding to
multiple collisions that must be made as the den-
sity is increased. In the binary-collision limit,
only the binary irreducible graphs }’sj are retained,
and since the collisions are well separated and
therefore time deentangled, we have (II; f;;(z;)
=11, { f,;(z;)), so that

B :kE=O l/k!)f-is dzy: - j:wdz"

X T,- <j31(21)> s <f.sk(zk)>

= 7,.exp] [, dz (Fule)) ] (7.11)
comparing with (7.5), it is seen that the first-order
term in the density expansion of R(¢) represents
the effect of mutually independent binary collisions.
If now the possibility of triple collisions is in-
cluded, the sum over all histories must include
that possibility in addition to binary collisions.
The sum (7.11) does include the possibility of over-
lapping binary collisions, but it treats them as in-
dependent; thus, for each triple collision in a par-
ticular history of the radiator, a correction

Foifig+fsifis+Fsifsif 10+ Fsifes) = TS ) {fss))
must be added to the independent collision factor
T.{ fs X f'sj ), the second term representing the
effect of time entanglement, and the first term
the effect of possible interactions between the
two perturbers. The sum of (7.11) plus all
these corrections can be seen to be what the ex-
pansion of T_ exp[i [7,,dz (R +R®)] yields.
Similarly, the higher-order terms in the density
expansion of R represent corrections arising from
multlple collisions of corresponding order. Thus,
I1; ™ Tier; (2;) o(r e} - 18 @ coTTection correspond-
ing to the overlap and time entanglement of the
collisions l"mj , and it vanishes if they do not
actually overlap, i.e., if the times Rez; are not
clustered, for this case is already accounted for in
terms of lower order in the density. We can de-
fine, in analogy with (7.2) and (7. 8),
i(m )= (e PO I(E) &0 qr . (7.12)
which has an expression similar to (7.8), but with
the m ,,’s replaced by ML o ’s, and { ) by  Detripel--
The limit (7 ), may be called the connected aver-
aged T matrix for the multiple collision I, com-
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posed of several overlapping f‘m collisions. We
note that it would not be possible to define a T ma-
trix with only the ordinary average ( ) of T, for
then nothing forces the different collisions to over-
lap in time, and no definite limit would be reached
at large times.

The expression of R(#), given by (6.15) and
(6.16) can be written

R(O)=2 (mb,  Deir, - (7.13)

’
and in the limit - «,

R(») =23 (m7,

conn >°( Tirrl-
. (0 ! e ! e
= (exP[l j:,,dtz; mr'u-r(t)] E mr’lrr>° (mp‘")’ ’

(7.14)
where

mb(t') = e Momb ¢ 1D

The structural similarity between expressions
(7.14), (5.4), and (7.3) suggests calling R(~) a
connected averaged T matrix for the interactionof
the system with the bath. Note that the initial cor-
relations do not appear in R(«).

In the above discussion, it was assumed that no
bound states are formed between the radiator and
perturbers; the effect of bound states is not diffi-
cult to assess in the first-order term R™(¢), to
which they add terms oscillating forever, but their
effect in the higher-order terms is very compli-
cated. We note that if we choose V=V, and H,
=H +H{ =H,+Hg +Vz, we can obtain an expansion
similar to (6.14)-(6.16), but with only irreducible
graphs of one perturber; each term in this expan-
sion still depends on the density through H{’. Such
an expansion seems better suited to treat the ef-
fect of radiator-perturber bound states, but this
will not be discussed here.

VIII. TRANSLATIONAL MOTION OF RADIATOR

The time-evolution operator U(r) operates in the
space of the radiator, which includes its transla-
tional and internal coordinates; since the dipole
moment operator D pertains only to the internal
motion of the radiator, we can immediately per-
form the average over the translational, or cen-
ter-of-mass (c.m.), coordinates. We have

H,=K,+H, , 8.1)
where K is the c.m. kinetic energy operator, and
H, the Hamiltonian for the internal, or electronic,
motion of the radiator. We can then write Eq.

(2. 6) in the form

I(T)=Tr¢DpeB,(T)e”"§1) , (8.2)

B,(1)=, . (B(T)), (8.3)

ANTOINE

ROYER 6

where .
c.m.« »ETrc.m.pc.m.( ) ’

— ,=BK = - BK
Pem.=€ s/Zc.m. ’ Zc.m._Trc.m. e i)

pe.Ee'B'”e/Ze , ZeETree'ﬂ”e .

We may substitute for B(7) its expression (6.12),
and obtain

B,(7)= B,(0)T.expli [ "at R,(0)], (8.4)

where R,(¢) has the same expression (6. 15) as
R(f), but with all the bath averages { ) replaced by
the bath and translational average

Beeme ( >’=‘c.m. AN =Trem Pem. Trg g Tu( ) ;

effectively, the translational coordinates of the
radiator have been included in the bath, the sys-
tem of interest consisting of only its internal co-
ordinates. Alternatively, we may consider R(f)

as an “interaction” between the internal and trans-
lational motions of the radiator, as is suggested by
Egs. (3.1) or (1.1) with

L(t)=K5+HX+R(t) ;

with this point of view, we rather substitute ex-
pression (5.1) of B(r) into (8.3), which yields

Bt)= c.m. (o5l [}, a2 R RO oiry- »  (8.5)

where the cumulants , ,, { ).(z). are constructed
with the interactions R and the average ., ., ( ).

We note that the bath-c. m. average 5. . ( ) of
a product of irreducible graphs, representing col-
lisions of the radiator with different clusters of
perturbers, does not in general factorize when the
collisions do not overlap in time: This is because
each irreducible graph depends on the c.m. coor-
dinates of the radiator, and furthermore, even if
successive collisions are separated by a large
time, they can be correlated, for the perturber
velocity distritribution seen by the radiator depends
on its own velocity and thus on its last collision
(the velocity distribution of the perturbers is iso-
tropic in the laboratory frame of reference, and
therefore anisotropic in the frame of the moving
radiator). This intercollision correlation causes
an observable effect in collision-induced spectra';
their effect on ordinary spectra is much smaller
and probably negligible in general.

The correlation function I(r) is given by

I(r)=Tr,Do,U,(T)D,
where
O‘e'ETrc.m. Ter ’

U,(1)=0;'Tr, . Tr zpe*™ = B,(0)'B,(r)e! ™

e
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we have again for U,(7) the expression (3. 6), but
with R replaced by R, everywhere,

IX. SPECTRUM TO FIRST ORDER IN DENSITY

To first order in the perturbing-gas density, the
time-evolution operator U,(7) is given by [cf. Egs.
(3.5)-(3.8) with R replaced by R,]

U®(r)=AM eir.eg)
—if; dteun;ée(1)(t)e-uH’;eHH’; , (9.1)

where the superscript (1) indicates quantities cal-
culated to first order in the density, and the sub-
script e means that R is replaced by R, every-
where. The second term in (9.1) is

(A% - l)elrﬂz+ij(;1 dt HEERD (1) g (0
=J(1) - [AL =1 +J(0)] &' ™
_ i](-)fdteitlf: Ee(l)et (- t)H} ,
where

JT) =0 gem{fo(T)+1) ™o

=n(1/Z, ,.2,) &*¥ Tr , Tr, o8 irHSIX
9.2)
is the time-evolution operator in the presence of
only one perturber; the Fourier transform of J(7)

defines the one-perturber spectrum
Iono-part(w) = TrereJ(w)D . (9° 3)

Thus, to first order in the density, the spectrum
is

Hw)= I (W) + Lpe pert (@) + Klw)

where

9.4)

Ly (@) =Tr, DoA™ [i(w — H: = RM)]'D
is the impact spectrum, and
K(w)=Tr,Dp,[#(A" =1 +J(0)) (w - HX = 30)™
+ilw = HY=i0)'R® (w - H: =i0)" YD .

The spectrum equals the sum of the impact and
one-perturber distributions, plus a correction K(w)
which diverges at the resonance frequencies (the
eigenfrequencies of H}). We note that the sum

I sepert (@) + K(w) is regular at the resonance fre-
quencies, since its Fourier transform, the second
term in (9. 1), vanishes at large values of 7; thus,
the role of K(w) near the resonance frequencies is
to cancel out the singularities exhibited by the one-
perturber spectrum. In the wings, the role of
K(w) is to cancel the wings of the impact spectrum
Rel,,,(w); indeed, one sees readily that to first
order in the density, Rel,  (w) and — ReK(w) are
equal when the frequency w is such that

(w-HX)'RM 1«1, so that at those frequencies,
the spectrum is given by the one-perturber dis-
tribution [note that we only need consider the real
parts, since the power radiated is (4w*/3c%)

x7 ! Rel(w)].

We notice that the one-perturber spectrum de-
pends on the initial correlation between the radia-
tor and the perturber through the density matrix
e BHST = o BUHs+Hi+Vsp) contained in expression (9. 2).
The effect of this initial correlation is most easily
seen by referring to the quasistatic (or statistical)
approximation to the line shape'®; according to that
approximation, the intensity radiated at a given
frequency is proportional to the relative probability
for the atoms to be in configurations which, if
frozen, would cause the radiator to radiate at that fre-
quency. This probability depends on the interatomic
potential through the Boltzmannfactor. Neglecting
initial correlations, that is, neglecting V,, in
¢~ ®#  results in replacing the Boltzmann factor
by unity in the quasistatic spectrum. This can
significantly affect the spectrum, especially in the
far violet wings which usually result from close-
packed configurations, the probability for which is
greatly exaggerated if one neglects the Boltzmann
factor whcse role is to discriminate against those
large potential-energy configurations.

X. CONCLUSION

Our treatment centered around the time-evolu-
tion operator U(t) which governs the motion of the
radiator under the influence of the bath. Though
U(t) possesses perturbation expansions, these do
not converge uniformally with respect to £, and
cannot serve as approximation schemes; U(¢) must
therefore be expressed in terms of other quantities
which have perturbation expansions that can be
truncated. There are several possibilities, and
we have mentioned two, relating to our operators
R(¢) and C(w), respectively. These two operators
are different from each other, and treating either
of them to a given order in some parameter, such
as the (reduced) density, does not constitute iden-
tical approximations, but yields different expres-
sions for the spectrum. For instance, it will be
argued in a forthcoming paper that by treating
Cl(w) to first order in the density, one effectively
neglects the effect of multiple collisions, whereas
we saw that the same approximation on R(¢) is
equivalent to treating all radiator-perturber colli-
sions as independent from each other (though possi-
bly overlapping in time). This is strictly correct
in the binary collision (low-density) limit, but it
may also constitute a reasonably good approxima-
tion at higher densities where multiple collisions
occur with a non-negligible frequency; that this
may be the case is well known in the adiabatic the-
ory of pressure broadening,?® where this indepen-
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dent-collision approximation allows us to understand
such experimental features as the pressure shift
of the wing structure (e.g., satellites), and other
fine structure in the wings which arise from simul-
taneous collisions of the radiator with more than
one perturber.?®
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APPENDIX A: CUMULANT EXPANSIONS

1. Preliminary Considerations

When one expects a function G(7) to behave (per-
haps only asymptotically) as the exponential of a
simpler or more accessible function, it is appro-
priate to concentrate one’s attention directly on

InG=1n[1+(G = 1)]= =33 (1= GV/n . (A1)
n=1

If G(7) is an operator, InG as defined by (A1) still
satisfies G=¢™%; but in this case, one would ex-
pect G(7) to be given by the fime-ordered exponen-
tial of some operator F(¢) rather than by an ordi-
nary exponential ¢#‘”, which is rarely or never
met in physical problems [unless A(7)=7TB, where
B is independent of 7], for the reason probably that
the derivative of such a function is extremely com-
plicated if A(¢) and A(t)Eq’A/d{ do not commute
(since, e.g., dA%/dt=A%A +AAA +AA?). Tt then
seems appropriate to write G(r) in the form
Texp[["dt F(t)], where T is a time-ordering opera-
tor, and to concentrate one’s attention on F(¢).
Writing then

G(r)=G(0) T.exp[ [ "at F.(1)]
=T. exp[font F_(1)]6(0), (a2)
we deduce from the-equivalent equations

% G()=G(t)=GWF.(1)=F_(1)G(t) (A3)

that

F.()=G@)6@®), F.(0)=6)6@)™; (A4)

here T.(T.) orders operators such that their time-
arguments increase from left to right (right to
left). Note that we. require the existence of G(¢)™,
or detG#0; the equivalent condition g(¢)#0 is re-
quired in order to define the logarithm of a scalar
function g. In this latter case, an expression simi-
lar to (A2)-(A4) is obtained by writing

- g(r)=etnem :exp(lng(0)+fT dt ;_t 1ng(t)>
)

6
=g0)exp( [ "atglg) .
Comparing
F.=[1+(G-1)]" é:f)l (-1r-Yc-1y"'6
n=
with
%1nG=§(—1Y"lnd% G-1r,
we notice that we can write
F.()=60)" 6= (%)- InG(t) , (A5)

where the arrow on (d/df). means that when oper-
ating on a product of operators, the differentiated
operators must appear to the right of all other
operators in the product; e.g.,

(;%) ABC=BCA+ACB+ABC .

If G(7) is of the form G(7)={¢*"), where ( )
is some linear operation such that (1)=1, the
terms of the expansion of InG or F. in powers of
X(7) have interesting properties and are called
cumulants .,

2. “Ordinary” Cumulants

Let X,;, i=1, 2, ..., be operators, and ( )an
operation such that (II, X;) are also operators and
such that (1)=1. For definiteness, we may think
of the X,’s as stochastic variables, and ( ) a
statistical average. Let ; be arbitrary scalar
parameters; the cumulants (X;X,--* X, ), are de-
fined by the relation

(eE % )zexp(i) 220 T,

k=l jy<igs <j,

X N, (X X; ---Xjk>c) 3 (a8)

7172
in other words, (X;Xj,-** X;,). is the coefficient
of Xj;), * * \j, in the expansion of In(exp(Q;),X,)).
Equation (A6) is written more compactly as

(M1 y = exp (B i=1),) . (A7)

Explicitly, the cumulants are given by

(X1 Xz ++ X, ).=Sym il (= 1) (m = 1!

x> I IIX,.>, (A8)

Pm) i=1\j€J;

where the sum ), is over all partitions of the

set {1, 2, ..., k} into m subsets J;, i=1, 2, ..., m,
and Sym denotes symmetrization with respect

to the X,’s and with respect to different factors

(II, X;) in a product. We give a few specific
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examples:

(X)=(X), (X?),=(x*)-(x)?,

(X%),=(X*) =3 (X)X +(X) (X)) +2(X ),

(X1 X320, =3({X1 X ) = (X1) (X)) + (X Xy) = (X2 ) (X1))

(X1 XpX3 ), =Sym((X1 X X3 ) = (X1 X, ) (X3 ) = (X1 X3 ) (%)
= (X)) (XoX3) +2(X1) (Xp) (X3)) .

We note that the cumulants (X,X,... X,), are lin-
ear in each of their arguments.

The set of operators X; may be labeled by a con-
tinuous parameter rather than by a discreet index.
We have for instance

(el [ arxO)) =25 [an [Maty--- [ a,
k=

(A9)

(X ()X (t5) « -+ X(E)e

= (exp[ [T atx®)]-1), .

3. ¢»>Cumulants

(A10)

Let now

() ={Tta,

where T, is the time ordering and { },, some
statistical average. The cumulants
(X7p(t) X1py(tpey) + + - X;1(1) ) are defined by

(exp[ detEjAj(t)Xj(t)]>
=Ty, exP(frdtl ftldtz e ftk-ldtk

XD Deee Dot a,,6)

j1si2=< <i»

X(X;, (&) -+ X;,(01))..) 5 (AlL)

where Tt,-. orders the cumulants such that the argu-
ments ¢, increase from left to right. Thus the
cumulants (IT, X7,(;)).. are the coefficients of

I1, [dt, s,(¢,)] in the expansion of (d/dt).
In{exp[[7dt3,n; () X,()]). Equation (A1l) can be
written more compactly, setting ;A (t) X;(¢)=X():

(exp[ [ "at x(®)])
=7, exp{ [ "dt (expl [*ar'x@")]x(t)),.}

= T, exp{(exp[ [ atx(®)]-1).},

where T,. orders the cumulants such that the
lavgest time argument in each increase from left
to right.

The c- cumulants are related to the ordinary
cumulants by means of Eq. (A5):

(expl [* at’ X@)X(E))e.

- (%) (expl [ ar' x(#)]-1), . (A13)

(A12)
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From this relation, it is seen that the cumulants
(II,x,(t,)),. have the same explicit expressions as
the ordinary cumulants (II ,X;), with the corre-
spondence X;— X;(¢;), and the difference that in
each product H,-(II,eJ{Xj(t,)) of expression (A8),
the factor (II,X;(#)) containing the largest time
argument is displaced to the right of all other fac-
tors. A few specific examples are [¢; >4, > 43, and
we write X;(¢;)=X, for short]:

(X1 X3 )e = (X Xy) = (Xp) (X1)
(X3XpX1).. = (X3 X Xy) ~ (X3Xz) (X1)
= (X)) (XX ) = (Xp) (X3X1)
+(X3) (Xz) (X1)
+(Xp) (X3) (X1) -

The c- cumulants seem to have first been intro-
duced by Kubo.®

(A14)

4. “Cluster” Property

The most interesting property of ¢~ cumulants,
from which they derive their importance, is a
kind of “cluster” property, which says that the
arguments of a cumulant must be “connected” (or
“clustered”) for it not to vanish. We first define
the notion of connectedness in the sense to be used
here.

( ) independence. Two sets of operators
{X,:i€ I} and {X; : j€ J} are said to be ( ) indepen-
dent if the ( ) average of a product of operators
from both sets factorizes into the product of the
averages ( ) of the operators from each set; in
other words, the sets X; and X; are ( ) indepen-
dent if for any set L<IuJ,

<HX1>=< H X¢>< H Xj>-

€L i€InL J€JNL

If a set of operators cannot be divided into two or
more { )-independent sets, it is said to be ( )
connected.

The { ) independence is an extension of the no-
tion of statistical independence. For instance, for
the sets X;(#) and Y,(#) to be ( ) independent,
where ( Y={7T. },,, the X’s and Y’s must be statis-
tically independent on the one hand, and also they
must not be time entangled, that is, all the time
arguments of one set must be smaller than all the
time arguments of the other set.

Theovem 1 (Kubo®). We now have the fundamen-
tal theorem: If the X,’s in a cumulant (I, X, )..
are not ( ) connected, that is, if they can be
divided into two or more ( )-independent sets,
then the cumulant vanishes.

Proof. Let the two infinite sets of operators
X,@), i=1, 2, ..., and Y,(¢), j=1,2, ..., be
statistically independent, and let x,(¢) and «,(¢) be
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arbitrary scalar functions. Denote
X= j: dt2on (X)),
v=["atZ,, 07,0, T>a.
We then have
(e T)=(e") (e")
=[T,. exp({eX = 1),.)][T,. exp({e” ~1),.)]

=T, exp((eX = 1), +(e¥-1)..), (A15)
and also
(F*Ty=T, exp((e*7-1),.)
=T,.exp({e* —1),. + (e’ -1},
+((F-1)(e"-1)),.). (Al8)

Equality of (A15) and (A16) implies the vanishing
of the term ((¢* = 1) (¢¥ — 1)), mixing the two ( )-
independent sets X;(¢;), ¢, <a and Y,;(¢;), ¢;>a; since
the functions X ,(¢) and «;(¢#) can be made arbitrary,
this implies in turn the vanishing of all ¢ -~ cumu-
lants containing botk X;(¢;)’s and Y;(#;)’s.

Note that the ordinary cumulants do not have the
property theorem 1, unless all quantities of the
type (II,X;) commute with each other, in which
case, of course, the ordinary and c¢-~ cumulants
are identical.

5. Interpretation

The cumulant expansion may be viewed as an ex-
pansion in orders of correlation: Retaining only
the cumulants of order <k is equivalent, according
to theorem 1, to assuming that there are no ( )-
connected groups of more than % operators X, (t,.),
or that they may be neglected. If, for instance,
we assume that X(¢) is never correlated with itself
at different times, we have

(exp[ [Tatx(@)])=1 +§1 [Tat, [aty-- [+,

X (X)Xt 1) ... X)) (A17)

o« T t
=142 [ dtyr e [ lat, (X)) (X(tey)) - -+ (X(8))
k=1

(A18)

T T
=T_exp| [ dt(xX(t))]=T. exp[ [ dt (X(1)),.],

(A19)
that is, only the first-order cumulant is retained.
If one includes the possibility of pairwise correla-
tions between values of X(¢) at different times, and
adds corrections to (A18) corresponding to each

possible combination of pairs of operators, one ob-
tains

(exp[frth(t)D*T, exp [ at(x(t)),.

ANTOINE ROYER 6

wfTat [Far x@)x).1,

which includes the second-order cumulant. The
higher-order cumulants are interpreted similarly.

In physical problems, it often occurs that the
operators X(¢;), i=1, 2, ..., are ( ) connected
only if “clustered” in time; in this case, the prop-
erty theorem 1 implies the uniform (with respect
to 7) convergence of the cumulant series. The
cumulant expansion can thus be viewed as a pertur-
bation expansion in powers of X, which can be
truncated, unlike the direct expansion (A17) which
is generally not uniformly convergent and therefore
cannot be truncated.

APPENDIX B: GRAPHS, SOME DEFINITIONS AND
PROPERTIES

In this Appendix, some definitions and properties
of graphs commonly used in the equilibrium theory
of classical fluids® are stated and adapted to our
particular needs.

1. Labeled Graphs

We shall use graphs of the type shown in Fig. 5,
consisting of one white circle, some (or no) black
circles labeled by numbers, and one (or no) black
line connecting each pair of circles. A graph may
be viewed and written as the product of its con-
nected parts. Physically, the white circle repre-
sents the radiator, the black circles represent
perturbers, and the lines connecting circles indi-
cate interaction between the particles represented.

2. Unlabeled Connected Graphs

From here on, we consider only connected
graphs of one white circle and some (or no) black
circles.

When it is not necessary to know which particles
are represented by the black circles, the attached
labels can be removed, with the understanding that
distinct black circles correspond to distinct parti-
cles. It is clear that distinct labeled graphs may
yield identical (i.e., topologically equivalent) un-
labeled graphs, as shown for instance in Fig. 6.
Let the symmetry number o(T") of a graph I" be the
number of permutations (including the identity) of
its black circles which leave the graph unchanged,
i.e., do not change the bonds. For instance, the
graph of Fig. 6 has symmetry number 2. Clearly
then, an unlabeled graph of % black circles cor-
responds to k!/0(T") distinct labeled graphs. Thus,
when it is permissible to remove the labels, we

1 2
3

I
I FIG. 5. Example of a labeled graph.
5
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FIG. 6. The distinct labeled graphs I'y, Ty, and I'; cor-
respond to the same unlabeled graph T'.

have the relation

2iThaate® = [-1/0 (D) | Tiona » (B1)
where T% . is an unlabeled connected graph of one
white and % black circles, and the sum is over all
distinct labeled graphs which are topologically
equivalent to T* We also have

conn*®

> A/RD)D TSSO DT /o(r, ), (B2)
k=0

where the sum on the right-hand side is over all
distinct connected unlabeled graphs of one white
and some (or no) black circles.

3. Articulation Circles; 1-Irreducible Graphs

An articulation civcle in a connected graph is a
circle such that its removal separates the graph
into two or more disconnected parts. A connected
graph which contains no articulation circles is said
to be 1 irveducible; we have (a) in a 1-irreducible
graph, there exist at least two distinct paths con-
necting each pair of circles; (b) in a 1-irreducible
graph, each pair of bonds belongs to at least one
closed non-self-intersecting path in the graph.

We shall say that two graphs T'; and T, are af-
tached by their respective black circles ¢ and j, if
we simply superpose these two black circles, or
equivalently, if we form the product I'i)I"; and iden-
tify the black circles (i.e., the perturbers) i and
j. Note that any graph can be constructed by suc-
cessive attachment of 1-irreducible graphs, the at-
tachment circles being the articulation circles of
the given graph.

4. Irreducible Graphs; * Product

If the white circle in a connected graph is not an
articulation circle, then we say that the graph is
ivveducible.

We define the x product of two connected graphs
T, and T, [each consisting of one white circle and
some (or no) black circles] as the graph I'; T,
which contains one white circle, and such that upon
removing it, the graph separates into two discon-
nected parts, one of which is I'; minus its white
circle, and the other I', minus its white circle,
This type of product is illustrated in Fig. 7. Any
connected graph with one white circle can be writ-
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ten as the * product of its irreducible parts.
We can define the * powers of a graph:

™ =T«Tx*...x T, k times;

for convenience, the zeroth * power of a graph or
of a sum of graphs is defined as the graph consis-
ting of the white circle alone. We can then define
the * exponential:

exp,T'= kZ)o T*/k! .

We have the lemma®
E r‘OOllll /O(Fconn)=e}q)*[2, r‘irl'/o'(r‘fl'r)] b (B3)

where the sum ) T, is over all distinct connected
graphs of one white and some (or no) black circles,
and Z'l"m_ is the sum over all distinct irreducible
graphs of one white and one or more black circles
(the graph consisting of the white circle alone is
excluded in the sum 3'). All graphs here are un-
labeled graphs.

Proof: Any graph T of one white and some (or
no) black circles can be written in the form

r=II;*(Cd)* ,

where the product II; is over all distinct irreduci-
ble graphs of one white and one or more black
circles (the irreducible graphs not contained in '
appear with exponent zero). Clearly,

G(F)=H}Pj ! (O'j)pf s O EG(I‘S‘I)“)

(the 0,’s take account of permutations within each
irreducible subgraph, and the p;!’s correspond to
the complete interchange of black circles between
identical subgraphs). Thus,

T T soun /o Teona) =11 io (1/p;) (L) /0, s
i b=

=expy (2, TY) /o;) .

In our problem, the function represented by the
* product of two graphs equals the product of the
functions represented by the individual graphs; we
can therefore omit the * in (B3), with the under-
standing that the I'’s stand for the functions repre-
sented by the graphs.

APPENDIX C

The following lemma is required for the discus-
sion of Appendix D.

Lemma: Let H{N}) be the Hamiltonian for a
system of N particles interacting with each other
via two-body forces, and let H({N - &}) be the
Hamiltonian for a subsystem consisting of N-% of
the particles. Then H({N - #}) commutes with
Tr#7(H{N}), where f(H{N})is any function of H{N}),
and Tr'® is the trace over the coordinates of the k&
other particles:
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T T I‘l*FQ

1 2

FIG. 7. * product of
two graphs.

[Tr'® f(H{N}) , H{N-E}]=0,

or in other words, Tr'*! f(H{N}) is a function of
H{N-E}).

Physically, this says in effect that the sum over
all possible positions of k particles provides a uni-
form background which does not affect the motion
of the N— % other particles. Specifically, we may
think of H{N}) as being the Hamiltonian for a group
of atoms consisting of a total of N nuclei and elec-
trons, and H({N - %}) as corresponding to one atom
of one nucleus and N-£%—1 electrons.

Proof: Let

v (iE{%- k)) (jezﬁk} Vij)

be the interaction between the two subgroups of
particles, V;; being the interaction between parti-
cle 7 of the N - k-particle subgroup, and particle j
of the other subgroup; then, H{N})= H{N - &})
+H({E}) + v, where H{E}) is the Hamiltonian for the
k-particle subgroup. We have

[Tr™® f(H{N}), HEN - &})]

=Tr'® [ f(H{N}), H{N - £})]
=Tr™[ f(H{N}), HENY) - H{ED) - V]
=~Tr"™[ f(H{N}), H(E}) + V] .

Now,

Tr'®[ f(H{ N}, H{ED]=22, (n| [ £, BED] | n)
=22.(E, - E,) (n|fln)=0,

where |n) is a complete set of eigenstates of
H({E}) of energies E,. We also have

Tr'® [ £, V]=2 Tr,[Tr'® -7, v,,],
i,d

where Tr; is the trace over the coordinates of par-
ticle j, and Tr!*-7 the trace over the % — 1 other
particles in the k-particle subgroup. To complete
the proof, we show that Tr;[4, V;;]=0 for any
operator A. This is obvious since the trace Tr,
can be expanded in terms of a complete set of
states of particle j, with particle i as origin [if
,(r;) is a complete set of states, so is ¥,(r; —7,)];
then

Trj [A’ Vij] = E (Amn(vij )mn - (Vij )mnAnm): 0 H
m,n

since

(Vi = [ dv; 04r; - ri)Vislry =7y Walry = 7,)

|o»

is a scalar.
APPENDIX D

We argue in this Appendix that if T" is anirre-
ducible graph, then (II %) f,,(z,,)) is nonvanish-
ing only if the times Re(z,,) are clustered together.
We first consider the case of only two perturbers,
which gives a simple illustration of the general

arguments used.
1. Two-Perturber Irreducible Graphs

The two-perturber irreducible graphs are fg f12
and f,,f2f12- Let us consider first (f,,(#,)f1,(t:)),
which can represent collision processes of the type
shown in Fig. 8; clearly, this quantity vanishes if
£, >t,, for then the last interaction is Vy,(¢,)*, and
nothing on its right-hand side depends on perturb-
ers 1 or 2, or in fact on any perturber; the last
interaction must always involve the radiator for an
expression not to vanish: This expresses the fact
that the radiator is not influenced by what happens
to a perturber affer it is through interacting with
it.

Let now #,(s, 1; 2) be a time such that if the radi-
ator starts to interact with 1 at some given time,
then it will (almost) certainly have ceased inter-
acting with 1 after a time ¢#,(s, 1; 2) later [we do
not take £,(s, 1; 2) equal to the binary collision
duration because of possible recollisions due to
the presence of perturber 2 (see below)]. Then,
ift,>¢,(s,1;2) and #,<¢, - t,(s,1;2), the operator
F12(ts), in which the last interaction occurs at #,, is
time deentangled from f,(¢,), in which the first
interaction occurs lafer than time ¢, - £,(s, 1; 2);
we therefore have (H¥=H,+Hy,, H®=H, + Hy+ Vy,,
Zyp=Trpe o ):

. . 12 . .
Zyo (falt) frotz) )= Trype™ P 0 T fi1(4) fra(2)
5 .
=Trye™ b Fralta) faa(tr)
_ Trlze'BHm eitZHIZX(HIZX ~H ~H) e-itzHéz"]}sl(tl)

12 X .
== Try[(Trye™ ") HYe 2717 (4] ;

the operators Hj have vanished since nothing on
their right-hand side depends on 2, and H?* has
also disappeared since TrA*B=0 by the cyclic

Jf\"’ M éQ

@) (b) ()
FIG. 8. DPossible collision sequences corresponding to
Sstfize



6 CUMULANT EXPANSIONS AND PRESSURE BROADENING...

property of the trace; now, by the lemma of Ap-
pendix C, H, commutes with Trye™®*'2, so that
again by TrA*B=0, the expressions above vanish.
This expresses the fact that on the average, the
radiator is not affected by, or does not “see,” the
history of a perturber before it starts interacting
with it; in other words, the state distribution of a
perturber between collisions is always the same
(thermal equilibrium). We have thus argued that
(fs1(t1) f12(t2)) vanishes unless /, lies between

ty —tc(s, 1; 2) and .

Recollisions: We mentioned above the possibility
of recollisions; indeed, we could have, as shown
in Fig. 8(c), two s-1 collisions separated by a
1-2 collision. One can see that the probability for
the second s-1 collision to occur a long time after
the first is small (note that we are in three dimen-
sions!). To obtain an estimate, we may assume
that after its collision with 2, 1 can be heading in
any direction and with any velocity within the range
defined by the temperature; let us consider a
sphere of radius v¢, where v is the mean velocity,
centered about the region of the first s-1 collision;
For the second s-1 collision to occur a time ¢ after
the first, 1 must cross the sphere at the same
place as s, the probability for which is ~ %1
must also cross the sphere at the same time as s,
and the range of velocities allowed for 1 to cross
the sphere at a specific time is ~¢™!, Hence the
probability for the recollision to occur a time ¢
after the first collisionis ~¢73, Thus, in general,
widely separated recollisions have a small prob-
ability, and the interaction between two atoms will
always be considered as one collision, even if on
finer analysis there are several collisions involved.

Let us now consider (f,,(t)f.s(ts)f12(ts)). If the
various collisions are widely separated in time,
we have the following possibilities (note that as
before, the latest collision must involve the radia-
tor for the expression not to vanish): The 1-2 colli-
sion may occur before both the s-1 and s-2 colli-
sions [Fig. 9(a)], or in between these two colli-
sions [Fig. 9(b)]. As for the recollision cycle of
Fig. 8(c), and by the same arguments, these three-
collision “rings” must be clustered in time to have
an appreciable probability. Note that in both
cases, the two extreme collisions may be corre-
lated, even if separated by a large time; the latter
case represents the simplest example of the reac-

1

FIG. 9. Possible collision sequences corresponding to

Sstfsaf12e
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In 3
J{/ " j 5 FIG. 10. Example of a
s 3 collision ring and the cor-
1/>ﬂc s 1 responding graph.
2
tion of the system on the bath being acted back on
the system after a possibly long time.

2. Arbitrary Irreducible Graphs

To argue our proposition in general, we first
notice that any irreducible graph can be constructed
by starting from some l-irreducible graph con-
taining the radiator, and then attaching to some
of its black circles other l-irreducible graphs,
and then still other 1-irreducible graphs are at-
tached to those, and so on (cf. Appendix B for the
definition of 1-irreducible graphs, and the opera-
tion of attaching together two graphs) Now, if P
is al-irreducible graph, then II\%),7,,(¢,,) is
clustered in time; this is because any pair of bonds
fu, in a 1-irreducible graph belongs to at least one
closed path, or ring, in the graph (cf. Appendix
B3), and each “ring” of collisions (e.g., Fig. 10)
is clustered in time, by the same type of arguments
as used in discussing the three-collision rings of
Fig. 9. It then suffices to show that if
(1%, 7, ,(¢,,)) is clustered in time, where T'is a
connected graph containing the radiator, then
(T B f s tadTLE, £4,(8,,)) is also clustered in
time, where T is a 1-irreducible graph which does
not contain the radiator, and which has one and
only one perturber in common with " (i.e., T is
attached to I'); this will prove the proposition by
induction. Since the argument refers mainly to the
last interactmn times in T and in I, we consider
rather (T()I'(#,)): Again, f, must be smaller than
t, since the last interaction must involve the radia-
tor. Let #,(T; T) be a time such that if the first in-
teraction in I'" occurs at some given time, then al-
most certainly, all interactions in I'" (under the
possible influence of T which may cause recolli-
sions, etc.) will have ceased after a time ¢,(T; T)
later; in other words, #,(I'; T) is the duration
of the multiple-collision I', under the possible
influence of the perturbers in 7.

If now #,>£.(T; T) and £, <t, — £,(T; T), the two
graphs T(¢,) and I'(¢,) are time deentangled, and

(T(E)T(t1)) = Trppp T (1) (1) -

Now, any f-bonded graph v =II %, 7,, can be writ-
ten as a sum of e-bonded graphs y=I1 % e,,, where
eu,=fu,+1=expli[ W, (2)dz], thatis, T=3")y, and

Y Y X - PR
'}’(t):é‘BHO e BH estHD e itH ,

where HJ is the sum of the Hamiltonians for each

perturber in v, H}=J,c,H,, and B =H}+3,0,V,,,
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the sum E:'(),, being over the ¢ bonds in y. We then
have{Z, r="Tr, rexp[- B(H} +H;)|, Hy ¥ =HE-H,}:

Tr zp 5T ()T (¢4) :Z(T)Trapa';/(tz)i—‘(tl)

SN Y +u )
=2z} T, p [0t

¥ Y o 7X o
X eBHo e-BH eitz HW(HYX_HgX)e ity Hy F(l‘l)]

@, . auT en”
== Z  Trp[e 0 (Tr, e #")

-
X e T(1)]

where H; is the Hamiltonian of perturber j which

we take as the perturber common to T and I', and
Tr,_; is the trace over the perturbers of y minus
perturber j, the trace over which is included in
Trr. Now, by the lemma of Appendix C, H; com-
mutes with Tr,_;e” B”r, so that the expressions
above vanish. Thus the interactions in T must
overlap in time with those in I'; this expresses the
fact that the graph I' minus perturber j is not in-
fluenced, on the average, by the history of per-
turber j before interacting with it. This completes
the argument to show that if I" is an irreducible
graph, the interactions in (I') are clustered in
time; we have excluded the possibility of bound
states between the atoms.
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