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A theoretical calculation is presented for absorption-line profiles of alkali-metal atomic
spectra. The red- and violet-satellite bands caused by interactions with noble-gas perturb-
ing atoms are discussed in detail. The statistical theory is used in calculating absorption
profiles. It is shown that the pair-distribution function between atoms has an important, and
temperature-dependent, influence on the red-satellite bands.

I. INTRODUCTION

In optical absorption experiments on alkali-
metal atoms, the main transition takes an elec-
tron from the ground-state S orbital to an excited-
state P orbital. Usually each transition has two
primary absorption lines, associated with the
Py, and Py, states, which are split into a doublet
by the spin-orbit interaction. The absorption
spectra may have additional structure, if other
atoms are present in the gas. The case of noble-
gas atoms perturbing the alkali-metal atoms has
received much experimental and theoretical at-
tention. !~ The experiments show that the two
absorption lines of the alkali doublet are broadened
and shifted. In addition, satellite absorption bands
may appear on either side of the two main lines.

Extra absorption bands which appear on the
high-frequency side of the P;,, line are blue satel-
lites, while those on the low-frequency side of the
Py, line are red satellites. Hindmarsh and Farr®
reviewed the properties of the red satellites, and
proposed an explanation. Their calculations em-
ployed the statistical theory, which is a semiclas-
sical theory which depends only upon the inter-
atomic potentials between the alkali and noble
gas. If V,(R) is the potential in the alkali ground
S state, and V,(R) is the potential of the alkali ex-
cited P, state, then V;(R) = V;(R) - V,(R) is the dif-
ference potential. They assumed a Lennard-Jones
form for V,'(R), and their calculations explained
their experimental results on potassium perturbed
by krypton.

The physics is quite simple. If an alkali atom
undergoes an optical transition while a noble-gas
atom is R away, then the photon energy required
for the transition is Zw= 7wy + V;(R), where 7w, is
the transition frequency of the isolated alkali atom,
A crude estimate of the absorption spectra is ob-
tained by averaging over all possible coordinate
positions R of the noble-gas atoms:

A(W) =n [ d°R g(R) 8w - fiwy— Vi (R)), (1.1)

where # is the density of noble-gas atoms. The

|o»

factor g(R) is the pair correlation function be-
tween the atoms.!? The more elaborate version

of the statistical theory (2.1) which is used in this
article, considers interactions with more than one
noble-gas atom at a time. The simplified version
(1.1) is an accurate approximation when » is small,
so that interactions with several noble-gas atoms
at a time are rare events.

The present calculation extends the results of
Hindmarsh and Farr in two ways. The first is
that we have included a factor which they have
omitted: the pair correlation function'? between
the positions of the atoms. The early versions?"
of statistical theory omitted this factor, but recent
investigators®-!! are starting to include it. In
Sec. II we show that such a factor does belong.
The results for a Lennard—Jones potential are pre-
sented in Sec. III. There it is shown that the pair
correlation function may, under certain circum-
stances, suppress the intensity of the red-satellite
band to the point where it may not be observed in
the spectra. In other cases the pair correlation
function may not affect the spectra at all.

The second part of our results are discussed in
Sec. IV. There it is shown that a satellite band
will result from any minimum or maximum in the
difference potential V', (R). It is shown that the
results of Hindmarsh and Farr do not depend upon
the choice of a Lennard-Jones potential. The
same results are obtained from any difference po-
tential V;(R) which has a minimum with similar
values of minimum energy €,, curvature K, and
atomic separation R,,. The position of the satel-
lite band occurs at an energy €,, below the absorp-
tion line, while the relative intensity of the satel-
lite band is determined by the factor nR2 K ;2.
For low values of n, these are the only two param-
eters which are determined, when experiment is
compared to theory.

Satellite bands, can also occur from relative
maxima in the difference potential Vj(R). This
is of interest because recent calculations of the
interatomic potential show relative maxima as well
as minima.5'!® In some cases these maxima can
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explain the position of the blue satellites. 3:*

There have been numerous prior discussions on
the relationship between V j(R) and spectra, =911
The important result of the present calculations is
that satellite bands provide direct information on
the existence of maxima or minima in V}(R). The
energy position of satellite bands, relative to the
main absorption lines, is a direct measure of ex-
tremal energy €,. This agrees with experimental
observations that satellite-band positions are in-
dependent of temperature T and #.°

II. STATISTICAL THEORY

An important idea in our statistical theory isthat
the alkali and perturbing atom can not get too close
to each other. This arises because of the mutual
repulsion they feel at close distances, The physi-
cal function describing this behavior is the pair
distribution function gy,(R), 2 which is the proba-
bility that a noble-gas atom is at R, if the alkali is
at R=0.

Since we have a binary fluid, there are other dis-
tribution functions gy, (R) between noble-gas pairs
and g, (R) between alkali pairs.

OQur result for the absorption spectra in the sta-
tistical theory has the form

A =3 [ 4 exals(w-w) 1= 0,0],

2.1)
¢, =nIdng12(R)(1 —eitviemy

where 7 is the noble-gas density.

The early versions of the statistical theory omit-
ted the g;,() factor. Recent articles have started
to include this factor. Only Futrelle!! has suggested
a reason why this factor needs to be included, and
his derivation is quite complicated. This section
presents a simple derivation of (2.1) It is assumed
the atoms in the gas behave as a classical fluid.
The derivation employs the functional derivative
techniques developed by Percus for classical
fluids, 12

If the density of alkali atoms is much less than
the density of noble gas atoms, then each alkali is
surrounded by only noble-gas atoms. In the statis-
tical theory, for each absorption band j, one wants
to evaluate an integral of the form

Tdt .
Aj(w)zj E; e:t(w-wﬂj I,IdaR;e'Wf(”

x P(R;,R;, Ry, ..., Ry,

where P(R,,R,,...,R,) is the probability that one
perturbing atom is at ﬁl, a second at ﬁz, etc.
For a classical fluid, this function is

P(R,R,,...,Ry)

2.2)

MAHAN 6

=exP[" ﬁE Vo(ﬁz)“ %ﬂ?: U(ﬁz—ﬁm)]/E(ﬁVo) s
1 ym

E(ﬁV0)=fIII dsRl P(ﬁnﬁz,- . ‘;FN) )

where U(R) is the interaction between the noble-
gas atoms, and Vo(ﬁ) is the interaction between
the alkali atom is its ground state and the noble-
gas atom., We can rewrite (2.2) as
_ .od_t +lt(w-wj) E(6VQ+ZtVi,)
Aj(w)_[‘ 2y ¢ =(BV,) .

By using the theory of functional derivatives, Per-
cus!? has shown that this may be evaluated from the
series

InE(BV,+itV ;) - InZ(6V)
- f d°R, (R, (e.uv,'(x'il) -1)
+%f d°R, d°R, S(ﬁl,ﬁz)(e'“"f'ml’— 1)

% (e-‘th'(Rz) 1)+, (2.3)

We keep only the first term on the right-hand side,
as is conventional, and then identify*? F(R,)
=ng(R,). Thus we have derived (2.1). For the
present numerical calculations, we have used the
simple approximation!?

gm(ﬁ)’-:e'wo(m . (2.4)

In this form of the statistical theory, the absorp-
tion spectra (2. 1) no longer depends upon just the
difference of the ground- and excited-state poten-
tial curves, but also upon the ground-state poten-
tial alone. One advantage of the present deriva-
tion is that (2. 3) provides a formula for improving
the approximation at increased densities by re-
taining additional terms. At increased densities
n, one can also improve upon (2. 4) by obtaining
g12(R) from the Percus—Yevick equation, '?

1II. LENNARD-JONES POTENTIAL

The integrals in (2. 1) may be evaluated for the
case of a Lennard—-Jones potential in the initial

and final state. So we take
12 a 6 C(O) C(O)
wam-aof(2)'-(3] - S - -
(3.1a)
12 6 (4) )
a a C C
sl (5) - ()] 5
(3. 1b)
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We are assuming that the initial, final, and dif-
ference potential are all of the Lennard-Jones
type. The assumption is not always in accord with
the actual physical situation. As an example of a
situation where this does not apply, consider the
case that V; has a stronger repulsive term than
V;. Then the coefficient C{z is negative. Since in
optical absorption one usually has Cé >0, this
example has V} purely negative, with no minimum!
However, we shall not consider this case, but
shall restrict ourselves to (3.1) and (3. 2).

We wish to evaluate (2.1) as the following:

A= B expli - wt- 0],
o 3.3)
o) =n f d*Re-BVo'® (1 e-itv;(m ).

Since ¢*(f) = ¢(-£), it is sufficient to evaluate just
the real part of A(w):

A (w) =Ref0°° (dt/7) expli (w=-w)t—p()]. (3.4)

The integral (3.3), with Lennard-Jones poten-
tials (3.1) and (3.2), is similar to that evaluated
by Hindmarsh and Farr.® Following their method
yields

®(t)=C(T) - M4 [T (- DF(- 1, 3, 2)
+22'"*T(4)F(, 3,2)], (3.5)
C(T) =1 2V3p 4 [T (- D F(- §, 3, b)

+2YET()FG, §,0)] . (3.6a)

C(T)=Amp V42"t e "2 y(- 1, (2b)'/%), (3. 6b)

b= BUO’ A= —é—nna% ’ A= %m(a')s ) (3- 7)

y=4p0y+idt o' (a’/ag)?=[BCY +itCyl ag?,
(3.8)

[ Bog+ito’(a’/a )’  [BCLY +it CgF
Boo+ita’ (a'/ag)® ~ 4[BCR +itCy,) ’

where I'(+ 1) are y functions, and F(- i, 3, 2) are
confluent hypergeometric functions. ' The re-
sult of Hindmarsh and Farr is obtained by setting
B=0. This would eliminate the factor g,=e ®"0,
which they omitted.

This is a complicated result for ¢(f). It would
be cumbersome to evaluate explicitly. However,
one of our main points is that a very simple ap-
proximation pertains in many situations. This
occurs if the perturbation density »is moderately
low, say around one atmosphere, Then the dimen-~
sionless constant X is only of order 10-%. This is
quite small. It means that ¢(¢) is negligibly small
unless z is large, which means that ¢ is large.
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So at these moderate densities of perturbers, we
only need to consider the asymptotic limit of ¢(¢)
as t—o, We get

lim z = ito’ + 6+o<%> s (2.9)
t=o
where
a 6 a 12
5:300[2 (—aﬂ> -(;e> ]=—BV0(R,,,). (3.10)

The parameter 0 is an important aspect of our re-
sult. The difference potential V; (R) has its mini-
mum at R, = 216 4 ‘. So & is proportional to the
value of the ground-state potential evaluated at the
minimum of the difference potential. It may be
either positive or negative.

Using (3.9) in (3.5) gives

lim ¢ (¢) = C(T) + A'{ 8 (no' V2 g-ir/4

t=o

o 1/2 . B L
-2(57 exp[i(o ‘t = §m+ 8]

1/2 6
+ <:—Zrt> e"”“[h 20, (%‘}) ] +O(t'3/2)} .

(3.11)
Let us examine these various terms. The con-
stant term C(T) is going to be small if A is small,
unless po, has anomalously large values. This is
plotted in Fig. 1 as a function of b= Boy.

In (3.6a) and (3. 6b) we have listed two equiva-
lent formulas for C(T). The first is useful be-
cause it shows that ¢(f)=0 at ¢t =0. The second
is more useful for numerical computation., The
parabolic cylinder function V(-1, x) is tabulated. !?
The function C(T) grows exponentially with b.
This is obvious from its asymptotic expansion

lim C(T)=2x (21/b)2 ® as T-0.

The insert in Fig. 1 shows that C(T) is negative for
small values of b.
The second term in ¢(f) may be rewritten as

ba () =412 n(Cot)V/2 =174, (3.12)

This term, which was first derived by Kuhn,” is
just the contribution from the van der Waals
forces. That is, we could derive ¢,(¢) by just
taking V;(R)=- C;/R®, g,=1,

¢(t)=n [d°R[1-e i#Cq /R

If this term alone is used in evaluating A(w), there
results Kuhn’s (w, — w)-3/2 red tail to the spectral
line
° dt .
Ay(w)=Re| — expi(w - wp) t - ¢,(#)],
0
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FIG. 1. Plot of C(T)/A as a function of b=0y/kgT,
where oy is the depth of the Lennard—Jones potential for
the ground state. The functional form for C(7T) is given
in (3.6b).

1 E_Q_ 1/2 -2g/a
4 (@) =g [ﬂg] e moM), (8.13)

Q=wo-w, Qy=t713n%Cy, (3.14)
where ©(Q) is the step function, These results
are well known.

The third term in (3.11) has very little depen-
dence upon the Lennard—-Jones potential. This
term occurs whenever there is a difference po-
tential minimum of any kind. We only need to

assume that a difference potential minimum exists.

So if we take V,'(R) to have a minimum at R,
ViR =-0'+ 3K(R-R,)?, (3.15)

where K is the positive curvature, then the inte-
gral

¢s@)=n [ d*R(1 - exp{-if[- o'+ 3K R-R,)*])

(3.16)
yields
3@ =—4mR% 21/Kt)? exp(+ito’ - Lin). (3.17)

Since the curvature of the Lennard-Jones potential

|o»

is
K=120"/R%,

then (3.17) is the same expression as the third
term in (3.11). The only difference between the
two is the important factor e®. We could have
gotten this factor in (3.17), if we had put the
factor gy,(Rm)=e®"0%n’ into (3.16). That is, we
evaluate the pair-distribution function g,(R) at
the minimum R, of the difference potential. This
would then give in (3. 17) exactly the third term in
(3.11)

¢y (1) = = 4m R2 (27/Kt )% expli(to’ = 17 - BV,(R,)] .

(3.18)
This is the term which gives the red-satellite
bands. If we consider the integral for this term
alone, we have

Tdr
As(w)zReI 7 g itlw-wg) 5-03(8)
0

The integral is hard to do. So we expand

o

d

AS(w)=ReJ —;t e te-90 [1 = p () ++--].

0
The term proportional to ¢4(#) gives an estimate of
the red-satellite band

Ay (w)=4mR2 (2/KQ)V20(Q) e®V0Fn) |

Q:w—w0+o',

This is nearly the same result which is obtained
in the simpler version of the statistical theory
(1.1)

Ay(W)=n [ d°R e "R b(fw - fiw, - V (R)),
(3.19)

where V| (R) is the form in (3. 15).

The last term in (3. 11) will not be discussed in
detail. It appears to be a renormalization term
which reduces the intensity of the main absorp-
tion line as the satellite band is increased.

Most of these results, which we have just dis-
cussed, are already known., The new result we
wish to emphasize is that one should combine the
effects of these various contributions to ¢(f). So
a much better approximation to A(w) should be given
by simultaneously including both ¢, () and ¢g(£):

A(w) =M Re %’

0
x expli(w— wy) £ = ¢, (1) ] [1 = 5 (#)],

A(w) = e-°T) A, (w)+4nRE @ 1/K)V2

x exp| = C(T) = BVy(R,) 11 (w - wy+ 0,
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2.0t

FIG. 2. Plot of the satellite-band profiles I, and I,.
Both are plotted for a potential minimum. They differ
only in the sign of the van der Waals coefficient.

waf  dt .
Il(ﬂ) =Re ei /4L 2175 e itQ exp[ - (1 _ z)(Zth)l/z],

(3.20)
where A4,(w) and €, are given in (3.13) and (3. 14).
The integral for I,(f2) may be done, and the results
are expressed in terms of Dawson’s Integral F and
the complementary error function!®* Thus we have

\l/2

11(Q)=(—|§—2‘|)T/§ F((I%OI_)/) 9(—9)+<—$—>U2 2% /9

\ x erfe (( Q—‘Z) 1/z>e)<sz). (3.21)

A plot of the function [ () is shown in Fig. 2.
There is a peak in the line profile. This peak is
the red-satellite band centered near w=wy—¢’,

It is the same band which was discussed by Hind-
marsh and Farr.® Their results were obtained by
numerical integration of (3.4) and (3.5), whereas
we have obtained an analytical result (3.21), which
is valid for low density of perturber atoms.

Our calculations also show that the red-satellite
band has temperature-dependent factors. The
term C(7) is probably not important at low =,
however, the factor g,,= e "V0*m could be very
important. For example, if the minimum R,, was
in the region where V3(R)is strongly repulsive, then
this factor gy, would be very small. This would
suppress the satellite band entirely. This could
explain why the red-gatellite band is often miss-
ing from some alkali spectra for some noble-gas
perturbers. Another possibility is that Vy(R,,)

has a moderate value, so that gV,(R,,) is of order
unity. Then the strength of the satellite band will
have a temperature dependence. The satellite
band intensity could either increase or decrease
with temperature, depending upon the sign of
VO(Rm)'

IV. OTHER POTENTIALS

In order to calculate line profiles, we need to
know the time dependence of ¢(f). However, at
low density of perturber, it is sufficient to know
how ¢(¢) behaves at large values of . We just
showed, for the Lennard-Jones potential, that
¢ (f) had two main contributions at large #. One
was from the attractive van der Waals tail, and
the other from the potential minimum. Other
aspects of the potential, such as the hard-core
repulsive region, are unimportant as their ¢ de-
pendence falls off faster than -2,

We suggest that this must be a feature of line
profiles from all interatomic potentials. The two
important features are the van der Walls region,
and the contribution from potential minima and
maxima., We shall show that potential maxima
cause the same effects as potential minima, Other
aspects of the potential, such as the hard-core re-
pulsive region, do not influence the result., This
is regrettable, as this means that experimental
line shapes are not able to provide much informa-
tion about these other parts of the potential. One
should keep in mind that these conclusions only
apply in the low-density region.

Futrelle' has discussed a unified line-shape
theory, wherein he tries to hybridize the impact
and statistical theory. One interesting result he
suggests is that at large ¢, the exact function
Doxact(t) is the sum of statistical theory ¢(¢) and
impact theory — i(Zz+iZ;)¢, where Zj is the line
shift and %, is the linewidth:

lim ¢)exact(t) = hm[d)(t) - Z(ER + 1EI) l‘] .
t=o t-®

This implies that our asymptotic form for ¢(f)
could be improved at large by adding the impact
contributions — (Zp+iZ;)¢t. Although we accept
this as a reasonable result, we shall not follow
it in these calculations as it introduces two addi-
tional parameters X and Z; into the computations.
It should probably be done for actual comparisons
to experimental data. This procedure was used by
Hindmarsh and Farr in their computations. They
Lorenzian-broadened their statistical results,
which is equivalent to adding the Z; ¢ term to ¢(¢).
It is easy to include these terms in our result.
In (3. 21) the frequency € is replaced by the com-
plex frequency £ — Tz —iZ;, and one takes the real
part of the result. :

We showed that the van der Waals potential is
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a major contribution to ¢(¢) in the statistical
theory. This contribution ¢,(¢) is given in (3.12)
for the case that Cq= C{! = C{’ >0. The other
possibility is that C;<0. Then one gets that

%_ ,n,S/Zn (_ ' Csll t)l/z e-in‘ /4=§_ 713/2”(’ CGI | t)l/z ei1r/4 .

If we denote the sign of a quantity x as sgn(x), then
the general form for ¢,(¢) is

Bo () =% 7%2n[t | G| 12 exp[ - Lin sgn(Cy)].

The other major contribution to ¢(f) comes from
the minima and maxima in the difference potential
V;(R). Each extrema is characterized by three
constants: the position R,, the extremal energy
€, , and the curvature K,,. Thus we have

Vi(R)=€,+ 3K,(R-R,)* if R~R,,.

The energy €,, may have either sign, and we shall
adopt the conventionthat €,,> 0 for extrema at posi-
tive energies. The curvature K,, is positive for a
minimum and negative for a maximum. The con-
tribution to ¢(f) is

\ 172

) exp[-ite, - BV, (R,,)

27
__ 2
6, (t)= 4mRm(t|Km|

- simsgn(k,)]. (@4.1)

The sign of the factor e-#/* depends upon the sign
of K,,. The total value of ¢(#) is obtained by sum-
ming over all extrema

lim ¢(8) = C(T) + ¢ (&) + 20 D,(2) .

i Zadied m
The line-shape profile A(w) is obtained, as be-
fore, by linearizing the contributions from ¢,,(#):

©

A(w) =Rej

0

iﬂt expli (v = wy) t = C(T) = ¢, (1)]
x[1-27 6,01, @2

A(w) = A (@) e T+ 70, A, (W) @.3)
The result for A,(w) has been given in (3. 13) for the
case of C4>0. The result for C¢<0 is similar,
the only difference is that @ = w - w,, since the
band tail is now on the violet side of the resonance
frequency. This situation Cé <0 is not encountered
very often in experimental absorption spectra.

In (4.3), each A, (w) describes a satellite band
in the absorption spectra. A red band occurs if
€,<0, and a violet band occurs if €,,>0. A satel-
lite band occurs for both potential minima and max-
ima, and a minima or maxima can each occur for
either sign of €,,.

In general, additional satellite bands can occur
at higher harmonics of these basic frequencies,

G. D. MAHAN

K=

TABLE I. Satellite-band profiles.

K, >0 Kp<0
ct >0 Ii(w = wy—€m) I(w=wo=€m
¢l <0 I(wy+€p—w) I(wy+€m—w)

at multiples of €,, and also at the various combina-
tions €,+¢€,, etc. Our theory does not describe
these harmonics, because we have linearized our
formula

exp(— Em'd’m) =1 _Em ¢m .

However, the intensity of these harmonics will be
small as long as 4mR3, is small. They may be
neglected since we are confining our discussion
to the case where n is small at low perturber pres-
sures.

There are two parameters in the theory whose
sign are important, Cé and K,,. The two choices
of sign for each quantity lead to four classes of
behavior. One of these, C¢>0 and K,,>0, was
discussed in the previous section. It gives a line
shape of the form

A, (w)=4nR2 21/K,)"/2 ¢ ¢ B0l Ey)

x Ii(w=-wy-€,), (3.20)
where I,(Q) is given in (3.21). The other impor-
tant case which will be encountered in absorption
spectra is Cé >0, K, <0, a potential maximum,
Here we get

A, (w)=4nR% (27/ [Km|)1/2 e-C(T) o -BVo(Rm)

XIp(w—wy=€,),
4.4)

" dr ,
I,(Q)=Ree "/45 e #92 exp[ - (1 —4)(262)/2] .
0

The integral for I, may be done and gives

L,@)=(1/|Q])2 e-%/ 10! 6(-9). 4.5)
This is basically a square-root singularity, except
for the exponential factor which is negligible ex-
cept very near the satellite band frequency. The
frequency dependence of I,(Q) and I,() are quite
different, This difference primarily arises from
the influence of the van der Waals contribution,
The I,(§) form is essentially similar to that cal-
culated (3.19) in the absence of the van der Waals
term. One choice for the sign of C4 leads to quali-
tatively different line shapes I,(R2) for the satellite
band than does the other I,(Q).

The four classes of behavior, depending upon
the signs of C,; and K,,, each have either the I,(Q)
or I,() frequency dependence. These choices are
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summarized in TableI. Figure 2 shows plots of I,
and I,. They are calculated with the same set of
parameters and only differ in the sign of C;. What
is actually plotted in Fig. 2 are the dimensionless
functions (20,)/21, and (2Q7)V2L,. The parameters
are chosen to represent a potential minimum K,
>0, while I, has C¢>0 and I, has C¢g<0. The
shapes of the two curves are quite different. The
case I; has a much sharper satellite band profile.
In Fig. 2, the frequency is measured in units of
Q,. For low-perturber densities, say about

1 atm, then Q, is very small—it is a small frac-
tion of an cm-! unit, In this case one can per-
haps ignore the small differences between I, and

I, and use

7 \v2
lim I, ~],=~ < ——) o(Q sgn(k,)) -
n=0 1921 "
Of course, this is the same result as obtained in
(3.19), where the van der Waals contribution was
omitted. Effects dependent upon 2,/ may be
observable at high concentrations.

We conclude this section by again emphasizing
the importance of the factor e-?"0¢®»’, This factor
could cause a red-satellite band to have great tem-
perature sensitivity. It could also explain why some
alkali-noble gas pairs do not show red-satellite
bands at low density, g;,(R,,)~0 if R,, <ay.
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