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Tunable two-mode and single-mode squeezing in resonance fluorescence,
including phase-diffusion effects

Peng Zhou* and S. Swain†
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~Received 19 June 1998; revised manuscript received 12 August 1998!

The quadrature squeezing spectra produced in the resonance fluorescence of a two-level atom are investi-
gated, including the effects of a finite laser bandwidth due to phase diffusion. For resonant excitation at low
intensities, the fluorescence field exhibits narrow bandwidth squeezing in the out-of-phase quadrature, centered
at the laser frequency. Otherwise, squeezing occurs only in the in-phase quadrature. Specifically, for slightly
off-resonance and weak excitation, the squeezing still centers at the laser frequency, with a finite bandwidth of
the order ofg. More importantly, for far-off-resonance and strong excitation, the resonance fluorescence
exhibits two-mode squeezing around the Rabi sideband frequencies. Thus we have a source of two-mode
squeezing that is very easily frequency tuned simply by adjusting the generalized Rabi frequency. The presence
of a laser linewidth substantially reduces the degree of squeezing obtainable. The fluorescence shows no
squeezing at all when the laser linewidth is greater than the atomic spontaneous emission linewidth.
@S1050-2947~99!08401-2#

PACS number~s!: 42.50.Dv, 42.50.Lc, 32.80.2t
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I. INTRODUCTION

Squeezing of the radiation field, one of the most fund
mental effects in the quantum theory of radiation, has b
extensively investigated both theoretically and experim
tally @1#. Apart from the basic interest in manipulating qua
tum fluctuations, the study of squeezed light was direc
motivated by potential applications of such sources, for
ample, in the fields of telecommunications, high-precis
measurement, and atomic spectroscopy@1–3#. The frequency
tunability of the squeezed light source is essential for
applications. This has been demonstrated in experiment
Polzik et al. @3#, who reported enhanced sensitivity for th
detection of Doppler-free resonances in saturation spec
copy, a linear dependence of the two-photon excitation r
and the observation of quantum correlation at ultrahigh
quencies, using a frequency tunable source of squeezed
generated by an optical parametric oscillator operating be
threshold.

Both theoretical and experimental studies have shown
the resonance fluorescence of a driven atom can serve
source of nonclassical light. For example, Carmichael
Walls, and Kimble and Mandel@4# predicted that the reso
nance fluorescence from a single two-level atom driven b
coherent laser field of low intensity would exhibit photo
antibunching. The prediction has been confirmed in ma
laboratories@5,6#. The sub-Poissonian statistics of the flu
rescent photons emitted in a short time interval by a sin
atom was also investigated experimentally@7#. Squeezing in
resonance fluorescence, in terms of the total variances
fluctuation spectra of the phase quadratures, was reporte
well. Walls and Zoller, and Loudon@8# showed that the tota
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quantum fluctuations in the phase quadratures of the r
nance fluorescence of a driven two-level atom can
squeezed below the shot-noise limit. It has been sugge
that these effects may be observed by employing the sys
of a single, trapped, laser-cooled two-level ion, as in
recent experiments of Hoffgeset al. @6,9#. The phase-
quadrature noise spectra of the resonance fluorescence
two-level atom withresonantlaser excitation were also stud
ied in both the standard vacuum and the squeezed vac
@10#. Squeezing in the out-of-phase quadrature, centere
the laser frequency and with a finite bandwidth, is predic
for low excitation intensities (V,g). It is this squeezing
that results in the spectral line narrowing of the resona
fluorescence@11#. Very recently, Zhaoet al. @12# have mea-
sured the noise spectra in different phase quadratures o
resonance fluorescence of a coherently driven two-level a
with a long lifetime and the squeezing is confirmed. The
observations have also shown that the phase-dependent
spectra for off-resonance excitation, which exhibit dire
manifestations of the time ordering, are particularly intere
ing. These nonclassical properties, squeezing, photon a
bunching, and sub-Poissonian statistics, are also dem
strated in resonance fluorescence in a bichromatic field@13#
and in three-level atom systems@14#.

In this paper we study the phase-quadrature noise spe
in the resonance fluorescence from a two-level atom
show that the squeezing features vary significantly with
frequency and intensity of the driving field. While the pro
erties of the squeezing spectra produced by resonant ex
tion have been known for a long time@8#, those for off-
resonance excitation have not been reported. We show
that these have interesting properties. For weak excitat
the squeezing in the resonance fluorescence occurs a
laser frequency, while the resonance fluorescence with
off-resonance and strong excitation exhibits two-mode n
row bandwidth squeezing at the Rabi sideband frequenc
which are tunable by varying the frequency and intensity
841 ©1999 The American Physical Society
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842 PRA 59PENG ZHOU AND S. SWAIN
the driving field. Under the latter conditions, this system p
vides a valuable source of easily tunable, two-mo
squeezed light with potential spectroscopic applications@3#.
We also take account of the degradation of squeezing du
diffusion of the phase of the exciting field. The presence o
finite laser bandwidth strongly reduces the strength of
squeezing.

We consider a single two-level atom with transition fr
quencyvA driven by a laser field with amplitudeE, fre-
quencyvL , and fluctuating phasef(t). The master equation
for the atomic density matrix operatorr, in a frame rotating
at the frequencyvL , is

ṙ52 i @HAL ,r#1Lr, ~1!

where

HAL5
D

2
sz1

V

2
@e2 if~ t !s11eif~ t !s2#, ~2!

Lr5g~2s2rs12s1s2r2rs1s2!, ~3!

whereHAL is the Hamiltonian of the coherently driven atom
Lr describes the atomic spontaneous decay with the ratg,
s6 andsz are the atomic upper~lower! transition and popu-
lation inversion operators, respectively,V52um01Eu/\ is the
driving Rabi frequency, andD5vA2vL is the detuning be-
tween the atomic transition and the driving laser. The fl
tuating phasef(t) of the laser may be described as

f~ t !5f01F~ t !, ~4!

wheref0 is a constant corresponding to the average valu
the fluctuating phase, which is assumed to be zero for s
plicity, and F(t) is the random part, satisfyinĝF(t)&50,

which results in a stochastic frequencyq(t)5Ḟ(t), assumed
to be a Gaussian random process with the properties@15–17#

^q~ t !&50, ^q~ t !q~ t8!&5Lke2kut2t8u, ~5!

where L is the strength of the frequency fluctuations a
physically describes the effective bandwidth of the la
-
e

to
a
e

-

of
-

r

beam due to the phase diffusion, whilek21 is the time of the
frequency~phase! correlation. In this paper we are intereste
in very short correlation times, i.e.,k@L, so that the corre-
lation function~5! reduces to ad function @15–18#

^q~ t !q~ t8!&52Ld~ t2t8!. ~6!

This is the situation most appropriate for describing the
diation from a diode laser, which has a very stable amplitu
and very large phase diffusions when operated far ab
threshold@18#. As shown by Osman and Swain@19#, the
effect of averaging over the stochastic phase may be ta
into account simply by modifying the decay constants in
optical Bloch equations, which take the form@15,16#

FIG. 1. Normally ordered noise spectra of the phase quadrat
of resonance fluorescence forg51, V50.595,D50, and~a! and~c!
L50 and~b! and~d! L50.5. ~a! and~b! represent theX-quadrature
noise spectrumSX(v), while ~c! and ~d! show theY-quadrature
noise spectrumSY(v). @All parameters are scaled byg (51)
throughout these figures.#
of
r

FIG. 2. Three-dimensional noise spectrum
the Y quadratureSY(v) as a function of the lase
linewidth L for g51, V50.595, andD50.
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FIG. 3. Three-dimensional noise spectrum
theX quadratureSX(v) as a function of the Rab
frequencyV for g51, D51, andL50.
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^ṡ1&52G^s1&2 i
V

2
^sz&,

^ṡ2&52G* ^s2&1 i
V

2
^sz&, ~7!

^ṡz&522g^sz&1 iV~^s2&2^s1&!22g,

whereG5g1L2 iD.
This model has been much studied in resonance fluo

cence@15–17#. Spectral broadening, sideband suppress
and asymmetry of the Mollow spectrum are predicted. He
however, we are particularly interested in this system a
source of tunable two-mode squeezed light, which we sh
can be produced by large, off-resonance excitation. It is a
demonstrated that it is important to take account of the fin
laser linewidth~due to phase diffusion!, as even quite a sma
laser linewidth is found to seriously degrade the squeez
obtainable. We concentrate on the squeezing spectra for
resonance excitation, which have not been investigated
viously.

II. SQUEEZING SPECTRUM

The normally ordered noise spectrum of the fluoresce
field in the steady state is usually defined as@10#
es-
n,

re,
a

ow
lso
ite

ing
off-
re-

ce

SX~Y!~v!5E
2`

`

dt lim
t→`

^:dEX~Y!~r ,t1t!dEX~Y!~r ,t !:&eivt,

~8!

wheredA5A2^A& andEX(Y)(r ,t) is the slowly varying in-
phase~out-of-phase! quadrature operator of the fluoresce
radiation field. Using the relation between the fluoresce
field and the atomic polarization operators in the far radiat
zone, we may express the noise spectrum in the form@10,11#

SX~Y!~v!5ReE
0

`

dt lim
t→`

cos~vt!

3@^ds1~ t1t!ds2~ t !&6^ds2~ t1t!ds2~ t !&#

5
1

2
Re@D1~2 iv!1D1~ iv!

6D2~2 iv!6D2~ iv!#, ~9!

where D6(z) is the Laplace transform of the two-tim
correlation function lim

t→`
^ds6(t1t)ds2(t)&. When

SX(Y)(v),0, the fluorescence light shows the quadrat
squeezing. From the Bloch equation~7! one can evaluate th
D6(z) by invoking the quantum regression theorem to o
tain
D1~z!5
@2~G* 1z!~2g1z!1V2#x11V2x22 iV~G* 1z!x3

2~G* 1z!~G1z!~2g1z!1V2~G1G* 12z!
,

~10!

D2~z!5
V2x11@2~G1z!~2g1z!1V2#x21 iV~G1z!x3

2~G* 1z!~G1z!~2g1z!1V2~G1G* 12z!
,

with
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FIG. 4. Three-dimensional plots of the nois
spectra at line center as a function of the Ra
frequencyV and detuningD with g51 and L
50 for ~a! the SY(v50) component and~b! the
SX(v50) component.
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x15
1

2
~11^sz&s!2u^s2&su2,

~11!
x252^s2&s

2 , x352~11^sz&s!^s2&s ,

where^s2&s and ^sz&s are the steady-state solutions of t
Bloch equation~7!.

We first consider the noise spectra of the phase qua
tures of the resonance fluorescence from the atom with r
nant excitation of a laser at low intensities, as shown in F
1, whereg51, D50, V50.595, andL50 @Figs. 1~a! and
1~c!# andL50.5 @Figs. 1~b! and 1~d!#, respectively. For reso
nantly monochromatic excitation (D50 andL50), our pre-
dictions are the same as those of Collettet al. @10#, that is,
the squeezing occurs only for low laser intensities and o
in the Y quadrature, at the cost of the noise in theX quadra-
ture. Specifically, the squeezing takes place at the la
~atomic transition! frequency and has a finite bandwidt
~Note that the parameterg in the present paper is defined
a-
o-
.

ly

er

FIG. 5. Same as Fig. 1, but withV55 andD510.
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FIG. 6. Value of theX-quadrature noise spec
trum at the Rabi sideband frequenciesSX(v5
6V8) against the frequency and intensity of th
laser forg51, L50, andV56V8.
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twice the one in@10#.! If the laser linewidth is taken into
account, the strength of the squeezing, however, is gre
reduced, as displayed in Fig. 1~d!. When the laser linewidth
is larger than the atomic natural linewidth, there will be
squeezing occurring in the resonance fluorescence. This
be seen from the expression for theY-quadrature noise spec
trum at the laser frequency, which, forD50, is of the form

SY~v50!5
2gV2@V21g~L2g!#

~V212gL12g2!3
. ~12!

When L>g, SY(v50).0 and no squeezing is exhibited
We present a three-dimensional graph in Fig. 2, wh
clearly demonstrates the reduction of the degree of
squeezing of theY-quadrature noise spectrum due to t
presence of the laser linewidth. Note the very high rate
increase ofSY(0) with L. One also finds from Eq.~12! that
maximal squeezing occurs at Rabi frequencyV25gL
13g22gA3L216gL17g2. When L50, the maximal
squeezing @SY(v50)520.035 16# takes place at V
50.595.

We may also obtain squeezing in theX quadrature at low
driving intensities by slightly detuning the laser frequen
from the atomic transition frequency; see, for example, F
3, where L50 and D51. This is at the cost of theY-
quadrature noise. This figure exhibits a similar spectral p
file to that of theY quadrature squeezing spectrum with res
nant excitation: squeezing around the laser frequency, wi
finite bandwidth, and the reduced squeezing in the prese
of the laser linewidth.~The latter feature is not illustrate
graphically here.!

In Fig. 4 we show how the squeezing switches from thY
quadrature to theX quadrature as the detuning increases.
present only the squeezing at line center so that we may
display the dependence on the Rabi frequency. The crit
value of the detuning at which the switch occurs is seen to
D.0.5g.

For weak excitation, we may thus conclude that the re
nance fluorescence may exhibit finite bandwidth squeez
around the laser frequency either in theY quadrature or in the
tly

ay

h
e

f

.

-
-
a
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e
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e

-
g

X quadrature, depending on the laser-atom detuning.
phase diffusion of the laser substantially reduces the de
of the squeezing.

Next, we show that for strong, off-resonance excitatio
the resonance fluorescence exhibits a two-mode, finite ba
width, X-quadrature squeezing at the Rabi sideband frequ
cies. The central frequencies of the squeezing are thus
able by varying the generalized Rabi frequencyV8
5AV21D2. From the experimental point of view, the of
resonance, strong-field resonance fluorescence may ser
a frequency-tunable squeezed-light source for exploit
atomic spectroscopy with nonclassical light@3#. This is the
main result of our paper.

Figure 5 presents both noise spectra forg51,V55,D
510, and different laser linewidthsL50 and 0.5. Evidently,
the squeezing occurs only in theX quadrature, centered at th
Rabi sideband frequencies6V8. Correspondingly, theY-
quadrature noise spectrum has two positive peaks at the
sidebands. It is also demonstrated in Fig. 4~b! that the pres-
ence of the laser linewidth reduces the strength of
squeezing.

We plot the value of theX-quadrature noise spectrum
the Rabi sideband frequencies as a function of the freque
and intensity of the laser in Fig. 6. It is apparent that t
maximum squeezing takes place aroundV.D.

The dependence of theX-quadrature noise spectrum o
the laser bandwidth is shown in Fig. 7, whereg51, V
510, andD510. Again, this figure clearly demonstrates th
the presence of the laser linewidth significantly decreases
degree of the squeezing. For excitation by a broadband la
the atomic fluorescence exhibits no squeezing at all.

For high Rabi frequenciesV8@g,L, it is convenient to
work in the basis of the semiclassical dressed statesu6&,
defined by the eigenvalue equationHAu6&56(V8/2)u6&,
which are associated with the bare atomic statesu0&,u1&
through the expressions

u1&5su0&1cu1&, u2&5cu0&2su1&, ~13!

where
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FIG. 7. Three-dimensional noise spectrum
theX quadratureSY(v) as a function of the lase
linewidth L for g51, V510, andD510.
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2V8
, s5AV82D

2V8
, V85AV21D2.

~14!

Under the secular approximation@20#, the quadrature noise
spectra take the simple forms

SX~v!5
8c2s2G iP2P1

G i
21v2

1
~c22s2!G'

2

3F c2P12s2P2

G'
2 1~v1V8!2

1
c2P12s2P2

G'
2 1~v2V8!2G ,

~15!

SY~v!5
G'

2 F c2P11s2P2

G'
2 1~v1V8!2

1
c2P11s2P2

G'
2 1~v2V8!2G ,

where

P15
gs41Lc2s2

g~c41s4!12Lc2s2
,

~16!

P25
gc41Lc2s2

g~c41s4!12Lc2s2
;

G'5g~112c2s2!1L~122c2s2!,
~17!

G i52g~122c2s2!1L4c2s2.

TheP6 are the steady-state populations in the dressed s
u6& andG' ,G i indicate the decay rates of the dressed-s
polarization and the dressed-state population inversion,
spectively.

Equation~15! clearly shows that the noise spectrum of t
in-phase quadratureSX(v) has the same resonance structu
as the resonance fluorescence spectrum, i.e., the central
nance at frequencyvL with width 2G i and the side reso
nances at frequenciesvL6V8 with width 2G' , whereas the
resonances in the noise spectrum of the out-of-phase qua
tes
te
e-

e
so-

ra-

ture SY(v) occur only at the Rabi sidebandsvL6V8. Both
noise spectraSX(Y)(v) are symmetric around the laser fre
quency. It is not difficult to see that when the atom is res
nantly driven by the laser field (D50), no squeezing occur
in either phase quadrature, while for a nonzero laser-a
detuning (DÞ0), the noise in theX quadrature may be
squeezed around the Rabi sidebands. Therefore, the flu
cent field is a nonclassical two-mode squeezed field with
squeezing frequencies tunable via adjusting the general
Rabi frequencyV8 and with a finite bandwidth 2G' . This is
a remarkable departure from the behavior of a resona
driven atom with low Rabi frequencies, where the squeez
occurs in theY-quadrature component around the las
~atomic transition! frequencyvL (5vA) @10,11#.

From Eq.~15! one obtains the value ofSX(v) at the fre-
quenciesvL6V8 to be

SX~6V8!5
c2s2~c22s2!~L2g!

G iG'

. ~18!

Obviously, SX(6V8)50 for D50, that is, there is no
squeezing in the resonance fluorescence. Howe
SX(6V8),0 if DÞ0 andg.L, i.e., the resonance fluores
cence shows theX-quadrature squeezing at the Rabi sid
band frequencies. When the laser linewidth is nonzero,
degree of the squeezing is reduced; see, for example, Fi

III. SUMMARY

We have considered the noise spectra of the ph
quadratures in the resonance fluorescence of a driven
level atom, including the effect of finite laser linewidth
Squeezing occurs at the laser frequency for low excitat
intensities. When the driving laser is resonant with the ato
the squeezing is in the out-of-phase quadrature, while it i
the in-phase quadrature when the laser is slightly detu
from the atomic transition frequency. However, for stron
off-resonance excitation, the noise spectrum of the in-ph
quadrature exhibits two-mode squeezing at the Rabi s
band frequencies, at the cost of increased fluctuations in
out-of-phase quadrature. The squeezing has a finite b



-

re
s
t
a

se

b
to

er-
ude
the
atic
r to

C.

PRA 59 847TUNABLE TWO-MODE AND SINGLE-MODE SQUEEZING . . .
width of 2G' and is frequency tunable~via adjusting the
generalized Rabi frequencyV8). It thus represents a poten
tial source of such nonclassical light.

A nonzero laser linewidth substantially reduces the deg
of the squeezing and the resonance fluorescence display
squeezing at all when the laser bandwidth is greater than
atomic natural linewidth. Thus, in order to use this system
a practical source, it is essential to use highly pha
stabilized lasers.

We should point out that the system of an atom driven
a laser field with a finite bandwidth has some similarities
t,

bl
n

p
-
oo
ed
tin

J

ev

tt

d

e
no

he
s
-

y

that of an atom driven by a monochromatic laser, but und
going phase-changing collisions. We may therefore concl
that dephasing collisions also decrease the strength of
squeezing. In other words, one has to use a monochrom
laser and to be free of atomic dephasing collisions in orde
produce significant squeezing in resonance fluorescence@6#.
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