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Three-particle entanglement from entangled photon pairs and a weak coherent state
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We show that a three-photon entangled state can be selected from the product state of an entangled photon
pair and a weak coherent state. An experiment producing about 20 counts/sec of three-photon events can be
extrapolated from existing results.@S1050-2947~99!50101-7#

PACS number~s!: 42.50.Dv, 42.50.Ar, 03.65.Bz
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The realization of a quantum computer@1# is dependent
on the ability to form arbitrary superpositions and entang
ments of large numbers of initially unconnected sing
particle states. In optics this can be done, in theory, using
ideal Kerr nonlinear medium. Such an element, with sing
photon sensitivity, may soon be realized in high finesse c
ity experiments@2#. However, in the absence of such a d
vice many groups have studied two-particle entanglem
effects using sources that create photons in pairs. Two po
lar sources are cascade emission from a three-level ato
system @3# and, more recently, the process of parame
down-conversion@4–6#. One could extend these approach
to look for four-level cascades or three-photon dow
conversion processes but simple calculations based on
istic medium properties show that the rates of creation
entangled three-photon states will be extremely low~of order
10210 sec21 @7#!. As a result there have been no experime
showing entanglement of larger numbers (.2) of particles
to date. More recently, various theoretical arrangements
entangling initially separate photons have been propo
@8–11# but largely not pursued due to impracticality and/
experimental complexity. Recently we have built a puls
source of single photons and have performed an experim
showing interference effects between separate photons@12–
14#. The pulsed source of single photons is made from
parametric crystal pumped by a femtosecond laser. The c
tal is arranged to produce pairs of down-converted phot
of a few nanometers bandwidth and coincident to within
few hundred femtoseconds. Detection of one photon of
pair can be used to gate the detection of the second, pro
ing a source rich in single-photon states@15,16#. The narrow
bandwidth and short pulse length mean that our sing
photon states are near time-bandwidth limited~or Heisenberg
limited!. It is this aspect that allows us to overlap separ
single-photon pulses~in single spatial modes! and make
them indistinguishable, giving high visibility interference e
fects@17,10,12#. Our initial work has been followed by a ke
experiment in which interference of separate photons
been used to illustrate the phenomenon of quantum tele
tation @18#.

Unfortunately the creation efficiencyhc of single photons
from gated parametric sources remains low~hc.2.1024 per
pulse!, and the effective detector efficiencies are lowhd
;0.2. For experiments where multiple-gated single-pho
sources are used to createN-fold entangled states, the resu
is low N-fold coincidence rates~in the best case}hc

Nhd
N!.

The multiple coincidence rates are usually well below 0
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counts/sec for experiments involving two separate dow
conversion crystals. The second major drawback has b
the inevitable background coincidence rates arising from
non-negligible probabilities of two photons occupying t
same mode.

In our experiments we have established that nonclass
interference and evidence of entanglement of separate
ticles occur when we mix a gated single-photon state wit
weak coherent state at a beam splitter@12,13#. We have also
proposed an extension of this apparatus to show entan
ment effects between initially separate particles@14#. Here
we show an apparatus that will select a three-photon po
ization entangled state in a remarkably simple extension
our beam-splitter experiment. A slightly more elaborate a
paratus is required to establish a momentum-phase entan
state. Common to all these experiments is the selection
entangled states from initial product states by measurem
of threefold coincident photodetections. Based on optimiz
the counting rates seen in past experiments@13#, we expect
to see threefold coincidence rates greater than 20 counts
In these experiments we use a weak pulsed laser sourc
the coherent state. The weak laser pulses are still m
brighter than the parametric pair pulses; thus the probab
of seeing two down-converted pairs in one pulse, giving r
to a constant background of triply coincident detections, c
be made negligible.

Consider the arrangement shown in Fig. 1. A femtosec
pulsed laser is doubled in a nonlinear crystal. The doub
beam illuminates a type-II phase-matched parametric do
conversion crystal arranged to emit polarization entang
photon pairs into the two modes shown@6#. The idler mode
polarization is rotated through 90° using a half-wave pl
and any crystal birefringence is compensated for using b
fringent plates. A weak beam of undoubled laser light
linearly polarized at 45° using a half-wave plate. At the li
labeledA in the figure the resulting state is represented
the product of weak coherent states in vertical and horizo
polarizations and a weak~thermal! source of two-photon po-
larization entangled states:

uC&5
1

2
ua&hcua&vc@A122g2u0&su0& i1g~ u1&hsu1&hi

1u1&vsu1&v i !1O~g2!#. ~1!

u&hc (u&vc) represents the horizontally~vertically! polarized
laser mode, which is populated bya representing the coher
R35



dl
a

of
e

ler
e
th
is

o
et
ic
ve
l
po

r
h
id

n

ui

m

to

te

ts
al
tion

nd
s. It

3 is

the

-

r

ith
e.
ility
0
an

of
the
g. In

to
cy
n.

th

e

g
s;
-

RAPID COMMUNICATIONS

R36 PRA 59J. G. RARITY AND P. R. TAPSTER
ent state. The parametric down-conversion signal and i
modesu&s and u& i are populated mostly by vacuum plus
small amplitudeg&!1 of the entangled state consisting
either one horizontal polarization signal photon with on
horizontal polarization idler photonu1&hsu1&hi or one vertical
polarization signal photon with one vertical polarization id
photon u1&vsu1&v i . The signal mode is then mixed with th
laser mode in a polarizing beam splitter as shown so that
horizontal ~vertical! component of the coherent state
mixed with the vertically~horizontally! polarized signal pho-
tons. The three resulting beams now propagate to rem
detector sets labeled 1,2,3 as shown. Each detector s
preceded by a variable thickness birefringent plate, wh
introduces a relative phase shift between horizontal and
tical polarizations (f1 ,f2 ,f3). The horizontal and vertica
polarization modes are then combined by rotating their
larization by 45° ~using a half-wave plate!, and viewing
through a polarizing beam-splitter cube. We now limit ou
selves to those situations where we see triply coincident p
todetections from detector sets 1, 2, and 3. We also cons
only a weak coherent statea!1 such that

ua&h.A12a2u0&1au1&h1O~a2!, ~2!

and similarly withh replaced byv. In this situation, when
we look at the line labeledB we find that the terms that ca
contribute to the triple coincidence rate are

1

2
ag@exp i ~f11f21f3!u1&vc1u1&vs2u1&v i3

1u1&hc1u1&hs2u1&hi3#1O~a2g,g2!, ~3!

where subscripts now describe the polarizationh,v, source
c,s,i , and destination of the mode 1,2,3. We then apply s
able filtering and time gating@17,10,12# to make the single
photons, originating from the laser, indistinguishable fro

FIG. 1. Proposed polarization GHZ experiment described in
text. Key: PDC—parametric down-conversion crystal;c,s,i—laser
mode and signal and idler down-converted modes, respectiv
R(45°), R(90°)—polarization rotation elements;B—birefringent
compensators;B(fN) (N51,2,3)—birefringent elements inducin
a phase shift off between vertical and horizontal polarization
PBS—polarizing beam splitters;N1,N2—photon-counting detec
tors viewing the1 or 2 output mode from the polarizing beam
splitters; f —narrow band filter.
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signal photons emitted by the crystal, which allows us
erase all source subscripts in the above, leaving

1

2
a8g8@exp i ~f11f21f3!u1&v1u1&v2u1&v3

1u1&h1u1&h2u1&h3#1O~a2g,g2!, ~4!

which is the well-known maximally entangled GHZ sta
introduced by Greenberger, Horne, and Zeilinger@19#. There
is some loss introduced by the filtering@17#; hence we rela-
bel with a8,a, g8,g. To demonstrate interference effec
with this state, we have to mix the horizontal and vertic
modes at each detector set. The action of the 45° rota
followed by a polarizing beam splitter is to transform

u1&v j→
1

&
@ i u1&2 j1u1&1 j #,

~5!

u1&h j→
1

&
@2 i u1&2 j1u1&1 j #,

where j 51,2,3,u&1 j represents the transmitted modes, a
u&2 j represents the orthogonally polarized reflected mode
is then easy to show that the probabilityP123(f1 ,f2 ,f3) of
detecting a triple coincidence in detector sets 1, 2, and
given by

P123~f1 ,f2 ,f3!5hd
3/16$a82g82@11~21!m

3cos 2~f11f21f3!#1O~g4!

1O~a4g2!%, ~6!

where we writem5k11k21k3 , and denotek1,2,3511 for
detections in the1 detectors andk1,2,3521 for detections in
the2 detectors. We also include detector efficiencieshd and
note that the total coincidence rate when we add allP123

triple coincidences ishd
3g82a82/2, half that predicted at line

A. In effect we have postselected the GHZ state from
product state represented in Eq.~1!.

The higher-order terms of orderg4,a4g2 could cause a
reduction in the visibility of any interference effect. How
ever, it will be negligible if we arrangeg2!a2!1. This
naturally occurs in the experiment@13,12# as the weak lase
pulses contain on the order ofa2;531022 photons per
pulse. This is much stronger than the parametric source w
hc[g2.531024 pairs per pulse per single spatial mod
Given these values we expect a triple coincidence probab
of 231027 per pulse. With a pulse repetition rate of 10
Mhz this gives a triple coincidence rate of 20 counts/sec,
order of magnitude brighter than two-crystal sources@18#.

We can also produce a momentum entangled version
this state on using the apparatus shown in Fig. 2. Now
crystal is chosen for type-I nondegenerate phase matchin
this situation we can arrange each down-converted beam
consist of two modes with a small difference in frequen
@20# and, as a result, slightly different propagation directio
These modes are separated by pickoff mirrors intor ~re-
flected! andt ~transmitted! modes. The frequenciesf r and f t

e
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are chosen to satisfy energy conservation between the
down-converted beams and the pump. As a result the p
ence of an idler photon in anr mode is directly correlated
with a signal photon in at mode, andvice versa~for ex-
ample, see Ref.@5#!. The weak coherent beam is split at
standard beam splitter into twoc modes, which recombine
with the transmitted signal and idler modes at two sepa
beam splitters labeled 1 and 2~we select onlyf t from the
weak coherent state using narrow-band filters!. The reflected
signal and idler modes recombine at a third beam spli
BS3. Using the same approximations as in Eqs.~1!–~3! the
state before the remote beam splitters is

uC&5
1

2
@~expif1u1&ct11u1&ct2!

3~expi ~f21f3!u1&st2u1& ir 31u1&sr3u1& i t1!#, ~7!

where subscripts again uniquely label the source (c,s,i ), fre-
quency (f t , f r), and destination~BS1,BS2,BS3!. When we
limit ourselves to threefold coincidences beyond the be
splitters we select only

FIG. 2. Proposed momentum-phase GHZ experiment descr
in the text. Key: PDC—parametric down-conversion crystal;M—r
wavelength pickoff mirrors; BS—nonpolarizing beam splitte
BS1,BS2,BS3—remote mode recombining beam splitte
P1,2,3—variable;f1,2,3 radians—phase shifters;f t , f r—narrow band
filters tuned to thet or r wavelength.
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uC&5
1

2
@expi ~f11f21f3!u1&ct1u1&st2u1& ir 3

1u1& i t1u1&ct2u1&sr3#. ~8!

This is again analogous to the GHZ state@19#. An analysis of
the coincidence rates gives a similar result to that shown
Eq. ~6!.

The nonlocality inherent in these states is highlight
when we specialize to the situations of maximum correlat
with f11f21f35np. The knowledge of the outcome o
the measurement for two of the particles uniquely determi
the outcome of the third measurement independent of
individual values off1 ,f2 ,f3 . If we were to assume tha
the photons have phase or polarization fixed at the poin
creation~‘‘locally realistic’’ ! the above statement would onl
be valid for certain selected phases. Of course, in the sec
arrangement we can uniquely determine the phase of the
ser by independent measurements on the unattenuated b
The measurements made after beam splitters 1 and 2 can
be thought of as binary measurements of the phase of
signal and idler modes~relative to the laser!. This then col-
lapses the relative phase of the reflected~r modes! onto one
of two values, which is measured after beam splitter 3.

All these experiments depend on postselection and
lose 50% of all possible triple coincidences due to pairs
photons traveling to one or another of the detector sets. S
larly, we have to rely on the random overlap of the laser a
down-converted photons when both are emitted in only
fraction of the pulses. Both of these losses of efficien
could allow local realistic interpretations to be applied unle
we can prove that fair sampling occurs. In a future expe
ment one might want to replace the laser with an effici
single-mode single-photon source where these probl
would be reduced. We note that a GHZ experiment is in
process of being performed@21#. This experiment is an ex
tension of the Innsbruck teleportation scheme@18# and suf-
fers a three-photon coincidence rate of less than 1022 sec21,
three orders of magnitude below that predicted here.

We acknowledge helpful discussions with Dr. L. Hard
Dr. H. Weinfurter, and Professor A. Zeilinger during th
preparation of this work.
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