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We use the equations proposed by Gaudin for the free energy of the Heisenberg-Ising ring
for |Al =1 to obtain the first temperature-dependent term in a systematic low-temperature

expansion of the free energy.

1. INTRODUCTION
We consider the Hamiltonian

N
H= GZ [Snx Smlx"' S"y Sr»ly + A(Sn‘ Snol‘ - :11_)]

n=1

N
-Hy2. S,% (1.1)
n=1

where S;* = 30,* and the ¢} are Pauli spin matrices
for site i. H, is the external magnetic field, N is
the number of lattice sites and is even, A=cosh®
> 1, and 6 equals +1 or -1 for the antiferromag-

netic or ferromagnetic regions, respectively. We
impose periodic boundary conditions.

Gaudin® has recently obtained a solution for the
free energy per site, F(T,0), in terms of the solu-
tions of an infinite set of coupled nonlinear integral
equations. (o is the magnetization per spin.) In
this paper we perform a systematic expansion of
F(T,0) in both T and T-! for T small and large,
respectively. Our reasons for such computations
are threefold. First, Gaudin in deriving his for-
malism made two principal assumptions. One con-
cerned the general character of the zeros of a set
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FIG. 1. Regions of various low-temperature character-
istics. The lines b and ¢ are determined in Sec. IV by
setting the gaps between the ground states and first ex-
cited states of regions B and C, respectively, equal to
zero. Lines a and b include their A=1 end points while
lines ¢ and d do not. Regions A, B,C, and D do not include
the lines a, b,c, and d nor point P. The low temperature
behavior of the specific heat Cy is shown.

of transcendental equations; in particular, the al-
lowed values of the imaginary part of the zeros
were needed. The second was an assumption on the
movement of these zeros as A was varied. These
are standard assumptions repeatedly made for the
one-dimensional 6-function quantum gases and the
one-dimensional nearest-neighbor spin systems.
The agreement of the high-T expansion (made in
Sec. II) of Gaudin’s formalism with standard high-
temperature expansions gives a check on the va-
lidity of these assumptions. A weaker verification
consists of looking at the low-temperature expan-
sion and examining its agreement with results ob-
tained by arguments of the spin-wave variety.

Secondly, by reversing the direction of the logic,
the systematic low-temperature expansion is use-
ful to justify naive constructions (where such argu-
ments can be made) of the first-order terms from
a knowledge of the low-lying excitations of the
system. Moreover, our expansions in principle
can be extended to higher-order terms (although
it is expected that such expansions will usually be
asymptotic rather than convergent).

Our third reason for studying Gaudin’s integral
equations is that there are several cases, in par-
ticular the isotropic antiferromagnet and isotropic
ferromagnet at Hy=0, where it is not apparent that
the “spin-wave” arguments give even the leading
term as 7-0.

The Hamiltonian given by Eq. (1.1) is not without
physical importance in itself. One-dimensional
spin systems whose interactions are principally
nearest neighbor do exist in nature; for example,
MC1,- 2NC H,(M;Co,Cu) are probably described
by such a Hamiltonian,?
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Finally, while previous numerical work is suf-
ficiently accurate to give a good description of the
thermodynamics at higher temperatures, the ex-
isting extrapolations toward zero temperature
suffer from the standard questions of the validity
of such extrapolations.®* Therefore, the analytic
expressions for T -0, available only through our
expansions, are interesting in that they provide a
firmer result for the low-temperature thermody-
namics.

Our low-temperature results are best presented
by referring to Fig. 1. The division of the low-
temperature characteristics into several regions
is indicated by the change in the ground state as a
function of H, and A, Region C has a doubly degen-
erate ground state with the z component of total
spin S equal to zero, region B has a totally aligned
ground state, and region D has a ground state whose
S# varies from the S?=0 for C to the S*= 1N of B,
The ferromagnetic region A has a unique totally
aligned ground state while line a has a doubly degen-
erate ground state,

We can obtain some idea of the expected low-
temperature behavior of F(T, o) from the Ising
model. Take

N N
H'= tﬁJE1 (8,2 Spi®—3) = By2s S,°
n=

n=1
and obtain

F{=0By- 3By~ T e*®*/Ty... |

Fi=0By- 1B -T2 +... ,
and

Fl=0By= tJ- 41T /2B /T,

Region D is not present in the Ising limit. Note
that the exponentials in F,{ and FJ are dependent
on the full gap between the ground state and first
excited states, while Fl is a function of one-half
the gap.

In general, we find that in regions A, B, and C
there is an energy gap Ay, 5, between the ground
state of the system and the first excited states.

In regions A and B the temperature-dependent term
of the free energy F,(T, o) is given for T ~0 by
Fp=KT?%? ¢-*4,8/T where K is constant in 7. In
region C, Fp=KT3%?e"*c/2T  All constants for the
preceding are evaluated in closed form in Sec. IV,
In region D there is no gap, and F, =K T? with the
constants obtained from the solutions of two integral
equations., Near lines b and ¢ we approximate and
solve these equations for the constants.

When the lines a, b, ¢, and d are approached from
the interiors of the various regions, the above F,
become invalid. However, from a theorem of
Araki* one knows that for 7 #0 the free energy is
analytic in T. Therefore, one is led to consider
interpolating among the various regions by expand-
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ing the scale of the H, axis in the vicinity of a line.
Then for O(T) near lines b or ¢, Fy is equal to the
functions of regions B or C, respectively, eval-
uated on the boundaries and multiplied by - F,

(= e2B/T  3) for b and by — Fy(- e-*c’?7, §) for c.
Ap ¢ is an O(T) number and

Fy(z,3)=— "2 f: dxln(l -z e"‘z).

For O(T) near line d, F;is equal to F, from region
C evaluated on d and multiplied by 2 cosh(3H,/T),
where Hy=O(T). [This behavior is also exhibited
by the Ising model where

Fl=0By—4J~Tcosh($By/T) e?/?T+.... ]

In A, B, and D and on line b one can let A=1,
but in C and on lines ¢ and d, A —1 is not allowed.
Therefore, the O(T) neighborhood of point P is
treated separately to obtain F, =K T2, where the
constant is given by the solution of an infinite set
of nonlinear integral equations,

Another summary in terms of the susceptibility
X is given by Fig. 2. The deviation of x from its
T=0 value in regions A, B, and C has an exponen-
tial character, whereas in region D it has a T2
behavior. The O(T) neighborhoods of lines b and
c interpolate among the various regions.

A comparison can be made with the numerical
work of Bonner and Fisher.} They anticipated the
possibility of the half-gap in C but were unaware
that the area covered by C and D is two regions.

Finally in the course of our calculation we ob-
tained as excitations from the ferromagnetic ground
state the zero-temperature multimagnon bound-
state dispersion curves and as excitations from
the antiferromagnetic ground state a set of spin-
wave excitations. The magnon curves agree with
the expression Torrance and Tinkham®—7 have
found for A large.

The organization of the paper is outlined by the
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following: Section II consists of those results of
Gaudin which we use. In the last part of the sec-
tion we solve for the first three terms of the free
energy in the high-temperature expansion. In
Sec. III we obtain the multimagnon bound-state
dispersion curves for regions A and B and a set
of spin-wave excitations for region C by solving
for the energies of a class of eigenstates of H. In
Sec. IV the derivation of the low-temperature
thermodynamics is given. The presentation is
organized around the divisions given in Fig. 1. In
Sec. V the results of Sec. IV are discussed in
terms of spin-wave arguments using the dispersion
curves of Sec. III,

II. FORMULATION

The energy levels of the Hamiltonian expressed
by Eq. (1.1) are given by the coupled equations®®

M
E=06) (cosk, —A) = HyS* (2.1)
a=1
and
M
NEoy=2mg+27 Uos @=1,2,...,M. 2.2)

B8=1;B8#a

It is easier to manipulate the above equations if one
parametrizes'® the 2, and ¥,, by

cot(3k,)=coth(3®)tan(} ¢,), A=cosh®, (2.3)
and

cot(3Yas) = coth® tan[ 3 (¢, — b5)] (2.4)
with

0L ku22m, =T Ppe<m, and —=71< P < ™.

The integer M is related to the z component of
the total spin by S*=4N - M, and the %, give the
total momentum of the system via

M
Kp =234 ko=21m/N, m an integer,

X ) | m X | (b)
| |
] [} —'NO(T-IIZ) X (C)
c i | B —
I : SR
— | | g
e S = 5
N I | N B T ot
< ! ? ? J
- . 3 o) g
5 I ! 3 3 -
S| 1 & 5
! 3 T 7
sl ~O(M) il - =, ~ o) |
S | 1 Q o
| | " ! Linea ¥ Ho
| L L
Linec Line b f Ho Line b Ho

FIG. 2. (a) Susceptibility vs external magnetic field for §=1, A=1; (b) susceptibility vs external magnetic field for
6=1, A=1; (c) susceptibility vs external magnetic field for §=—1. H, must not be equal to zero. For all three graphs
the dashed line is the T=0 curve, while the continuous line is the curve for T small but not equal to zero.
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For N large Gaudin showed that for any particular
solution of Eq. (2. 2) the ¢, are grouped in strings
characterized by an order p and common real value

®; that is,
b =p+iud, -(p=3)y..., p-1
(2.5)

’J'=—(p_1)s

to order e,
One continues from this point to derive the equa-
tions for the thermodynamics. One finds

F(T, 0)= 6Ey(A) /N + 0H,

-T@n)" [ dn(9)In(l + eVT)dd,  (2.6)

where

€,(®) /T=adn () *In[ (1 + n*1/T) (1 + e n-1 ], n>2
(2.7a)
€,(¢)/T=dn(p) *In(1 + e*2/T) - 6T ! sinhddn (¢),

(2. 7b)
and the boundary condition on the pseudoenergies is
lim,..€,(@)/n=H, dn(¢)is given by dn(¢p)=(K/m)
dn(K¢/m, k), with K'/K=%/n. K(K') is the complete
elliptic integral of the first kind with modulus
k(2") and dn(¢, &) is one of the Jacobian elliptic
functions as given by Bateman.!! The * notation
indicates for any function f(¢),

fleyxg=@n? [7fle-¢g()as’.

E,y(A) is the energy of the antiferromagnetic
ground state.'’> When A —1(® -0), the above ex-
pressions tend to the proper limit if ¢ is rescaled
by x=¢/®. To obtain o, X, and C,, the magnetiza-
tion per spin, the susceptibility, and the specific
heat at constant magnetic field, respectively, one
uses the thermodynamic relations

a=— (F/N - 0H,) | (2. 8a)
90
X= 38, L (2. 8b)
and
- To?
CH:—a—]T(F/N—UHo)‘HO . (2. 8(‘,)

In the derivation of Eqs. (2.6) and (2. 7) several
assumptions were made whose validity has not been
rigorously investigated, and to strengthen one’s
confidence in them, it is desirable to check the high-
temperature expansion obtained from the above
equations against the standard high-temperature ex-
pansion,

F(T,0)=- T1n[2cosh(} Hy/T)] +0H,
- [4 68+ (16T)"!][cosh(2H,/T)]2
- A%[L 4 tanh¥(LH,/T)

- 3tanh*GHy/T)](16T) +- .. | (2.9)
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obtained by expanding the exponential in Tre™®¥,

One lets 1,=e’ T and expands 7,=72"+12 /T +n{*/
T%+.-.. To first order one drops the second term
in (2 7b) and observes that the 7!’ are independent

of . The integrals in Eqs. (2.7) can be performed
to obtain

Im{Y =4 1n(1 +n$?) (2.10a)
and

1P = 3 1n[(1+n3D @ +niD], w22 (2.10p)
with

lim InnY/n=H,/T .

n= o
Note that we are not necessarily assuming that Hy/T
is small but are including the case where Hj is also
large, both here and in Eq. (2.9). The solution to

Eqgs. (2.10) is
7 = sinh?[% (n + 1)Hy/T] sinh2GH/T) -1 (2.11)

for all n. The second-order equations are obtained
by expanding the various logarithms to obtain linear

integral equations. They are
n2/nP = dn(opyn /(1 +nP) - 6 sinh(® ) dn(p)
(2.12a)
and
M2 /et =dn(@)*[na%/(L+m3) +n,2/ (L e,
n22 (2.12b)
with

lim n®/(n{P)=0 .

n-= o

One solves Egs. (2.12) by taking the finite Fourier
transform of these equations, solving the resulting
difference equations, and transforming back. The
conventions we take for the Fourier transform are
such that

dn(0)= (20) [T dn(@)e'*® dg = (2coshi®)™ .
The solution to Eqs. (2.12) is
n$® = 6sinh(®) sinh[L(n + 1)Hy/T]
X [sinh(H,/T) sinh(H,/T)]*
x{ sinh(3nH,/T) sinh[(n + 2)& [cosh(z + 2)& - cos¢]
— sinh[3 (o + 2)Hy/T]sinh(n®)(coshnd - cos¢) !} .
(2.13)

=&, + 02)2/[2(1 40V

the third-order equations, obtained similarly to the
second-order ones, are

/MY + A= dn(p)*[E,,/ (1 +1)

+E,/ L+, w21 (2.14)
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with
lim &,/(en{Y)=0, £,=0,

n- o

and
Ay== 0%/ 2021 +ni)] .

The homogeneous solutions to the resulting dif-
ference equations in Fourier space are

£%=sinh[300 + 1)Hy/T)e*""'®*{sinh(snHy/ T)e*''®
-sinh[i( +2)Hy/Tle*'"'®} . (2.15)

Using variation of parameters and imposing bound-
ary conditions, the solution to Eqs. (2. 14) is

s

En=E220 &pkmn

3
3

n=1 d
+5 (L gubha—e?M® X g E- )

’
m=0 m=0

(2.16a)
where
gn(l)=2cosh(I®)(niL,+ l)fim,1
:m-j, 2;"4-1 -1
X |2, . (2.16b)
m+2 m+2

One substitutes the preceding expressions for
7, into Eq. (2.6), expands the logarithm, and per-
forms the various integrals to obtain

F(T,0)=~-TIn[2cosh(3H,/T)] +0H,
- [26a+(16T)][cosh(2H,/T)]?
— A%[L + tanh®(AH/T)

- 3tanh*GHy/T)](16T) 4.0 . (2.17)

This is the same as Eq. (2.9).

III. MULTIMAGNON BOUND STATES AND EVEN
SPIN-WAVE EXCITATIONS

Regions A and B of the system have a ferromag-
netic set of states in that the ground state has all
spins aligned in the direction of the magnetic field
and the excitations are grouped according to their
spin deviation from the totally aligned state. For
such a spectrum it is felt that the zero-temperature
dispersion curves of the elementary excitations are
equal to the energies of the magnon bound states.
These states are characterized by taking p of Eq.
(2. 5) equal to M, the number of overturned spins
from the ground state; i.e., all the zeros ¢, are
in a single string with common real value fixed by
the total momentum of the state.

First it is convenient to rewrite Eq. (2. 3) as

e”’"‘:(l-eo'wﬂ)(ew—e'w ,,)-1 . (3. 1)

To obtain the relation between the total momentum

K7 of the bound state and the real value ¢, of the
¢4, One forms

p-1
e”:a Ry - H (1 _ e@&u@-w M)(e@_ euo-{oM)-l ,
w==prl
(3.2)
and, in performing the product, gets
KT = (1 - %10 u)(HO _ gmtouyl (3.3)

To extract the energies of the bound states, one
expresses the cosk, in Eq. (2.1) by its exponential
form, substitutes Eq. (3.1) for the e*"*e, sums the
resulting expression over the string, and, using
Eq. (3.3), writes the resulting expression in terms
of K¥. The result is

Ey-E;, =HM - 6(coshM® - cosK's)

xsinh(®)(sinhM @)™t | (3.4)

where Ef,= — $H(N and Kﬂf- is restricted to the first
Brillouin zone, 0<K%=2m/N<2r. For M2 3 and

A large, Eq. (3.4) canbe expanded to give E,
—Ef,=HM - 6cosh® + 6e™®+ 0(e72%). This is the
same expression obtained by Torrance and Tinkham.
Also, we can recover Bethe’s results for A=1,8

In region C we are interested in excitations from
the S*=0 antiferromagnetic ground state. To under-
stand a little of the character of the low-lying ex-
citations, the antiferromagnetic Ising model serves
as a guide. One notes that the first excitations of
the Ising model are two-particle (boundary) states
and all higher ones are even excitations. Gen-
eralizing this away from the Ising limit, we seek
the low-lying two spin-wave excitations. Equation
(2. 2), written as a function of the ¢,, gives the
coupling among the ¢,. The energy as a function
of the ¢, is expressed by Eq. (2.1), where the
momenta as a function of the ¢, are taken from Eq.
(2. 3). The excitation energies of the system are
found by the procedure of Yang and Yang, !* where
the effect of exciting ¢,’s from their ground-state
distribution (3N real ¢,’s) is calculated.

The S*=1 low-lying excitations are derived by
eliminating one ¢, from position ¢, and changing
another from ¢, to £ 7. The + 7 apparently labels
a doubly degenerate $*=1 dispersion curve. The
difference between the ground-state and excited-
state momentum ¢,(S*, ¢,,¢, ) and the difference
between the ground-state and excited-state energy
Ea(s', (Pl! ¢2 ) are

q4(S*, b1, 99)= J,* ! dn()do

+ [0 an(p)ap - tnxin  (3.52)
and

Ey(S%, ¢4, b3) = sinh(®)[dn(¢,) +dn(p,)] - S°H,

(3. 5b)

for + 7. K one lets
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the energy difference is
E,(S% g%, q3)=sinh(®)K7 1 [(1 - k2 cos?qt )Y/ 2

+(1-k2cos?q3)Y 2] -S*H, , (3.6)
with 0S¥¢3 ,<7. Note that the ¢* have only one-
half the normal range of 27 and assume 3N values.
This corresponds to the labeling by boundary po-
sitions in the Ising limit. Because of the symmetry
between S*=+1 and S*= -1, the above expressions
apply equally well to S*=-1,

For the first excited states of $°=0 one considers
the excitations that take two ¢4, ¢, and ¢,, into a
complex conjugate pair; i.e., p=2in Eq. (2.5).
The g, and E, that result are independent of the real
value of the pair, ¢,. Also, again built into the cal-
culation are the above + regions of the momentum.
From an inspection of the Ising limit one suspects
that ¢, takes on only two values and provides, in
conjunction with the + label, a labeling of four de-

- generate dispersion curves. The energy and mo-
mentum differences between the first excited and
ground states are

E,(S%, q%,q3) =sinh(®) Kn"Y[(1 - k2 cos?q)V/ 2

+(1-k2cos?H)Y 3-SH, (3.7a)

and
9:(5%, 91,949 =q1+93 - 3w+ 37, (3.7)

with 0<#¢3,,<7. The four dispersion curves are
distinguished from one another by the + and the two
values of ¢,. One can obtain a set of higher excita-
tions by linearly combining the above momenta and
energies. One must remember when adding the two
particle states together that the ¢’s satisfy an ex-
clusion principle that is the same as the boundaries
in the Ising limit.

IV. LOW-TEMPERATURE THERMODYNAMICS

A. Region A; § =-1 (Ferromagnetic), Hy=>p >0,
p Independent of T

One expands €, as €,=¢.+¢® +-.- . From Egs.

(2. 7) it is observed that €,> 0 for all #» and ¢.
Therefore, in Eqs. (2.7) for small temperature the
exponentials are large and the 1’s inside the log-
arithms can be dropped to obtain

eV=dn(o* (N +ell)), nz2 (4. 1a)

and

V=dn(p)*e? +sinh(®)dn(p) , (4. 1b)

with lim,._€{Y’/n=H, One extracts the solution by
Fourier transforming, solving the resulting alge-
braic equations, and transforming back to the ¢
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variable. We perform this operation often enough
to make it worthwhile to label it as procedure A in
the remainder of the paper. The solution is

V= Hyn +sinh(®)j,,,(¢), n21 (4. 2a)
where
jn(¢)=sinh[(z - 1)®Kcosh[(n - 1)&] - cos¢}™ .
(4. 2b)

The (,fz’ and the solution for the ¢, D are sub-
stituted into Eqs. (2.7). Since the ¢, ) are observed
to be exponentially small in T and the € for n2 2
do not contribute to the €.?’, the exponentials and
legarithms can be expanded to derive

€2 =dn(p)* (2 +e2]), nz3 (4. 3a)

Do dn(pf P +ePsTe/T) | (4. 30)
and

Dodn(pyre® (4. 3c)
with lim,._€#/n=0. (In this and later sets of

equations we refer to the e"f“’ T term and similar
terms as the driving term.) In applying procedure
A one has

@ = Th, (o) 1"/ T for n21 (4.4a)
and with

hy(®) =75(¢) (4.4p)
and

Pa(®) =Jna2(D) +7a0) . (4. 4c)

The next term ¢, ) is exponentially smaller in T than

the above expression for <,, , i.e., 6(3’ is of order
e-(const)/T €(2)

The integral in Eq. (4.4a) may be estlmated by
steepest descent. This simplifies e > to

€1(.2)((1>)= (Zﬂ)'llz(A+1)j3(¢ )(Slllh@) -1 (1-H0-A)/T
x[T3/2,0(15%)] . (4.5)

One substitutes €, into the free energy and per-
forms expansions of the logarithm and exponential.
After several cancellations the resulting, rather
complicated, form reduces to

F(T,0)=0Hy— tH, - (2m)"V/ 2o 1-Ho- &)/ T

X [T3/ 2, O(TSIZ)] .

The magnetization, susceptibility, and specific heat
are, respectively,

(2'")-1/26 (1-Hp-4)/ T[T1/2+O(T3/2)]

(4. 6a)

, (4.6b)

o=%-

X= (21'.)-1/26 -Hg-8)/ T[T-l/a +O(Tl/2)]
’
and

CH= (2.")-1/ 2(H0+A - l)ze(l-Ho-A)/ T

(4. 6¢c)
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x[1-%2,0(T"13] . (4.6d)

By rescaling ¢ the A -1 limit can be performed on
all the expressions in this subsection. Without a
study of the higher-order terms it is not obvious
why one cannot take Hy—~ 0. However, for A#1,
take Hy—~0; then T—0 to obtain 0=3. Since the
correct answer is 0=0, one concludes that HyZ p
>0 is necessary.

B. Region B; § =1 (Antiferromagnetic), e(ll)>p >0,
o Independent of T

So that we may use some of our results to ob-
tain the free energy near line b, we will derive
€ and € valid for €{1’2 - 7T, 7 an arbitrary pos-
itive number independent of 7. [In the remainder
of the paper p and 7 will always be as described in
this subsection; i.e., both are arbitrary positive
numbers independent of T. Also, in Secs. IV B,
IVC, IVG-IVJ “near” to a line means that H, is
such that the point (64, Hy) is an O(T') distance from
the line along a constant 6A curve. Throughout the
paper “O(T) near” refers to this definition of
“near.”] Lete,=¢V+€® +. The ¢!’ are found
by an identical procedure to that for region A. The
€V are

& V=Hyn - sinh(®) j,.(¢), n21.

4.7

The E,fZ) are also obtained as in region A except,
smce e‘” can be of order T, logarithms containing
el v/ 7' cannot be expanded. This changes Eq.

(4. 4a) to

€2 = Th,(¢)*In(1+ 71"/ T) . (4.8)
{3) ;

€,°’ is exponentially smaller than 6‘3) if €, > >p and
is of order 7% if €{V’> - 7T and E(“_O(T) in some
region.

By taking €{1’> p one is allowed to expand the
logarithm and obtain an expression for e,‘,z) in terms
of € {1 jdentical to Eq. (4.4a). Therefore, in region
B,

€i? = (21)™V%(a =1)j5(¢) ° 7 (sinh@)™

x[1%2+0(T2)], (4.9)

where G=A+1 -H,and the restriction €{’2p
translates to Hy— A-12p. The free energy, mag-
netization, susceptibility, and specific heat are,
respectively,

F(T, 0)=oHy—$Hy - (2m)/2eC/T

x[T%2+0(T°®)],  (4.10a)

= (2n) 128 T[TV 2 O(T%7)], (4.100)

x = (2m) 128 T T2 O(T! /)], (4.10c)
and

Cy=(2m) 122 L/T[ T2 O0(T/%)]. (4.10d)
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The A-1 limit is allowed on all quantities if ¢ is
rescaled.

C. Region C; §=1 (Antiferromagnetic), e{!) <-p, <0,
Hy>p,>0, A+ 1

As in Sec. IVB, we first assume €{!’<7T in ob-
taining €!V and e‘z’, where €, —s“’+€‘2’ ... By
examining Egs. (2.7) it is seen that €,>0 for nz2.
Therefore, in Eqs. (2.7) the 1’s inside those
logarithms whose arguments do not contain €; can
be dropped. Since €{ <77, the logarithm contain-
ing €; can be eliminated. The resulting equations
are

€ =dn(@)* (el +€}), n23 (4.11a)
eV =dn(¢p) iV, (4.11pb)
e =dn(p) * P ~sinh(d)dn(e), (4.11c)

with lim ,..€? /n = H,.
the solution is

eV=Hn-1), n22

By applying procedure A

(4.12a)
and

€V = $Hy - sinh(®)dn (¢) . (4.12b)

To extract the first temperature-dependent term
of the free energy, the ef,Z) are not needed. How ~
ever, for completeness they are included. One
proceeds to solve for the €'? in the manner out-
lined in Sec. IV A with the difference that either
€iV or €' contributes to the €.? depending on
whether | €{V’| or €% is the smaller. Since the
minimum value of 1611)1 is at ¢ =m, if 1€{V(r)l
<H,, one obtains equations for the €2 identical to
Egs. (4.3), except in Eq. (4.3b) the € term is

eliminated, and €{ is changed to —€{"’. In using
procedure A the e‘z’ are
€D = Tj,(¢)* In(1 + 1 /T), (4.132)
and
® - Th(g)*In(1+e4’/T) (4.130)
where
h(g)= i [2cosh(m®)] exp(- ime — |m |®) .
- (4.13¢)

If Hy< |€{V(m)|, the equations whose solution is
Eqgs. (4.13) are modified to have driving terms
dependent on €. The ¢ are

)=2Te /T 523 (4.14a)

and

€B=Te /T p=1,2 . (4- 14b)

The €, are exponentially smaller than the €}
given in either Eqs. (4.13) or (4.14) if ¢{1’< -p,.
If €V <7Tand (Y =0(T) is some region, the €®
can only be restrlcted to O(T?).
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Now one takes e(“< —py; i.e., region C. Since
¢*t""/ 7 is then exponentially small in T, € can be
substituted in Eq. (2. 6) for the free energy, and
the logarithm can be expanded. After doing the
asymptotic analysis of the resulting integral one
derives

F(T,0)=Ey/N+0H,~ AY2eB/ T

x[T32+0(T%%)] , (4.15a)
-%A“ze'BlT[T1/2+O(T3/a)] , (4.15b)
=<§—A”2e'3/ T[T-1/2+O(T1/2)] , (4.15¢)

and
Cy=B2AY2o-B/T[1-3/2 o(T1/?)] | (4.154d)

where

A=F'/[2sinh(®)KR?] (4.15e)

and
B=sinh(®)Kk' /1 —3H, . (4. 15f)

Note that B is equal to one-half the gap between the
ground state and first excited states. Also, e"’
< - p; translates to 3Hy— sinh(®)Kk’/7< - py.

D. Region D; e(ll) Both Negative and Positive, not O(T)
near Lines b or ¢

Expand €,=€¢Y +¢? +**+ and define a> 0 by

€(@)=0. (! has only two zeros a and — a.)

The ¢!V for n> 2 are again positive which allows

the 1’s in the logarithms of Eqs. (2. 7) to be dis-
regarded. The integral of In(1+¢&° el T) can be split
into two parts with the [- a, a] range exponentially
small in T since €, D s negative there, and the re-

maining range can be treated the same as the other
'Y

€, . This gives coupled equations of the form
eV=dn(p*eN+elt)), n23 (4.16a)
eV =dn(p)*et +dn(p)* g e (4.16b)
and
€V =dn(¢p)*e P - sinh(®)dn(o) (4.16¢)

with lim,. . €’/n=H, and *2 denoting

Forsg= @[+ [flo-0")glo’)dp’
For later convenience take *{ to mean
foyig=@nt [ fo-o')g(o )dp’
By procedure A the solution to Egs. (4.16) is

eV=Hyn—-1)+j,(d)* e, n22 (4.17a)
with €4 o given by the integral equation
’= 3H, - inh(®)dn(p) +h(p)*§ e . (4.1)

h and j, are éiven by Eqs. (4.13c) and (4. 2b). For
cases in which « is small another form of the
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equations is more suitable. By adding and sub-
tracting 2(¢)*§ €;’ to Eq. (4.170) and j,(¢)*§ €V
to Eq. (4.17a), and by applying procedure A to
Egs. (4.17), one obtains

€V =Hyn - sinh(®) j.1(0) = ha(0) *5 i,
n>1. (4.18)

Note that o as a function of Hj and A is obtained,
after solving either Eq. (4.17b) or (4.18) for
n=1, by setting €} (a)=0.

ei” in the neighborhood of @ and — a provides
the driving term to the €'? equations. This im-
plies that the parameter that enters into the
asymptotic expansion is the slope of €(“ at a,

and that the coefficient of the driving term is given
by Jo In(1 +e™)dx. Therefore, let €i¥ =¢(¢ — @)

in the neighborhood of @ and set €'? = T%7f,/(12¢).
The coupled equations for the f, are

fn=dn(¢)*'(fn+1+fn_1), n23 (4. 19a)
fa=dn(®)* fs +dn(¢)*g f1
+dn(p +a)+dn(dp - @), (4.19b)
and
f1=dn(¢)*f2 . (4.19¢)
By applying procedure A it follows that
fn=j’l(¢ + a) +].n(¢ - a) +jﬂ(¢)*gf1!
n>2  (4.20a)
and
fi=h(p+a)+h(p - a)+h(p)*§ f; . (4. 20D)

For a small, a set of relations similar to Eq.
(4. 18) is desired. They are
fnz h"(¢ + C!) +hn(¢ - (Y) _hn(¢) *(;" fl’
n>1. (4.21)

The next-order term €!® in €, is.of order T°.
The free energy can be treated with the same

methods used to obtain Eqs. (4.17b), (4.18),

(4. 20p), and (4.21). One obtains two equivalent

expressions for F and Cy. They are

F(T,0)=Ey/N + oHy —dn(0) *$ €

—T324¢) an(0)*§ £, - T 2dn(a) n(6¢)*+ O(T3),

(4. 22a)
with
Cy=T(128)dn(0)x f1+ Tdn(a) 7(3t)* +0(T ?)

(4. 22b)
and
F(T, 0)=oHy~ 3 Hy+ j(0) %5 iV + T %(242)j (0) %S £,

-T2qnj,(a)62)+0(T?%), (4.23a)
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with

Cy=Trja)3t) =T(12£)"15,(0)%% f,+0(T ¥ .
(4. 23p)
o cannot be obtained in a compact form.

The limit &~ 0 is allowed on all expressions in
this subsection if it is remembered to scale all
variables. Because we need the equations later,
we include here one of the two equivalent sets of
equations for & = 0. We denote all scaled vari-
ables and functions by a prime with the exception
of €; and €{!’ where primes would cause some con-
fusion. If one defines ch(x)=n2"'sech(3mx),
we have

=€+ T 25 (x)12¢)+0(T3) , (4. 24a)
eV (x)=¢'(x -a’), x near a’ (4. 24b)
W)= [ dye % (2coshy)?, (4. 24c)

€V = 3H, - ch(x) + (2m)
X(f_':'+ f:) B (x—x') €V (x")dx’, (4.24d)
fl=h'(x+a)+n' (x —a’)+(2m)"!
X[ 4 [ =26 ax (4. 24€)
F(T,0)=Eq /N +0H,
- (S + [T el P () ax

—TH24t) ([ + [) chlx) £ () dx

~T27(6¢") ch(a)+ O(T?%) , (4. 24f)
and
Ca=TA2) ([ '+ [7) ch(n)f{ () ax
+Tr(3t) ch(a)+0(T?) . (4.24g)

E. Existence of e(ll) and f; in Region D

By writing Eqgs. (4.17b) and (4. 20b) in operator
notation and examining the eigenvalue spectrum of
the operator corresponding to #(¢), one can show
by arguments identical to those of Yang and Yang'*
that unique solutions exist for the two equations.

F. Approximate Solutions O(1) near Boundaries of Region D

For H, such that one is near either line b or ¢
and in D, approximate expressions can be found
for €f and f;. [It must be understood that in this
subsection when we speak of “near” a boundary, it
is not meant that the boundary is approached as
T~ 0, but rather that one is first expanding in T,
then in the distance from the boundary along a
constant 6A line. At times we refer to this as

“O(1) near.” ] Let us first look near line b, and

let
G=(sinh®)j,(0) - Hy=0+1-H, . (4. 25)

Since « is small, Egs. (4. 18) and (4. 21) can be
solved by iterating the equations and expanding
the resulting solutions around a=0. This gives

€fM = Hy - (sinh®) j(¢)

+(2G)*"%jy(¢)[37j 2(0)]*+ 0(G?) (4. 26a)
and
f1=2j5(p) +0(GY?) . (4. 26b)
Therefore, we have
a=(26)"/ j(0) + 0(G) (4. 26¢)
and
t=al,(0)]2+ 0(G*?) . (4. 26d)

Upon insertion into the free-energy expression,
F(T,0)=0Hy - $H, - (26)*2 (3m) ™1 + 0(G?)
-T%7[6(26)' 2]+ O(T%G%)+0(T?) . (4.27a)

The G dependence of the O(T %) term is not known.
It follows that

0=3%-(26)"217* + 0(G) + T 2 [6(2G)*/% ]
+0(T3G 1% +0(TY),
X= ”-1(26)-1/2+ O(G 0) + Tan(SG 5/2 21/2)-1

(4. 27p)

+0(T3G 3% +0(T?, (4.27c)

and
Cy=Tr[32G) 2] +0(T'GY)+0(T?. (4.27d)

There is no problem in allowing A~ 1; for A-1,
G~2-H,.

In the neighborhood of line ¢, « is near 7.
Therefore, let =7 —-a and y= - B. For a near 7,
Egs. (4.17b) and (4. 20b) are the appropriate equa-
tions to iterate. After expanding the resulting
solutions one obtains

€fV = $H, - sinh(®)dn(¢) + 0(y 373 , (4. 28a)
fi=2h(p £m)+0(y 3, (4. 28b)
B=1{2y[sinh(®)'k? ] }/*(n/K)*%+ O(y), (4. 28c)
and
t=(sinh®)K 3%’ Br~3 + 0(%/?) . (4. 28d)
The free energy is
F(T,0)=Ey/N+0Hy —4(37%%)1 4 3/2 412, 0(y?)
~T2AYVE P36y 31 O(T 2 %) + O(T3), (4.29a)
with

o=(yA/m)M2+ 0(y) - T2AY? 1312(24, 3/2)1
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+O0(T3 Y3+ 0(T?), (4.29D)
X= %Alla(ﬂ’y)-”2+0(’y0) + T2A1/2 7r3/2(32,}/5/2)-1
+O0(T% 3% 0(T%), (4.29c)
and

Cu=T(A/YM2 132372 O(Ty %) + O(T?) . (4. 29d)

A is given by Eq. (4.15e), and the y dependence of
the last temperature order in Egs. (4. 29) is not
known.

Since A-0 as A~ 1, the work for near line c is
not valid at A=1, For A=1 and Hj near zero, a
separate treatment, similar to the Wiener-Hopf
calculation that Yang and Yang performed, must
be done.

We define

Sw)=efP@u+a’)e™ /2

and use the evenness of ¢{ and £} to derive from
Egs. (4.24):

Sw)=%4Hye"™ 2 —chlu +a') "' /?

and T()=f1u+a’)

+@2mt f: Bu-u')Sw ) du'

+(21r)'1f: B u+u +2a")Sw')du’ (4. 30a)
and
Tw)=h'(u)+ h'(u+2a')+(21r)'1f: B(w-u')T @ )du'

+(21r)"1f: Bu+u' +2a)T@ )du' .

For H, near zero o’ is large, and since it can be
shown by an integration by parts that ’(x)~u2 for
large u#, an expansion of both S and T can be made,
Let S=Sg+S;+++- and T=Ty+Ty++--. To have
the proper H, dependence in each of the first two
orders, & must be given by
a'= =211 In(Hyn) + 2n& [7(InHy)? )™ + O[(InHy)™ ],
(4.31)
where 1 and £ are constants independent of Hj .
The resulting equations are

So=(2n)™ = we™/% 4 (2m)! f: B —u')So(w')du'
- (4. 32a)
Sy= E[2(nHe)* ™+ @m) [ 1'(w —u)S1 6 )du’

+(27)? f: B uru +2a)Sow’)du’ , (4.32b)
(4. 32¢)

(4. 30b)

To=h'(u)+ (2m)™ f: B -u')Tob )du' ,

and

Ty=h'(u+2a")+ @2m)™? _/;: W G- )Ty )du' +(2m)?
X fowh'(u+u'+2a')To(u')du' . (4.32d)

The constants 7 and ¢ are found by solving for S,
and §; and requiring that S,(0)=5;(0)=0. S, and T,
are of order (lnHO)'4 . To the order we wish to

calculate, from Eq. (4. 24f), the free energy is
F(T, 0)=Ey/N+0Hy

- Hom)® J” &2 Sy(u) du + O[H §(inHo)? |

- T 2r{12[S4(0) + $1(0)] }* fo T e (Ty+Ty) du

- T 21%{6[S5(0) +51(0) ]} + O[T ¥(InHy)* ] + O(T 3).
(4. 33)
The primes on Sy and S; indicute differentiation with
with respect to «.

Equations (4. 32) are solved by a standard Wien-
er -Hopf technique.!® As in many cases it is not
difficult to write the resulting solutions as func-
tions in the Fourier-transformed space, but it is
very difficult to obtain closed forms in # space.
The trick is to observe that one can work com-
pletely in the Fourier space; for example, the con-
dition S4(0)=0 is equivalent to requiring lim,..y
So(y) =0 and S4(0) is obtained from

S6(0)= = (2m)21im y2Sy(y) ,

g

where the “caret” indicates the Fourier-trans-
formed function. These relations are derived by
expressing S, in terms of §0 and doing two inte-
grations by parts. Likewise, once S, T, and T,
are known, the integrals in Eq. (4. 33) can be con-
verted into integrals over Fourier space and eval-
uated. This procedure yields

F(T,0)=Eo/N+0Hy — H3(27%) ™ + O[HE(InH,) 2] - $ T 2

- T¥6(InHy)? ™ + O[T *(nHy) ®]+0(T ?) ,

4.34
with (4.34a)

o=Hy 1%+ O[Hy(InHy)? | - T ¥[3H,(InH,)*]"*
+O0{T2[Hy(lnHy)* "'} + O(T?), (4.34Db)
X =712+ 0[(InHy)2 ]+ T ¥ 3H(InH,)* |

+O0{TH{ HinH,)* '} +0(T®), (4.34c)
and

Cy=%5T +T[3(InHy)% ] + O[T (InH,)®* |+ O(T ?) .
(4. 34d)

The H, dependence of the last temperature order
is not known.

G. O(T) near Line b; =1 (Antiferromagnetic), e{) >-1T
and eV =0(T) at $=0"

Equations (4.7) and (4. 8) are correct for eV
>=-7T, To satisfy €{” =— 77T and have €{!’=0(T)
at some points, it is possible to have €{’ = 0(T)
only in the neighborhood of ¢=0. Therefore, the
equation for line b is €{V’(0)=0 or Hy=A+1.

To find the free energy, a suitably modified form
of Eq. (4. 9) is needed. The asymptotic analysis of
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Eq. (4.8) for €{(0)= O(T) is performed by Taylor
expanding ¢{¥ around ¢ =0. The integral that is \
evaluated is of the integrand In(1+C e"‘a), not ™.
This gives us an €{® of the form

= - 2m)V%(a -1) js (¢) (sinhd)™

X Fy(-e%'7,3)[1%%+0(T%], (4.35)

where Fy(z, s)=3my2"/n% and G=A+1~Hy is an
O(T) quantity that is either positive or negative.
Also,

Folz, 3)= - ﬂ'l/af_: dx1In(1 —ze"‘a) .

(Note that F, arises in the study of the free quan-
tum gases.)

The analysis of the free energy has to be modi-
fied in the same manner as the preceding. One
finds

F(T, 0)=0Hy - 3Hy+ (2m) /2 Fy(- %7, %)
x[13/%10(T%], (4.36a)
o=5+TH32m) V2 F, (-e%7,1)+0(T), (4.36D)

x==@2aT)Y2F, (- e®/T, - H+0(1°, (4.36c)
and

Cu=@m)VE[-2 TV 2 (= ¢5/T, 3)
£ T2 GF, (e, §)

—T3/2G2Fy(-e% 7, -1)]+0(T) . (4.364)

F is equal to the limiting form from region B
multiplied by — Fo(-e® 7% 3). The A-1 limit is
again allowed if ¢ is rescaled. By taking G/T
large and negative, F, can be approximated to re-
cover Eq. (4.10a) and for G/T large and positive
to recover the T-independent terms of Eq. (4. 27a).

H. O(T) near Line c; §=1 (Antiferromagnetic), e(ll) <7T,
eV=0(T) at p=m, A#1

The analysis of line ¢ parallels that described in

Sec. IVG. Equations (4. 12) and (4. 13) are correct
for €{V <7T. This implies that ¢{V = O(T) in the
neighborhood of ¢ =+, and allows one to describe
line ¢ by

Hy=2sinh(®)dn(r) or Hy=2sinh(®)KE 7!.

After substituting e{l’ into the free energy the log-
arithm cannot be expanded, but the method de-
scribed in Sec. IVG must be applied. This results
in

F(T,0)=Ey/N+cHy+AY2Fy(-eP'7, %)

x[1%/2+0(1%], (4.372)

0=-2"1TAY2Fy(-e®/T,)+0(T), (4.37)

= =4 A/ EF(-eB/T, - 1)+ 0(TY)
(4. 37c)

and
Cy=-AVE[3TY2F(-e?/T,})

+BT 2 F(-e™7, 1)

+B T3/ Fy(=e®/T, - 1)]+0(T) . (4.37d)

B, given by Eq. (4. 15f), is O(T) and is either posi-
tive or negative. Equation (4. 15a) is recovered
from F(T, o) by taking B large and positive, and
the temperature-independent terms of Eq. (4.29a)
result from B large and negative.

I. O(T) near Line d; § =1 (Antiferromagnetic), Hy=0(T),
A#1

It is observed from Eqgs. (4. 12) and (4. 14) that
for Hy=0(T) the €, n>2, are O(T) and the ¢
are linear in 7. Therefore, €{® now contributes
to the free energy, and since T is not small,
the previous solution for the €® in region C is not
valid at line d. To obtain the correct (2 solution,
let €M=Hy(n 1), n>2, and {" = 1H, - sinh(&)
xdn(¢p). If €¥=Tg,, the g, are given by

gn=dn(¢)* In[(e™0™ T 4 gtns1)

> (e-ﬁo (n=2)/T + el,.-l)] , n=3 (4. 383)

gn=dn(¢)* ln(e-HOn/T"‘e’”q) y RB= L2 4. 38b)

with lim,. . g,/n=9. These equations are found by
dropping the exponentially small €, term in the n
=2 equation. We observe that the g, are constants
and, thercfore, the ¢, are

s 1 2
€"=T1n[<ﬂ.nh(iHQ/_T)> _]+..., n=2

sinh(3H,/T)
and (4. 39a)
€= ~ (sinh®)dn(¢) + T1n[2 cosh(3Hy/T)] +- - -
(4. 39p)

The next term in the €, expansion is exponentially
small in T. Upon substituting €, into the free en-
ergy the results are

F(T, 0)=Ey/N+0Hy — A 3(1+ ™0/ T) g B/ T
X[13210(T%%], (4.40a)

o=AY?sinh(3Hy/T) e /T[T %+ O(T% 3],

(4. 40b)
x=4AY2cosh(3Hy/T) e/ T [T1/2 4+ 0(TV ?)] ,
4.40c
and ( )
Cy=(B")2AY22cosh(H,/T)e®"/T
x[T%2%+0(T"V%)], (4.404d)

where B'=sinh(®)KE'/n. For H,/T large F(T, o)
in region C is recovered.
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J. O(T) near Point P; § =1 (Antiferromagnetic),
Hy=0(T), A=1 )

In the expressions for the free energy in region
C and near lines ¢ and d, the coefficient A goes to
zero as point P is approached. This indicates that
the limit is not valid. Furthermore, for the free
energy in region D there are coefficients that go to
infinity near P. Therefore, a separate treatment
of point P is necessary. As previously mentioned,
¢ is scaled to x=¢/®, when &~0. If one remem-
bers that ch(x)= 37 sech(37x) and defines a x* op-
eration such that

fx=g=@m™* [ flx-x") g’ dx’,
the coupled equations for the ¢, are

€,/ T=ch(x)*"1n[(1+ 1/ T) (1 4+ -1/ T)],
n=2 (4.41a)

and €,/T=ch(x)**In(1+e%?’T) —ch(x)/T, (4.41Db)
with lim,,.  €,/n= Hy and
F(T, 0)= Eo/N+cHy - T(27)™*
X [~ ch(x)In(1+e%/T)dx . (4.41c)

One sets

€,=Hyin=1)+Tg,(x)+... for n=2
and
€1=3Hy —ch(x) + Tgy(x) ++++ ;

the next term will be of order T2. The g, satisfy

g=ch(x) ** In[(e™0" T + gas1) (e Ho 2 T 4 pfn-1)],
n=3 (4.42a)

ga=ch(x) ¥ ln[(e'aﬂolT +e3) (1+e[H0/z+ng-ch(x')l/T)] ,
(4. 42b)
and

g1=ch(x)*~In(g"0/T

(4.42¢)

with lim,. . g,/n=0. The driving term in Eq.
(4. 42b) is exponentially small for InT< x< —InT,

+e%2?) ,

while the sech(37x) in the free-energy integral elim-

inates the contribution of x <In7T and x>-InT.
Therefore, the principal contribution to the free
energy comes from the ranges x=y +277 InT,
where y=0(1) in T. Since all functions are even in
x, we need only multiply by two in the appropriate
places and look at the range x=y+ 27! InT. After
defining e,(y) = g,(y + 271 InT) the relevant equa-
tions are
e,= ch(y) = ln[(e-llo n/T + eend) (e-HO n=2)/ T+ ea"_l)] ,
n=3 (4.43a)
es=ch(y)**1In{(e"? 0/ 7 + ¢%)
X[1+exp(3Hy/T+ey - me™''?]}, (4.43b)

and

ey=ch(y)*"1In(e™o/ T + ¢%) | (4. 43c)
with lim,..e,/n=0. The free energy is
F(T,0)=Ey/N+0Hy - T*C(H, /T)+ O(T®%) ,
(4. 44a)
with
o=TC' (H,/T)+0(T?, (4. 44b)
x=C"(H/T)+0(T), (4. 44c)
and
Cy=2TC(H,/T) - 2H,C'(Hy/T)
+HETC"(Hy/T)+O(T?), (4.44d)
where
Clx)= f_: dye™ %In[1+exp(3x+ey—me™ ?)] .
(4. 44e)

We have been unable to solve Egs. (4.43) and eval-
uate C(x) in a closed form. For H,/T large and
positive, F(T, o) in region D is recovered.

V. DISCUSSION

The low-temperature results for regions A, B,
and C and O(T) near lines b, ¢, and d can be ob-
tained by using the dispersion curves for the first
excited states and spin-wave arguments. (As we
have said before, this technique is not extendable
to higher orders in 7.) Region D might also be
explained by such reasoning, but we do not have the
dispersion curves as a function of momentum in D.
In an O(T) neighborhood of point P it seems that
one cannot use spin-wave theory to derive the re-
sults since the function C(Ho/ T) comes from the
solution of an infinite set of nonlinear integral
equations.

We divide the discussion similar to the order of
the low-temperature thermodynamics presentation.
The ground-state energy is set equal to zero, since
only the temperature dependent terms of F(T, o)
are of interest.

A. Regions A and B and O(T) near Line b

It is easier to do the Ising model first, where
the Hamiltonian is that one given in the Introduc-
tion. Consider the set of states which has no bound
states; i.e., no two overturned spins from the
aligned ground state are on adjacent sites. Form
the partition function by taking only these states.
There will be N excitations with energy B, —5J,
3N(N - 1) states with energy 2(B, - 6J), N!/[I!

X (N -1)!] states with I(B, —&J), etc. The partition
function is

N
Q=24 NU[IL(N=1)1]™ P17 -Bo) = (1 1 o8 (87BN
1=0
(5.1)
and

Fi(T, B)=~g1ef® B0 1., | (5.2)

(Note that the proper variable is the magnetic
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field, not magnetization, in this calculation.) The
above argument is modified away from the Ising
limit. From Eq. (3. 4) the energies of the first ex-
cited states are E(q)=Hy —6(A —cosg). There are
N such states with g=2mm/N, 0<g<27m The ex-
citations included in the partition function are the
N states with energies E(g), the 3N(N - 1) states
with energies E(qy) + E(g,), the N!/[I1(N -1)!]

* states with energies E(q) + E(gs) ++- - + E(q,), ete.
Then, we have

0=2 TT...T exp(- ﬁi E@), (6.9

150 0<qy<ay<ee <ay 2r
where the ¢’s are summed over 27/N, and
InQ=27In(1+e*F @), (5. 4)
For N- «, we have
Fo(T, H) =~ TCn)™ [* dgIn(1+¢*5@) . (5.5)
Therefore, in A and B,
Fr(T, Hy) = — T* 3(2m) Y/ 2P @2+ 1-Ho ... | (5.6)

At O(T) near line b, where E(q)= —7T and E(q)
= O(T) for a range of ¢,

Fo(T, Hy) =T 2@2m) 2 Fo(=e®/ T, 3)+-++ .
(5.7)

The two formulas agree with the previously ob-
tained results.

B. Region C and O(T) near Lines ¢ or d

The first excited states of the antiferromagnetic
Ising model consist of turning over all spins in a
connected region. Such states are specified by
giving the positions of the two boundaries of the
region. For By=p>0 there are 3N positions for
the first boundary and 3N -1 positions for the
second. Since the boundaries are indistinguishable
and the ground state is doubly degenerate, this
implies $2(3N) (3N - 1) states with energy J — By.
The reason there are not N positions is that the
lowest excited states for By> p>0 consist of only
S$°=1 and not S*=-1,0. The other states which
we include in @ are, in general, x connected non-
overlapping regions with energy »n(J — B,) and
multiplicity 2(3N) !/[(21)! GN-2r)!]. QT can be
written as

N/2

Q= Zj [1+(=17] GN)

V[r!GN=n)1]tefrBy~N /2

(5.8)
Therefore, we have

QT =(1+eP B/ 2W/2 4 (1= P Be- /2 W/ (5 9)

In the thermodynamic limit the second term can be
dropped to give

FTI-(T, BO)= - (%T)e(BO-J)/ZT +
Note the half-gap.

(5.10)

For By=O(T) (near line d) the first excited states
consist of four types for each of the two ground
states; states with $°=1 and energy J — B,, states
with S*=-1 and energy J + By, states with $%=0,
energy J, and with the first spin up in the region
of overturned spins, and states with S*=0, energy
J, and with the first spin down. There are (3 N)

X (3N —1) states of each type. The partition func-
tion is formed by using these four classes as ele-
mentary excitations. Since only one boundary can
occupy a given site, a generalized exclusion prin-
ciple is in effect; i.e., if a particle (boundary)
occupies a given state for one of the classes of
states, not only other particles of the same class,
but particles of the other classes cannot occupy the
state. This results in a partition function

N/

Q'= 23 23N)1 [2n)! N~ 2n)1]

n=0

X(g=W+B/T +2¢77/T 1B/ Ty (5,11)

The first factor puts in the degeneracy for the
ways of distributing » nonoverlapping connected
regions on the lattice with a doubly degenerate
ground state. The last factor results from fixing
the distribution of connected regions on the lattice
and calculating the partition function for distribut-
ing the states over the four classes. After noting
that the last factor is a perfect square and applying
the same procedure used to obtain Eq. (5.9), one
derives

Q'=[1+e /2" 2 cosh(3B,/T)]¥'?

+[1 —e /272 cosh(3B,/T)1¥'2 . (5.12)
For N- « this results in
F(T, By)= - Tcosh(3By/T)e™ /¥ +... . (5.13)

The preceding illustrates the origin of both the
half-gap and the extra factor of 2 cosh(3B,/T) near
line d. The half-gap comes from the restriction
that only an even number of particles (boundaries)
can be excited out of the ground state. The factor
of 2cosh(3B,/T) comes from an increase in the
degeneracies for B, small.

Away from the Ising limit one parallels the dis-
cussion in Sec. VA with the dispersion curves of
the first excited states given by Eqs. (3.6) and
(3.7a). In region C and O(T) near line c only the
S#=1 dispersion curve contributes to the low-tem-
perature thermodynamics. Therefore, from the
restriction to only even fermion excitations,

N/2
Q=z+E M+(=1y] 222 eXP( BiEuz(qi)

2¢4<ag * <a, ar

@)1 I - e#F1/2@)) |
q

= H (1 +e*?B1y2 (5.14)

where E,;,(g)= (sinh®)Kr- (1 - k? cos®q)"/ % - 3H,.
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In the thermodynamic limit
Fy(T, Hy)= - T(2n)™ [) dgIn(1 +¢**1/2@) . (5.15)
Expanding for region C gives

Fp(T,Hy) == T3 2AY2¢B/T 4. .. (5.186)
and for 0(T) near line c,
Fp(T, Hy) = T32AY*Ry(~e~3/T )4 .. (5.17)

These are our previous answers with the half-gap.
For O(T) near line d all three E,(S*=+1, 0; ¢,
g,) must be used with four classes of excitations
for each ground state and a modified exclusion
principle.
Then

N/2 1/2
Q=2+ 2L [1+(=11]1 2 L2 I (e®BWawairy
1=1

asq1<qz eee <q,$1r i=1

-BE, (O;Gi,q )

+2 e™5 o1 +et B lierdiLg)
N/2
=242 [1+(-1)"]2*cosh*(LH,/T)
1=1

1/2

x 000 I ePEaOiapai) |

0 5q1<q2<° . -<q, s i=1

(5.18)

One continues as above to get the result

o

Fp(T, Hy)= -T2 AY 22 cosh(iHy/T)e ™2/ T4 ... |

(5. 19)
which exhibits the extra factor of 2cosh(3H,/T) and
the half-gap.

In conclusion we reiterate that, while physically
illuminating, the simple arguments are not gen-
eralizable to higher orders in T as are the expan-
sions in Sec. IV.

Finally, we can make a statement about the re-
gion [6A1<1. One knows from Araki’s theorem®
that the free energy is analytic in 6A and H, for
T>0. Furthermore, from the work of Yang and
Yang one knows that the ground state is analytic
across dA==x1 for ¢>0 and ¢ fixed. Therefore, it
is reasonable to expect that Egs. (4. 6) and (4. 10)
can be continued into the region 15A1< 1 and give
the correct low-temperature thermodynamics for
Hy-06A-12p>0and |6Ai<1. [Note that Eqgs.

(4. 6) and (4. 10) are analytic continuations of each
other.] Also, for O(T) and O(1) near the line H,
=6A+1 with 6A+ 1> p, the analytic continuation of
Eqgs. (4. 36) and (4. 27), respectively, should give
the correct low-temperature thermodynamics.
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