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Measurement scheme for relative phase diffusion between two Bose-Einstein condensates

J. Ruostekoski* and D. F. Walls
Department of Physics, University of Auckland, Private Bag 92019, Auckland, New Zealand

~Received 19 June 1998!

We propose a method of measuring diffusion of the relative phase between two Bose-Einstein condensates
occupying different nuclear or electronic spin hyperfine states coupled by a two-photon magnetic-dipole
transition via an intermediate level. Due to the macroscopic quantum coherence the condensates can be
decoupled from the electromagnetic fields. The rate of decoherence and the phase collapse may be determined
from the occupation of the intermediate level or the absorption of radiation.@S1050-2947~99!50404-6#

PACS number~s!: 03.75.Fi, 05.30.Jp, 42.50.Dv
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In this paper we propose a method of measuring the
fusion of the relative phase between two Bose-Einstein c
densates~BECs! formed in different hyperfine states of th
same atom. These two states are coupled by a two-ph
magnetic-dipole transition via an intermediate atomic lev
Due to the macroscopic quantum coherence of the BECs
two-photon transition between the two hyperfine states
suppressed by quantum interference effects. This effec
similar in origin to that occurring in electromagnetically in
duced transparency~EIT! @1,2# and lasing without inversion
@3#. Atomic interactions give rise to phase diffusion and d
stroy the coherence, so that the two-photon transition is
longer completely suppressed. The rate of phase diffus
may be determined by monitoring the population in the
termediate level or the absorption rate.

Since the first realizations of dilute gas alkali-metal BE
@4# the experiments have been broadened to include two-
multiple-condensate systems@5–9#. Myatt et al. @5# pro-
duced two overlapping BECs ofuF51,m521& and uF
52,m52& states of 87Rb using sympathetic cooling. Th
stability of this pair is due to an unexpectedly small inelas
collision rate between these states@10#. Recently, another
BEC pair ofu1,21& andu2,1& states of87Rb has been realize
at JILA @7–9#. These two states have essentially identi
magnetic moments and an adjustable spatial overlap al
ing the creation of a fully interpenetrating binary mixtur
An especially interesting property is that these two BECs
be coupled by a two-photon transition~one microwave and
one radio-frequency photon!.

In general, inelastic collisions will limit the possibilitie
of magnetically trapping BEC pairs. However, optical dipo
traps, which use optical forces to trap atoms, have a m
advantage over magnetic traps since they can stably tra
oms in arbitrary hyperfine states. An evaporatively coo
23Na gas has been succesfully confined in a dipole trap w
a simultaneous observation of BECs in several different
perfine states@6#.

A fascinating property of BECs is that they exhibit a ma
roscopic quantum coherence that is absent in thermal ato
ensembles@11#. Since one needs a phase reference to obs
a phase, binary mixtures of BECs are especially useful in
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studies of coherence properties. The atom-atom interact
in finite-sized BECs affect the matter wave coherence. T
width of the number distribution in the ground state has
dispersive effect on the BEC self-interactions and the rela
phase undergoes quantum collapses and revivals@12,13#.
Additional sources of phase diffusion are spatial mode fl
tuations@14# and finite temperature decoherence due to
interactions between condensate and noncondensate a
@15,16#.

In this paper we consider a system closely related to
recent experiments of overlapping BECs in different hyp
fine levels coupled by a two-photon transition@7–9#. Analo-
gous BEC pairs could possibly be produced also in dip
traps @6#. As a consequence of the macroscopic quant
coherence of BECs the two hyperfine levels coupled b
two-photon transition exhibit two-photon coherence. By a
justing the initial conditions of the BECs and the drivin
electromagnetic~em! fields, the atoms in the BECs can b
decoupled from the em fields. However, as a consequenc
the decoherence and the collapse of the relative phase
two-photon coherence is reduced, and the cw em fields s
inducing atomic transitions. This provides an excelle
scheme for measuring phase dynamics in the present ex
mental setups@7–9#. The two-photon coherence of two op
tically coupled BECs has been previously predicted to re
in various dramatic properties of the scattered light@17,18#.
Measurements of magnetic coherence-related phenome
atomic BECs have been previously addressed, e.g., in s
polarized hydrogen@19# and in the electronic spin resonanc
of alkali-metal gases@20#.

We consider a three-level system with the energies
levels u1&, u2&, and u3& denoted byv1 , v2 , and v3 . The
weak microwave or rf cw em fieldsBA and BB induce
magnetic-dipole transitions between the levels 1↔2 and
2↔3, respectively. For simplicity, we assume that the rad
tive lifetimes are long, so that the level widths can be
nored. The EM interaction introduces the following term
into the Hamiltonian density:

Hem52m12•BAc1
†c22m23•BBc2

†c31H.c., ~1!

wherec i(r ) is the field operator for the hyperfine stateu i &
andmi j denotes the magnetic moment for the transitioni↔ j .

We consider a situation where two macroscopic, perfec
overlapping BECs occupy levelsu1& and u3& and levelu2& is
initially empty. In Refs.@7–9# the double BEC system in
levels u1& and u3& is prepared from the single BEC in sta
R2571 ©1999 The American Physical Society
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u1& by a two-photon transition. If the occupation of levelu2&
is small, the collisional interactions are mainly between
oms in levelsu1& and u3&. We write the interaction Hamil-
tonian density in terms of the field operatorsc1(r ) and
c3(r ),

Hint5 (
i 51,3

ui

2
c i

†c i
†c ic i1u13c1

†c3
†c3c1 , ~2!

where ui54p\2ai /m. We could directly obtain the equa
tions of motion for the condensate mean fields from Eq.~2!,
but the interactions are significantly simplified in the case
approximately equal scattering lengths resulting inu1.u3
.u13[u. In 87Rb @7,8#, the scattering lengths satisf
a1 :a13:a3 ::1.03:1:0.97, wherea1 (a3) denotes the in-
traspecies scattering length for stateu1,21& ~u2,1&!, anda13 is
the interspecies scattering length. We approximate the fi
operatorsc i(r ).f i(r )bi for levelsu1& andu3& in terms of the
BEC annihilation operatorbi and the corresponding spati
wave functionf i(r ). It is also assumed thatf15f3[f.
Our aim is to write the equations of motion for the expec
tion valuess i j [^bi

†bj&/N, where the total initial number o
BEC particles is denoted byN. The effect of noncondensat
atoms is treated by a phenomenological damping in the e
tion of motion for the coherence between the two BECs.
approximating the scattering lengths to be equal and by
suming^b2

†b2&!N we may then approximate the interactio
Hamiltonian@Eq. ~2!# by

H int.
\k

2
~N̂22N̂22N̂b2

†b2!, ~3!

whereN̂5( ibi
†bi is assumed to be a constant of the moti

and \k5u*d3r ufu4. We see that for perfectly overlappin
BECs with approximately equal scattering lengths the eff
of BEC self-interactions is strongly suppressed. Finally,
detunings are defined byd21[vA2v21 andd32[vB2v32,
wherevA(vB) is the frequency of the fieldBA (BB) and the
transition frequency between the hyperfine levels 1↔2
~2↔3! is v21 (v32). In the rotating-wave approximation w
then obtain the following equations of motion for the expe
tation valuess i j :

ṡ115VA Im~s21!, ~4a!

ṡ2252VA Im~s21!1VB Im~s32!, ~4b!

ṡ3352VB Im~s32!, ~4c!

ṡ2152 i ~d211Nk!s211
iVA

2
~s222s11!2

iVB

2
s31,

~4d!

ṡ3252 i ~d322Nk!s321
iVB

2
~s332s22!1

iVA

2
s31,

~4e!

ṡ3152 i ~d321d212 ig!s311
iVA

2
s322

iVB

2
s21, ~4f!
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where the Rabi frequencies are given byVA

[2*d3rf2* f1m21•BA /\, VB[2*d3rf2* f3m23•BB /\, and
Im denotes the imaginary part. For simplicity, in Eq.~4! we
have setVA and VB to be real. Here the equations corr
spond to the cascade or ladder three-level system withv1
,v2,v3 . In the case of aL ~V! three-level scheme the
sign of d32 (d21) should be changed. The dominant mea
field contribution of the BEC self-interactions is to shift th
resonance conditions in Eqs.~4d! and ~4e!.

Level u2& is assumed to be initially empty and two BEC
occupy levelsu1& and u3&. The off-diagonal elements31 de-
scribes the macroscopic coherence between the two BE
As explained earlier this collapses and decoheres due to
atom-atom interactions. We have included the effect of
decay of the matter wave coherence in Eq.~4! in terms of a
phenomenological damping parameterg in the equation of
motion for s31. This damping parameter includes contrib
tions from both the quantum effects of BEC self-interactio
and collisions between condensate and noncondensate a
We assume that these dominate other damping mechan
as long as the population in levelu2& remains small.

For an initial condition for Eq.~4! we set s115s33
5s3151/2, indicating a well-established coherence betwe
the two BECs with a vanishing relative phase. This cor
sponds, e.g., to a situation where a BEC is first prepare
level u1& and half of the BEC atoms are then coherently tra
ferred to levelu3&, so that the atoms remain entangled. In
tially there are no atoms in the intermediate levels2250.
The em fields are two-photon resonant (d2152d32) and
VA52VB[V. It is easy to see from Eq.~4! that for g50,
this corresponds to a steady-state situation. Both BECs
decoupled from the em fields and the absorption descri
by Im(s21) and Im(s32) vanishes@21#. However, for non-
zerog, Im(s21) and Im(s32) also become nonzero, and a
oms start accumulating in levelu2& due to the absorption o
em radiation. The phase damping parameterg may be deter-
mined by measuring the oscillations of the em fields or
population in levelu2&.

Equations~4! may be integrated numerically, but it is als
illuminating to look at analytic estimates. We consider a si
ation where the em fields are resonant,d211Nk5d322Nk
50, and the dampingg is much smaller than the Rabi fre
quencyV. We look for an exponential solution to Eq.~4! to
leading order in the small parameterg/V. By also determin-
ing the coefficients to first order ing/V we obtains31(t),
describing the matter wave coherence between the BEC

s31~ t !.
1

2
e23gt/42

g

8A2V
e2gt/8 sin~A2Vt !. ~5!

The absorption of the fieldBA is proportional to

Im@s21~ t !#.2
g

8V
e23gt/41

g

8V
e2gt/8 cos~A2Vt !. ~6!

The absorption results in oscillating em fields with the a
plitude of the oscillations given byg/(8V)e2gt/8. The real
parts satisfy Re@s21(t)#5Re@s32(t)#50. Finally, the occu-
pation in levelu2& is
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s22~ t !.
1

3
~12e23gt/4!2

g

4A2V
e2gt/8 sin~A2Vt !. ~7!

Due to the decoherence of the BECs the em fields ab
radiation and atoms start occupying levelu2&. By measuring
the number of atoms in stateu2& at time t, after switching on
the driving em fields, one could determine the damping r
of the matter wave coherenceg. Alternatively, the damping
rate could be observed from the amplitude of the oscillat
em signal.

In Fig. 1 we have plotted one example of the signal c
responding to a particular valueV520g. We plot Im@s21(t)#
and s22(t) obtained by numerically integrating Eq.~4! for
d211Nk5d322Nk50, and for the initial conditions
s11(0)5s33(0)5s31(0)51/2 ands21(0)5s32(0)50. The
oscillating signal~a! and the accumulating population in th
intermediate level~b! are clearly observed. The graphs a
also well represented by the approximate analytic res
@Eqs.~6! and ~7!#.

If the fields are off-resonant from the intermediate lev
u2&, the absorption of the radiation and the occupation of s
u2& are reduced, but Re(s21) and Re(s32) are, in this case
nonzero.

In EIT the interference between the off-diagonal dens
matrix elements leads to an initially opaque medium be

FIG. 1. Particular example of the response of the medium in
case ofV520g. ~a! Im@s21(t)# proportional to the absorption of th
em radiation from the field driving the transition between levelsu1&
andu2&. ~b! s22(t) proportional to the population of the intermedia
level. The em fields are assumed to be resonant.
rb

te

g

-

ts

l
te

y
g

rendered almost transparent@1,2#. The transition amplitudes
driven by two oppositely phased em fields destructively
terfere. The effect of the medium on the em fields is ca
celed. The crucial quantities for the interference are the
herencess21 ands32 describing the transition dipole matri
elements excited by the driving em fields. In EIT the coh
ence between levelsu1& and u3& is present only as a conse
quence of the em coupling via levelu2&. For BECs in hyper-
fine statesu1& and u3& the coherences31 is present from the
start without being created by the driving fields due to t
macroscopic matter wave coherence. As a result, the
fields couples31 to the oscillating dipoles. The presence
the macroscopic quantum coherence of BECs can then c
pletely inhibit the em fields from establishing any coheren
between levelsu1& and u2& or u2& and u3&. On the other hand
the rate at which coherencess21 and s32 are induced de-
scribes the decoherence rate of BECs.

Although so far only a two-photon coupling between
BEC pair has been experimentally implemented, one m
wonder whether the coherence of BECs coupled by a sin
photon transition could also suppress absorption in suc
way that the phase diffusion rate could be measured. In
absence of matter wave coherence between levelsug& and
ug8&, a driving em field will start inducing oscillations of th
atom numbers if the population is initially unbalanced or
the em field is nonresonant. The macroscopic quantum
herence of BECs in levelsug& and ug8& results in a nonvan-
ishing initial value ofsgg8 . For an unbalanced populatio
and with appropriately selected initial values ofsgg8 and the
detuning, the absorption may be completely canceled acc
ing to the Bloch equations. Instead of being due to the qu
tum interference of transition amplitudes, the cancellation
the absorption in this case results from the suppression o
phase rotation of the dipole matrix element. As the coh
ence is reduced due to the phase diffusion, the absorp
becomes nonzero and the population balanced. However
validity of the present formalism is questionable in the ca
of significant population imbalance, because the BECs m
then occupy different spatial regions.

In recent experiments Hallet al. @9# studied phase diffu-
sion in a binary BEC mixture of87Rb. A BEC was first
prepared in levelu1,21& and a part of the condensate w
then transferred to levelu2,1&. The relative phase between th
two separated halves was determined by interfering the
oms at a later time. The phase diffusion rate was estima
by varying the evolution time of the two BECs before th
interference measurement. In every interference meas
ment the BECs were destructively imaged and the repetiti
of independent runs produced information about the unc
tainty of the phase. Only weak phase diffusion was observ

In addition to the environmentally induced decoheren
due to the interactions between condensate and thermal
condensate atoms@15,16#, the quantum collapse due to th
BEC self-interactions has an important effect on the ph
diffusion @12,13#. This rate dramatically depends on the re
tive strengths of the three scattering lengthsa1 , a3 , anda13
in Eq. ~2!. Under conditions where the scattering lengths
equal, the two BECs are perfectly overlapping, and only l
els u1& and u3& are occupied; the interaction Hamiltonian
Eq. ~3! depends only on the constant total atom number. T
suppresses the phase collapse. If the mean-field contribu

e



ta

is
is
g

o
i-

he

ls
ib
se

e
in

o
.g

e
ure-
mp-
ase

o
Cs
he
e’’
a-
nant
s

atial
ge.
ring
n
is

t

-
the
k-

RAPID COMMUNICATIONS

R2574 PRA 59J. RUOSTEKOSKI AND D. F. WALLS
of Eq. ~2! vanishes, Eqs.~4! may also be defined~without the
terms Nk) in terms of the expectation values for the to
field operatorss i j [*d3r ^c i

†(r )c j (r )&/N.
A two-photon transition between a BEC pair ofu1,21&

andu2,1& states of87Rb has been implemented via levelu2,0&
@7–9#. This intermediate state for the two-photon coupling
untrappable. The atoms inu2,0& can escape the trap. Th
would correspond in our scheme to an additional dampinG
for level u2&. If the population in levelu2& is small, this damp-
ing would be approximately independent of the number
atoms inu2&. In that case we could add the following add
tional term to Eq.~4b!: ṡ225•••2Gs22. Then the phase
diffusion could possibly be measured by monitoring t
number of atoms escaped through levelu2,0& or by counting
the atoms remained in levelsu1,21& andu2,1&. Optical dipole
traps@6# can stably trap atoms in arbitrary hyperfine leve
Suitable BEC pairs, without losses of atoms, could poss
be produced in dipole traps to implement the propo
scheme for the measurement of the phase diffusion.

Unlike the previous measurements of phase diffusion@9#,
our model may, in principle, allow continuous and nond
structive monitoring of the phase dynamics. However,
practice it may be difficult to realize the two-photon res
nance condition over the duration of the experiment, e
t.

tt
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f

.
ly
d
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-
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due to the technical noise in magnetic fields. In that casg
may have to be determined by an ensemble of meas
ments. Another experimental challenge may be the assu
tion of the spatial overlap between the two BECs. In the c
of magnetically trapped87Rb the BEC pair ofu1,21& and
u2,1& states may easily separate@9#. Nevertheless, it is easy t
see from the Thomas-Fermi solutions for the binary BE
that, at least in the Thomas-Fermi limit, the overlap of t
ground states can be perfect, even if the two BECs ‘‘se
two different trap frequencies. It is also important to emph
size that in our measurement scheme, in the case of reso
em fields, the initially equal occupation of the two BEC
remains equal also at later times, so that the relative sp
volume of the condensate wave functions does not chan

In conclusion, we have proposed a method of measu
the ‘‘phase memory’’ of a BEC pair. This method relies o
the quantum interference of transition amplitudes and
similar in origin to that occurring in EIT and lasing withou
inversion.
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