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It is shown that the static dielectric function computed from a variational solution of the
appropriate vertex function obeys the compressibility sum rule and reaches the well-estab-
lished limit for large k. The vertex equation contains the self-energy contributions to the
one-electron states as well as the exchange contributions. A comparison of the results with
a recent scheme due to Toigo and Woodruff shows that the moment-conserving approximation
used by these authors is correct for small wave vectors and incorrect for large wave vectors
in contrast to the variational method.

Recently, ' we calculated the dielectric func- €(d, w)=1+Qo(q, w) /[1 -G,(d, w) Qo(g, w)], (3)
tion, the spin, and orbital susceptibilities of an

interacting-electron gas using a variational solu- where

tion of the appropriate vertex functions. In this Qolg, w)=2V(g)I,(g, w) , (3a)
note we wish to bring to attention the results of

the static dielectric function® and compare it with G,(@, w)=J,(d, w)/Qy(d, w) I,{, w) . (3b)

a recent calculation of the same function by Toigo
and Woodruff® who use a moment-conserving ap-
proximation scheme.

The expression for the dielectric function is!

& (@ 0)=1+2V(@Q) (@, )/[1,E, ») -J,d, )],

a. 4-01limit. As in most calculations we
take w=0 in G, from now on. When w=0, the
g~ 0 limit of the integrals (2a) and (2b) has al-
ready been calculated in Ref. 1:

1,(g, 0)~ mky /21, (4a)
where ) J,(8, 0)~ mky /20%)(ar, /1) . (4b)
fQ(k+2q) —fo(k-zq) Thus, we have
b&e) f ‘2") w+in—k-4/m ) S G,(@, 0)~ £ (g¥/k2) 5)
d’rd’r’ f(k+zd) —folk - 38) and so,
Jo(q, )= fj (2n)® ow +in - oq/m )

lifr; q%€, @, 0)=4(ar, /1)/[1 - (ar/m)] , (6)

(fo(k' +39) "fo(E' 23') )

wrin-K - which expresses the compressibility sum rule

(see Ref. 3 for instance). The same result was
w+in -k §/m also obtained by Toigo and Woodruff.
X( T erin-E-dm ) (2b) b. §~ limit. It is easy to show that for
large g,
Here V(q)= (41e®/q?). fo(k) is the usual Fermi

2y (3,3 2

vl 1,(3,0)~ (2m/a®) (3 /3¢%) . ()
Equation (1) can be recast into a more familiar To estimate J, we first recast (2b) in the follow-

form: ing form (take @ long the z direction):

2 34932, . .
sa,00- 2= [ [ LEEE 1y )
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In the large-§ limit then, since V(k -k’+9)
~4me?/q%, we obtain finally after expanding the
terms in powers of (1/q)

tro? 4J’ ara‘e
me" 3 "—"—8_‘(27'_)

7@, 0)~

X (Tk”‘-"%TT (k,k{,—kf)n) - (8

FS here stands for integration over the Fermi
surface.
Using the expression

T - D e VORR) 1B VG
(9)
where V‘")(k,k’) is related to the associated
Legendre function, all the angular integrals and
the subsequent sums on (i#) can be performed

(after scaling &, k&’ by kg):
1
64m2rerd jl xzdxs x"2dx’
6
0

7,(, 0) =~ 27° 272
0

x{2[3xx’ VP x") =22V O (x; )] + 1} .

Now, we have

2 2
Lo (=X
L } [( 4xxl )ln

The first term in this is antisymmetric under the
exchange of k, k' and hence vanishes. We, thus,
obtain the result

64 k3 2 1 k3 2
s~y [(2h) -3 8

32m2e2rS
i 10

x+x’
x—-x'

-§+1] . 10

The integral (8) can also be written as

64m2e21r

J,(4, 0) =~
dakdak’ (kg —FL)? ,
“ e \'TIE —k—’lz) )

after symmetrizing the integrand with respect to
(k,k’). The integration is straightforward because
of the spherical symmetry of the intergration re-
gion as was pointed out by Geldart et al.* very
recently.

Hence, we have

G,(§, 0)~% for -~». (11)

The integral that Toigo and Woodruff encountered
in their calculation has the same appearance as
(Zb) except for the absence of the factors (w+in
-k-§n) " (w+in -k -§/m)" in the integrand in

|o»

(2b). The above procedure then yields a plus
sign in (8’) and (10’), and hence their integral can
also be done exactly and differs from the result
they quote. The same point has just been made
by Geldart et al. also.? The above result (11)
agrees with the static Hartree-Fock value for
G(g) derived by Geldart et al.,* in contrast to that
of Toigo and Woodruff.

The “reduced” vertex function used in the above
calculation is!

- . 31 - .
T, 4)= 1+j G VE-E)

[@(szq) —folk’ - éq)]
w+in -k -8/m

5, Wrin=K-§/m =
<(Fwsa- g L )

The variational solution

r,.0;8)=1,@)/U, -J,) (13)

minimizes the density-density response function.
In (12) the exchange processes and the self-energy
contribution to the one-electron states are rep-
resented by the last two terms. This is the lin-
earized form of the nonlinear vertex equation in
the Ladder-Bubble scheme, where the equation
explicitly contains also the dynamically screened
exchange contributions. (See Ref. 5, for ex-
ample.)

In trying to resolve the various intriguing prob-
lems associated with the calculation of the dielec-
tric function of this system, Singwi et al.® pro-
posed a very attractive and successful ansatz.

Its relation to the usual many-body formalism
(mbf) has remained a mystery. Instead of trying
to understand the ansatz from the mbf, one,
therefore, must resort to finding equivalent ap-
proximation schemes within the mbf and this re-
sulted in the elegant moment conserving scheme
of Toigo and Woodruff. The relation of our own
earlier studies of the vertex function formalism
and the new scheme of Toigo and Woodruff seems
to be now clear. We may conclude that the
Toigo-Woodruff scheme is exact in the small-k
limit but not for large X values, whereas our
solution is exact in the small-k limit and ap-
proaches the static Hartree-Fock theory in the
large-k limit. At present, we are studying (in
collaboration with Rath) other correlations in the
system using the Toigo-Woodruff formalism and
will report the conclusions of this in the light of
our recent work.
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