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Experimental and theoretical study of longitudinally monomode vectorial solid-state lasers

Marc Brunel,* Olivier Emile, Mehdi Alouini, Albert Le Floch, and Fabien Bretenaker
Laboratoire d’Electronique Quantique–Physique des Lasers, Unite´ Mixte de Recherche du Centre National de la Recherche Scientifi

No. 6627, Universite´ de Rennes I, Campus de Beaulieu, F-35042 Rennes Cedex, France
~Received 5 March 1998!

The dynamics of a quasi-isotropic continuous-wave solid-state laser sustaining the oscillation of two or-
thogonally polarized eigenstates is experimentally investigated. A set of phase-sensitive vectorial Maxwell-
Bloch equations is developed to describe theoretically the evolution of such a laser. Different temporal behav-
iors for the output intensities are observed, depending on the relative amounts and orientations of the phase and
loss anisotropies and on the frequency of relaxation oscillations. Namely, the frequency locking of the two
orthogonally linearly polarized eigenstates is shown to lead to a surprising pulsed mode-locked oscillation
regime. In addition, for different values of the parameters, other peculiar operation regimes are found, such as
cw circularly polarized, double-pulsed, or triple-pulsed output intensities. These experimental results, obtained
using a diode-pumped Nd:YAG~YAG denotes yttrium aluminum garnet! laser, are well confirmed by the
theoretical model.@S1050-2947~99!07601-5#

PACS number~s!: 42.55.Ah; 42.60.Fc; 42.25.Ja
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I. INTRODUCTION

Monomode solid-state lasers are usually described th
retically by the so-called rate equations, which yield the d
namical evolutions of the photon number and of the popu
tion inversion in a laser cavity. Derived by Statz and de M
@1#, this formalism arises from a semiclassical description
the atom-field system, where the atomic polarization is ad
batically eliminated. It has proven satisfactory to predict
transient—spiking, relaxation oscillations—and steady-s
outputs of monomode solid-state lasers. When two or m
longitudinal laser modes oscillate, extensions of the mo
have taken the spatial hole-burning effect into account@2,3#,
but the atom-field interaction has kept its scalar nature, he
applying only to lasers oscillating in a single polarizati
eigenstate. However, quasi-isotropic solid-state lasers, w
may sustain the oscillation of two orthogonally polariz
eigenstates in the same longitudinal mode, have rece
been the subject of widespread research, due to their po
tial applications in Doppler velocimetry, vibrometry, and o
tical microwave systems@4–11#. Indeed, this two-eigenstat
oscillation regime has been shown to be permitted by
relatively low value of the coupling constant between
thogonally polarized eigenstates in solid-state lasers@12#.
Moreover, peculiar self-pulsing behaviors have recently b
observed using these two-frequency lasers@13,14#. In Ref.
@14#, it was observed that a frequency locking between
two cold-cavity eigenstates due to a transverse loss an
ropy was responsible for the appearance of a monom
pulsed output. Namely, this unexpected phenomenon app
when the relaxation oscillation frequency of the laser fa
within the locking region. But, to date, no theoretical mod
taking cold-cavity eigenstate locking into account has led
predictions close to these experimental observations.
though a vectorial model, i.e., a model where the transve
dependence of the field-atom interaction is taken into
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count, has been developed to describe polarization insta
ties in strongly multimode fiber lasers@15,16#, it has not
been experimentally investigated in the case of longitu
nally monomode lasers, especially when one introdu
transverse loss anisotropy, i.e., a locking mechanism
tween the two polarization eigenstates. Of course, to desc
such locking behaviors, phase-sensitive interactions hav
be taken into account, as in Refs.@15, 16# and in the case of
the dynamics of two-longitudinal mode@17# or three-
transverse mode@18# lasers.

The aim of this paper is consequently twofold. First, w
manage to derive a set of phase-sensitive Maxwell-Blo
equations which takes the transverse nature of the atom-
interaction into account and includes the crossed phase
loss anisotropies of the cavity. Second, the predictions of
model obtained by numerical integration of the different
equations of evolution of the laser are compared with
experimental behavior of a longitudinally monomode qua
isotropic diode-pumped Nd:YAG~YAG denotes yttrium alu-
minum garnet! laser. Original intensity and polarization dy
namics are emphasized. This paper is organized as follo
Section II is devoted first to the calculation of the cold-cav
eigenstates~Sec. II A!. Second, the derivation of the differ
ential equations relating the amplitudes and phases of
two electromagnetic field eigenstates and the population
version in the active medium is performed, starting from t
density matrix formalism~Sec. II B!. The comparison be-
tween the results of the numerical integration of these eq
tions and the corresponding experimental results is prese
in Sec. III. After a brief description of the experimental set
~Sec. III A!, the dynamics of the two-eigenstate laser is e
plored, with full attention paid to the magnitude of the loc
ing region with respect to the relaxation oscillation fr
quency ~Sec. III B!. Particular attention is paid to th
application of these dynamics to the development of sh
pulse monomode lasers withoutQ switch. The results, as
well as the perspectives of this work, are then summarize
Sec. IV.
831 ©1999 The American Physical Society
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II. THEORETICAL MODEL

A. Calculation of the laser eigenstates

Let us derive the cavity eigenstates of a Fabry-Perot la
closed by two mirrorsM1 andM2 and containing phase an
loss anisotropies, as depicted in Fig. 1~a!. To this aim, we
recall the calculation of the Jones matrixM corresponding to
the propagation of the light electromagnetic field for o
round-trip inside the cavity. We consider both a linear ph
retardanceDw between thex and y polarization directions
and a small linear loss anisotropyDt' not aligned withDw.
For simplicity, we choose the orientation of the low-loss a
at 145° with respect to thex andy axes. The active medium
is supposed to be isotropic. Starting from the middle of
cavity, the matrixM is then

M5Fexp~2 iDw! 0

0 exp~ iDw!
GF 1 Dt'

Dt' 1 G . ~1!

The resolution of the resonance conditionME5lE, where
E is the electromagnetic field amplitude andl the corre-
sponding eigenvalue, yields the laser eigenvectors and ei
frequencies. With the phase anisotropy alone, i.e., w
Dt'50, the laser eigenstates are linearly polarized along
x and y axes, with angular frequenciesvx and vy , respec-
tively. Their difference isvy2vx5cDw/L, wherec is the
velocity of light andL the optical length of the cavity, a
shown by the straight lines in Fig. 1~b!. Now, in the case
where a small loss anisotropyDt'!1 exists, the eigenstate
become slightly elliptical and a frequency locking regi
DvL5cDt' /L appears. One can then distinguish betwe
two operating regimes. On the one hand, whenuvy2vxu
,DvL , the two elliptical eigenstates lock to the same eig

FIG. 1. ~a! Experimental arrangement. Active medium
Nd:YAG crystal.Dw:x-y phase anisotropy.Dt' : slightly tilted éta-
lon, ensuring longitudinally monomode oscillation and creating
crossed loss anisotropy.~b! Evolution of the angular eigenfrequen
ciesv1 andv2 of the cold-cavity eigenstates versus phase ani
ropy Dw. v05(vx1vy)/2 is the average laser angular frequenc
Notice the locking regionDvL5cDt' /L.
er
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frequency and experience different losses. On the other h
for uvy2vxu.DvL , the two eigenstates are also elliptica
exhibit the same losses, but their angular frequenciesv1 and
v2 are no longer degenerate, leading to a beat frequencyvb
given by

vb[v12v2'~vy2vx!@12DvL
2/~vy2vx!

2#1/2. ~2!

The cold-cavity eigenstates that we have just derived,
in particular their beat frequency given by Eq.~2!, will serve
as a guideline for the physical discussion of the results. Ho
ever, quantitative predictions of the laser behavior can
obtained only if we take the role of the active medium in
account, as is now going to be performed.

B. Derivation of the coupled field-atom equations

To fully describe theoretically the behavior of the lase
we need a set of Maxwell-Bloch equations to predict t
temporal evolution of the field-atom system, taking the co
cavity anisotropies, the vectorial nature of the electrom
netic field @15,16#, and phase-sensitive interactions@15–18#
into account. First, since in the experiments described in S
III the active medium is located near one of the mirrors
the cavity and is much thinner than the beat length betw
the two eigenstates, we can neglect spatial hole-burning
fects. This allows us to withdraw the spatial dependence
the electromagnetic field and to write the associated elec
field E in the following manner:

E~ t !5 1
2 $Exexp@2 i ~vxt1wx!# x̂1Eyexp@2 i ~vyt1wy!# ŷ%

1c.c., ~3!

where Ex and wx ~respectively,Ey and wy! are the time-
dependent real amplitude and phase of thex-polarized~re-
spectivelyy-polarized! component of the field in the activ
medium and wherex̂ and ŷ are unit vectors along thex and
y directions, i.e., perpendicular to the laser axisz. In the
slowly varying amplitude and phase approximation, and if
a first step we neglect the loss anisotropyDt' , we then
obtain the following equations of evolution of the fields@15#:

S ] t1
Gx

2 D @Exexp~2 iwx!#5
ivx

2«0
E

0

2p

hx~u,t !du, ~4a!

S ] t1
Gy

2 D @Eyexp~2 iwy!#5
ivy

2«0
E

0

2p

hy~u,t !du, ~4b!

whereGx andGy are the intensity loss coefficients along th
x andy directions and wherehx andhy are the slowly vary-
ing complex amplitudes of thex- and y-polarized compo-
nents of the dipole moments induced by the laser transit
As in Ref. @15#, we suppose that these terms depend on
orientationu of the dipole of the considered emitting ato
with respect to thex axis. Although in the case we conside
here of an emitting ion embedded in a crystalline mat
~Nd:YAG! one should consider the environment of ea
emitting ion, we still follow the approximations used in Re
@15# for the case of neodymium ions in a glass. We w
indeed see in the experimental section that~i! the model
obtained is in good agreement with experiments and~ii ! the

a

t-
.
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same laser behaviors are obtained for glass active med
well as for crystal active media, emphasizing the low imp
tance of the emitting ion environment on the conside
physics.

As in Ref. @15#, we obtain expressions for the sour
termshx andhy in Eqs. ~4! from the time evolution of the
density matrix elements and by adiabatic elimination of
optical coherences between the two laser levels, leading

hx52
Tsm

2

4\
~ iax1ãx!D~u,t !$Exexp~2 iwx!~11cos 2u!

1Eyexp@2 i ~vy2vx!t2 iwy#sin 2u%, ~5a!

hy52
Tsm

2

4\
~ iay1ãy!D~u,t !$Eyexp~2 iwy!~12cos 2u!

1Exexp@2 i ~vx2vy!t2 iwx#sin 2u%, ~5b!

where Ts is the lifetime of optical coherences,a j51/@1
1Ts

2(v2v j )
2# and ã j5Ts(v2v j )a j for j 5x,y, v is the

center frequency of the transition,m is the magnitude of the
dipole moment of the considered transition, andD(u,t) is
the population inversion. From the density matrix equatio
we also obtain the equation of evolution of this populati
inversion, leading to

~] t1g i!D~u,t !5s2zD~u,t !@axEx
2~11cos 2u!

1ayEy
2~12cos 2u!#

2zD~u,t !@~ax1ay!cosC

1~ ãx2ãy!sin C#ExEysin 2u, ~6!

where

z5
Tsm

2

2\2 , ~7!

C5~vx2vy!t1wx2wy , ~8!

and whereg i is the decay time of the population inversio
and s is the pumping rate. Since in our experiments t
pump laser is completely depolarized by its propagat
through the fiber, we consider the pumping process to
isotropic, i.e., we suppose thats does not depend onu.

If now we introduce Eqs.~5! in the right-hand side of Eqs
~4!, we can see that the following angular Fourier comp
nentsD0 , D1 , and D2 of the population inversionD(u,t)
appear:

D0~ t !5
1

2p E
0

2p

du D~u,t !, ~9a!

D1~ t !5
1

2p E
0

2p

du cos 2uD~u,t !, ~9b!

D2~ t !5
1

2p E
0

2p

du sin 2uD~u,t !. ~9c!

The equations of evolution of the field then become
as
-
d

e
o

,

e
n
e

-

S ] t1
Gx

2 DEx5kaxEx~D01D1!

1k~ax cosC1ãx sin C!EyD2 ,

~10a!

S ] t1
Gy

2 DEy5kayEy~D02D1!

1k~aycosC2ãysin C!ExD2 , ~10b!

] twx5kãx~D01D1!2k~axsin C2ãxcosC!
Ey

Ex
D2 ,

~10c!

] twy5kãy~D02D1!1k~aysin C1ãycosC!
Ex

Ey
D2 ,

~10d!

where

k5
vTsm

2

8\«0
. ~11!

Notice that contrary to Ref.@15#, we have explicitly devel-
oped the terms containing the phaseC in our equations and
we will apply the model to a strictly longitudinally mono
mode laser in Sec. III, devoted to the experimental resu
The terms containing the phaseC describe phase-sensitiv
interactions and will lead to the relevant phase locking p
nomena in conjunction with the cold-cavity anisotropies.
nally, we derive the equations of evolutions of the Four
componentsD0 , D1 , andD2 @see Eqs.~9!# of the population
inversion thanks to Eq.~6!, leading to

Ḋ05g i~P02D0!2z@ax~D01D1!I x1ay~D02D1!I y#

2z@~ax1ay!cosC1~ ãx2ãy!sin C#D2AI xI y,

~12a!

Ḋ152g iD12z@ax~D11D0/2!I x1ay~D12D0/2!I y#,

~12b!

Ḋ252g iD22z@axD2I x1ayD2I y#2z@~ax1ay!cosC

1~ ãx2ãy!sin C#D0/2AI xI y, ~12c!

where we have kept only the first three termsD0 , D1 , and
D2 in the Fourier expansion ofD(u,t), where P0 is the
pumping rate, and whereI x5Ex

2 and I y5Ey
2. Using these

notations and after having reintroduced the loss anisotr
Dt' which creates the locking region@see Fig. 1~b!#, the field
equations~10! finally become

İ x52GxI x1DvLAI xI ycosC12kax~D01D1!~ I x1«x!

12k~axcosC1ãxsin C!D2AI xI y, ~13a!

İ y52GyI y1DvLAI xI ycosC12kay~D02D1!~ I y1«y!

12k~aycosC2ãysin C!D2AI xI y, ~13b!
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834 PRA 59MARC BRUNEL et al.
Ċ5vx2vy22DvL~AI x /I y1AI y /I x!sin C

1k@ãx~D01D1!2ãy~D02D1!#

2k@~axsin C2ãxcosC!AI y /I x

2~aysin C1ãycosC!AI x /I y#D2 , ~13c!

where«x and«y are small quantities which hold for spont
neous emission. Finally, we define the relative excitation r
h by

h54kP0~Gx /ax1Gy /ay!21. ~14!

In the following, we use Eqs.~12! and ~13! to simulate the
behavior of the laser. This set of six coupled nonlinear d
ferential equations is numerically integrated using a four
order Runge-Kutta algorithm@19# and using the parameter
given by the experiment.

III. EXPERIMENTAL RESULTS

A. Experimental arrangement

The longitudinally pumped laser used in the experime
is schematized in Fig. 1~a!. The active medium is a 1.1-mm
long crystal of 1 at. % doped Nd:YAG. One of its ends@see
M1 in Fig. 1~a!# is highly transmitting (T.95%) at the
pump wavelength, i.e., 809 nm, and highly reflectingR
.99.5%) at 1064 nm. The resonator isL5385 mm long and
is closed with a 500-mm radius of curvature concave mir
M2 with transmissionT51% at 1064 nm, which serves a
the output coupler. The pump laser is a fiber-coupled la
diode whose emission wavelength matches the absorp
peak of Nd:YAG at 809 nm. The end of the fiber is butt
against the input face of the laser crystal. A 1.5-mm-di
aperture is placed against the output mirror to ensure a si
transverse mode oscillation. A continuously adjustable lin
phase retardanceDw between thex andy polarization direc-
tions is created by two intracavity quarter-wave plates wh
neutral axes are not aligned. The two eigenstates are fo
to oscillate in a single longitudinal mode thanks to an u
coated 2-mm-thick silica plate, which acts as an e´talon. In-
deed, we focus here on the dynamics of the two eigenst
of a longitudinally monomode laser, contrary to previo
works @16,20,21# which dealt with a great number of simu
taneously oscillating longitudinal modes. Moreover, owi
to the Fresnel reflections on both faces of this e´talon, whose
normal axis is tilted with respect to the propagation axis
the cavity, we use this e´talon to create and control the los
anisotropyDt'!1.

For the purpose of the analysis, the laser output is pas
through a polarizer followed by an optical isolator, and se
rated into two beams. One part is sent to a 1.5-GHz confo
Fabry-Perot interferometer in order to check that the lase
longitudinally monomode. The other part is focused on
200-MHz bandwidth InGaAs photodiode. The electrical s
nal obtained is then monitored thanks to an oscilloscope
a spectrum analyzer. This experimental arrangement all
us to check the output intensity and polarization evolutio
when the intracavity parameters are modified by slight
justment of the phase and loss anisotropies.
te

-
-

s

r

er
on

le
r

e
ed
-

es

f

ed
-
al
is
a
-
d
s

s
-

In order to compare the experimental observations w
the predictions provided by the theoretical model, we fe
the differential equations with the values of the different p
rameters given by the experiment. These data are sum
rized hereafter. With the above-mentioned elements ins
the cavity, the laser is chosen to operate at an excitation r
h52.0 ~we then measure an output power of 20 mW!. The
analysis of the low-frequency intensity spectrum yields
relaxation oscillation frequency@22#. At this excitation level,
it is measured to bev r /2p565 kHz. In the Nd:YAG lasers
we consider here, the spontaneous emission lifetime 1g i

5230ms of the upper level of the laser transition is mu
longer than the cavity lifetime. We can consequently use
well-known relation@23,24#

v r
25~h21!Gxg i , ~15!

leading then to the loss rate of the cavityGx5
3.83107 s21. Of course, the low-frequency intensity spe
trum also exhibits very-low-frequency~'15 kHz! structures
associated with antiphase dynamics of the two eigenst
@20#. In the following, we experimentally investigate diffe
ent dynamical behaviors associated with the existence of
transverse loss anisotropy locking mechanism, and co
quently overlook this antiphase dynamics. Besides, the
herence lifetime is taken equal toTs580 ps @15# and the
average detuning is chosen to bev0/2p51 MHz in the cal-
culations. The quarter-wave plates and the e´talon are
mounted on micrometric positioning stages, permitting us
finely tune the values of the phase and loss anisotrop
Nevertheless, the absolute values of these small phase
loss anisotropies are difficult to measure directly. Thus,
the following, these parameters are adjusted in the calc
tions to meet the corresponding experimental results.
pending on these quantities, various intensity dynamics
observed, as is now described.

B. Investigation of the laser dynamics

Among the numerous intensity behaviors obtained b
theoretically and experimentally when changing the intrac
ity anisotropies, we choose to focus our study on the par
eter regions where uncommon features appear. Nume
integration of the set of differential equations developed
Sec. II evidences three main regions, which lead to differ
singular intensity and phase dynamics. These regions are
fined by the relative magnitude of the locking regionDvL
with respect to the relaxation oscillation frequencyv r and
the frequency differencev12v2 between the two cold-
cavity eigenstates of the laser. Within the framework of t
classification, the laser intensity behavior is conseque
studied in each region when the beat frequencyvb5v1

2v2 is varied. Experimentally, this is obtained by rotatin
one of the quarter-wave plates, hence varying the phase
isotropyDw.

1. DvL , v r!vy2vx

We first consider the case where the laser has almos
loss anisotropy, i.e., when the locking region is almost
small as the relaxation oscillation frequencyv r /2p
565 kHz. We start fromvb@v r . We detect experimentally
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on the photodiode the temporal evolutions of the intensi
along thex @Fig. 2~a!# andy @Fig. 2~c!# directions and their
beat note atvb/2p5(v12v2)/2p'2.6 MHz @Fig. 2~b!#
with the polarizer aligned at 45° of thex andy directions. We
check that sinceuvy2vxu@DvL , the eigenstates are almo
perfectly x- and y-linearly polarized. However, we observ
small modulations of their output powers at the beat f
quency. The beat note of Fig. 2~b! is then sent to a spectrum
analyzer and the corresponding power spectrum is displa
in Fig. 2~d!. The undamped relaxation oscillation can be se
in this spectrum, together with the sidebands it induces in
power spectrum of the beat note at 2.6 MHz. With the
rameters corresponding to the experimental results of F
2~a!–2~d!, we numerically integrate Eqs.~12! and ~13!. We
then obtain the results of Figs. 2~e! and 2~f!, which are in
very good agreement with the experiment. In particular,
modulations of the intensitiesI x and I y are well reproduced
and the residual peak at the frequencyv r /2p565 kHz of
relaxation oscillations can be seen in the spectrum of F
2~f!. Figure 2 provides evidence of the classical beat n
between the two cold-cavity eigenstates, contrary to the
lowing results which are no longer usual.

As expected from Eq.~2!, the adjustment ofDw allows
the precise and continuous control of the eigenfrequency
ferencev12v2 . When this frequency difference is de
creased, we can expect the two eigenstates to bec
slightly elliptical and to experience more nonlinearities
the relaxation oscillation frequency is approached. We

FIG. 2. ~a!–~c! Experimental time evolution of the laser outp
power observed behind a polarizer oriented~a! along thex axis,~b!
at 45° of thex and y axes, and~c! along they axis, whenuvy

2vxu.DvL . ~d! Experimental power spectrum corresponding
~b!. ~e!, ~f! Corresponding theoretical results obtained w
Gy/0.9715Gx53.83107 s21, 1/g i5230ms, (vy2vx)/2p
52.6 MHz, DvL/2p5100 kHz, v0/2p51 MHz, Ts580 ps, and
h52.0.
s
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this frequency difference tovb/2p5343 kHz. We then ob-
serve the intensity evolutions of the laser output through
polarizer aligned with thex @Fig. 3~a!# andy @Fig. 3~c!# axes
and at 45° of thex axis @Fig. 3~b!#. As expected, it appear
that the intensities observed with the polarizer aligned alo
the x or the y axis are now strongly modulated at the be
frequency@see Figs. 3~a! and 3~c!#. The spectrum of the sig
nal delivered by the photodiode and corresponding to F
3~b! is shown in Fig. 3~d!. One recognizes the undampe
relaxation oscillation frequency at 65 kHz, and the beat n
at 343 kHz together with its relaxation oscillation induc
sidebands. Also present is the first harmonic of the beat n
at 686 kHz. The theoretical results corresponding to this
periment are given in Figs. 3~e! and 3~f!. One can see that th
intensities as well as the spectrum are very well reprodu
by the numerical integration of Eqs.~12! and~13!. Note that
the ratio of the powers at angular frequenciesvb and 2vb
obtained experimentally@Fig. 3~d!# is also well reproduced
theoretically@Fig. 3~f!#.

In the results of Figs. 2 and 3, the loss anisotropy is
first approximation negligible, and we just obtain the beat
of the two eigenstates. Of course, due to competition effe
a close look at the very-low-intensity spectra of the tw
eigenstates leads to the observation of the well-known
quencies associated with antiphase dynamics between
two eigenstates@20#. We have also checked experimenta
that, as in previous works, these frequencies vanish in
total intensityI x1I y spectrum.

2. v r<DvL<2v r

By further decreasingvb , we reach situations where th
beat note of the preceding subsection is replaced by o
types of behaviors. Indeed, this beat note becomes stro
perturbed when the angular eigenfrequency differencevb

FIG. 3. Same as Fig. 2 with (vy2vx)/2p5357 kHz.
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836 PRA 59MARC BRUNEL et al.
meets the double of the relaxation oscillation angular f
quencyv r . The period of the output intensity modulatio
then doubles, as is shown in Fig. 4~a!. The corresponding
experimental spectrum is given in Fig. 4~b!. The theoretical
intensity temporal evolution@Fig. 4~c!# and spectrum@Fig.
4~d!# show remarkable agreement with the experimen
ones. In this situation, the polarization of each eigenstat
elliptical and, whatever the orientation of the output pol
izer, the same modulation wave form is observed experim
tally and theoretically.

The next uncommon feature as we decrease the p
anisotropyDw is observed whenvy2vx comes close tov r .
Indeed, although this frequency difference is now sma
than the locking thresholdDvL , suggesting that the cold
cavity eigenstates should be locked,a distorted beat note
still exists, as is shown in Fig. 5~a! ~temporal evolution of the
intensity! and Fig. 5~b! ~corresponding spectrum! at a beat
frequency almost equal to the relaxation oscillation f
quencyv r . The corresponding theoretical calculations a
reproduced in Figs. 5~c! and 5~d!, in close agreement with

FIG. 4. ~a! Experimental evolution of the component of the las
output power polarized at 45° of thex andy axes versus time.~b!
Corresponding experimental spectrum.~c!, ~d! Corresponding the-
oretical results obtained with the same parameters as in Fig. 2
ceptGy/1.0015Gx53.83107 s21 and (vy2vx)/2p5165 kHz.

FIG. 5. Same as Fig. 4 with (vy2vx)/2p555 kHz.
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the experimental features. In particular, they confirm the f
that thex- and y-polarized components of the field are su
prisingly unlocked (̂Ċ&Þ0), although uvy2vxu,DvL .
Besides, we find that both eigenstates then exhibit the s
intensity evolution.

However, for other values ofvy2vx smaller than the
locking thresholdDvL , it eventually happens that the tw
eigenstates lock to the same frequency. Then, a peculia
cillation regime appears. Namely, only one mode oscilla
in a cw regime with a quasicircular polarization. The calc
lated temporal evolutions of the intensities and the phasC
are given in Fig. 6~b!, leading to the expected polarizatio
ellipse reproduced in Fig. 6~a!. The laser output power is
perfectly continuous, for any considered polarization dire
tion. The evolution of the corresponding phase differen
shown in Fig. 6~b!, provides evidence of the circularity o
the emitted field polarization (C'3p/2). In this situation,
the experimental polarization has been checked to be ci
lar, by measuring the output power while rotating the pol
izer located in front of the detector@see Fig. 6~c!#. It is also
proved that the laser is then purely monomode, since the
note has vanished in the power spectrum@see Fig. 6~d!#.
Moreover, we check experimentally and theoretically th
the handedness of the output polarization can be reverse
changing the sign ofvy2vx .

3. v r!DvL

When the locking range is further increased, so thatv r
!DvL , new temporal evolutions of the intensity are o
served. Far from the locking range, i.e., whenDvL!Dvb ,
the usual beat note is observed experimentally as wel
predicted theoretically~the results are qualitatively similar t
the ones obtained in Figs. 2 and 3!. Let us now turn to the
opposite situation whereuvy2vxu,DvL , i.e., when the fre-
quencies of the two eigenstates of the cold cavity are lock
Then, if the laser behavior followed the predictions of t

r

x-

FIG. 6. Circularly polarized cw regime.~a! Theoretical polar
plot of the intensity obtained with the same parameters as in Fig
except (vy2vx)/2p580 kHz. ~b! Theoretical evolutions of the
components of the laser output power~full line! and of the phaseC
~dotted-dashed line! versus time.~c! Corresponding measured po
larization ellipse.~d! Corresponding spectrum.
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cold cavity summarized in Fig. 1~b!, we would expect only
one of the eigenstates to oscillate continuously, with its
larization elliptical and roughly aligned with the low los
axis of the loss anisotropyDt' . However, Eqs.~12! and~13!
exemplify the predominant role of the active medium in t
laser behavior. In particular, they stress the role of the
ferent components of the population inversion, whose de
time is much longer than the empty cavity decay time. W
can thus expect the relaxation oscillation phenomena to
a predominant role. This is illustrated by the predictions
Figs. 7~a! and 7~b!, which have been obtained for (vy
2vx)/2p5500 kHz andDvL/2p51.24 MHz. Figure 7~a!
shows that the frequency locking of the two eigensta
(^Ċ&50) leads to an interesting self-pulsing operation
the laser, the pulse duration being of the order of 2ms, and
its polarization being elliptical. To check this prediction e
perimentally, we further tilt the intracavity e´talon in order to
increase the locking thresholdDvL . For uvy2vxu,DvL ,
we then obtain the experimental results of Figs. 7~c!–7~e!,
which confirm the predictions of this new pulsed regime.
particular, Fig. 7~e! shows that such a regime is not due
spiking effects related to the onset of lasing, but is a v
stable pulsed oscillation regime. We check experiment
that the pulses are elliptically polarized, and that their du
tion is equal to 2ms, as expected. It is worth noting that sin
the phase differenceC between thex- andy-polarized com-
ponents of the laser field is locked, this operation regime
the laser can really be called monomode@14#, contrary to the
usual pulsed phase locking in multimode lasers@25,26#.

FIG. 7. Single-pulse regime.~a! Theoretical evolutions of the
component of the laser output power~full line! polarized at 45° of
the x and y axes and of the phaseC ~dashed line! versus time,
obtained with the same parameters as in Fig. 2, exceptvy

2vx)/2p5500 kHz andDvL/2p51.24 MHz. ~b! Corresponding
theoretical spectrum.~c!–~e! Corresponding experimental result
Notice the theoretical as well as experimental increase of the l
peak power with respect to the results of Fig. 2.
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Besides, it is striking to notice that the repetition rate
the laser pulses is approximately equal to 45 kHz, both th
retically and experimentally, a value slightly below the r
laxation oscillation frequency~65 kHz!. This repetition rate
can be varied within a few kHz around this value by care
adjustment of the phase and loss anisotropies. Moreover
observe experimentally that the repetition rate increases
the excitation rateh of the laser. These results and the fa
that the pulsed regime is experimentally and theoretica
obtained only forv r,vy2vx,DvL definitely prove that
this new pulsed regime is due both to the frequency lock
of the two eigenstates of the cold cavity, and to the existe
of relaxation oscillations, i.e., to the fact that the populati
inversion cannot be eliminated adiabatically in Eqs.~12!.

Contrary to the latter situation where the intensity evo
tions alongx and y axes are identical, a slight reduction o
the loss and phase anisotropies leads to a double-pulse
gime where the intensities alongx and y axes exhibit
complementary evolutions. Indeed, when now (vy
2vx)/2p5200 kHz andDvL/2p5500 kHz, numerical in-
tegration of Eqs.~12! and ~13! yields the predictions de
picted in Fig. 8. One can observe that, although the inten
along the 45° direction@Fig. 8~b!# has a single-pulse tempo
ral behavior with a 46-kHz repetition rate@see the spectrum
in Fig. 8~e!#, the intensities along thex @Fig. 8~a!# andy @Fig.
8~c!# directions now exhibit a double-pulsed oscillation r
gime. The fundamental frequency of the intensity spectr
is then 23 kHz@see the spectrum in Fig. 8~d!#. To verify this
prediction experimentally, we tilt the intracavity e´talon back
in order to decrease the locking thresholdDvL . We then
obtain the experimental results of Fig. 9, which confirm t

er

FIG. 8. Theoretical double-pulse regime.~a!–~c! Theoretical
evolutions of the component of the laser output power polarized~a!
along thex axis, ~b! at 45° of thex andy axes,~c! along they axis
versus time, obtained with the same parameters as in Fig. 4, ex
(vy2vx)/2p5200 kHz andDvL/2p5500 kHz. ~d!, ~e! Theoreti-
cal spectra corresponding to~a!, ~b!.
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predictions of a double-pulsed regime along thex andy di-
rections. Note that, as predicted, the intensity evolutions
served with the polarizer aligned along thex andy directions
are complementary and that the intensity detected with
polarizer aligned at 45° of thex and y axes exhibits single
pulses at 42 kHz@Figs. 9~b! and 9~e! #, as expected from
Figs. 8~b! and 8~e!.

Finally, when the loss anisotropyDt' is accompanied by
a loss anisotropy aligned with thex and y directions (Gx
ÞGy), the numerical integration of Eqs.~12! and~13! leads
to the prediction of phase-locked multiple-pulse oscillati
regimes with still lower fundamental frequencies. For e
ample, Figs. 10~a!, and 10~b! show the theoretical tempora
evolution of the intensity as well as the low-frequency sp
trum when (vy2vx)/2p5500 kHz, DvL/2p5744 kHz,
andGy /Gx51.1. This triple-pulsed oscillation regime is als
obtained experimentally, as checked in Figs. 10~c! and 10~d!.
Note that, here again, the phases are locked and the las
consequently monomode with an elliptical polarization.

4. Towards shorter pulses?

The preceding results have stressed the fact that the
etition rate of the monomode phase-locked single-pulsed
gime is closely related to the frequency of relaxation os
lations. This peculiar oscillation regime could lead
interesting applications to the design of a new type of pul
lasers, provided that the pulse duration could be reduced
increasingv r . To test this idea, we increasev r by reducing
the cavity length toL50.105 m and increasingh to 3.1.
Then, when unlocked, the laser output power is 28 mW

FIG. 9. Experimental double-pulse regime.~a!–~c! Experimen-
tal evolutions of the component of the laser output power polari
~a! along thex axis, ~b! at 45° of thex andy axes,~c! along they
axis versus time, corresponding to the theoretical predictions of
8. ~d!, ~e! Experimental spectra corresponding to~a!, ~b!. Notice the
vanishing of the lowest-frequency component when the polarize
aligned at 45° to thex axis.
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its relaxation oscillation frequency isv r /2p5157.5 kHz,
leading to Gx5Gy51.073108 s21. With these parameter
and with (vy2vx)/2p56.15 MHz and DvL/2p
56.82 MHz, Eqs.~12! and ~13! lead to the predictions o
Figs. 11~a!–11~c!. We then expect a pulse width of the ord
of 720 ns and a repetition rate larger than 100 kHz. This
verified experimentally, as can be seen in Figs. 11~d!–11~f!.
In particular, pulse durations as low as 780 ns are obtaine
this case, showing that increasingv r permit us~i! to increase
the repetition rate of the pulses and~ii ! to reduce their dura-
tions. In order to further reduce the pulse duration, we c
imagine using microchip lasers with controlled anisotropi
With L51 mm and h53, the relaxation oscillation fre-
quency must bev r /2p51.573 MHz, leading toGx5Gy
51.12431010 s21. Then, with (vy2vx)/2p53 MHz and
DvL/2p5478 MHz, our model predicts the pulses shown
Fig. 12. The pulse duration, which is now predicted to be
ns, becomes almost as short as in the case of pass
Q-switched microchip lasers, without the need of an intra
avity saturable absorber. Moreover, as can be seen from
12~a!, the repetition rate is now 920 kHz, a value larger th
the repetition rates which can be reached with compara
passivelyQ-switched microchip Nd:YAG lasers.

IV. CONCLUSION

We have experimentally investigated the dynamics of
two eigenstates of a longitudinally monomode qua
isotropic solid-state laser in the presence of crossed ph
and loss linear anisotropies. We have developed a theore
model for such lasers, taking the cold-cavity locking regi
into account. Starting from the density matrix formalism, w
have derived the coupled differential equations governing
amplitudes and phases of two laser eigenstates, as well a
population inversion in the active medium. The vectorial n
ture of the atom-field interaction appears through an ang
Fourier expansion of the population inversion. The result
six differential equations are applied to describe the temp

d

g.

is

FIG. 10. Triple-pulse regime.~a! Theoretical evolutions of the
component of the laser output power polarized at 45° of thex andy
axes and ofC versus time, obtained with the same parameters a
in Fig. 4, except Gy/1.15Gx53.83107 s21, (vy2vx)/2p
5500 kHz, andDvL/2p5744 kHz. ~b! Corresponding theoretica
spectrum.~c!, ~d! Corresponding experimental results. TheI x andI y

components of the output light~not shown! exhibit the same tem-
poral behavior asI 45.
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behavior of a quasi-isotropic solid-state laser with a v
short active medium and containing crossed phase and
anisotropies.

New behaviors in the laser output intensity and polari
tion are then observed in a diode-pumped longitudinally a
transversely monomode Nd:YAG laser sustaining the os
lation of two polarization eigenstates.

~i! When the locking range is of the order of the rela
ation oscillation frequency of the laser, a usual beat not
observed between the two cold-cavity eigenstates, excep
particular values of the angular beat frequency of the syst
namely,v r and 2v r , which lead to original behaviors.

~ii ! When the locking range is slightly larger than th
relaxation oscillation frequency of the laser, a monomo
continuous-wave circularly polarized regime is observed
soon as the cold-cavity eigenfrequency difference fa
within the locking region.

~iii ! When the relaxation oscillation frequency of the las
is small with respect to the locking bandwidth, different sp
cific self-pulsed regimes are observed. Multiple or sin
pulses are shown to be emitted with pulse widths as sho
780-ns full width at half maximum~FWHM! at a repetition
rate slightly smaller than the relaxation oscillation frequen
and peak powers about ten times the corresponding
power.

All these observations are theoretically confirmed by o
model. Depending on the magnitude of the loss and ph
anisotropies, every observed regime has been theoreti

FIG. 11. Single-pulse regime for a short cavity (L50.105 m).
~a! Theoretical evolution of the component of the laser out
power polarized at 45° of thex and y axes versus time, obtaine
with h53.1, L50.105 m, Gy/1.0015Gx51.073108 s21, (vy

2vx)/2p56.15 MHz, andDvL/2p56.82 MHz. ~b! Zoom on one
of the pulses of~a!, showing a pulse width equal to 720 ns FWHM
~c! Corresponding theoretical spectrum.~d!–~f! Corresponding ex-
perimental results. TheI x andI y components of the output light~not
shown! exhibit the same temporal behavior asI 45.
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reproduced. Usual as well as distorted beat notes betwee
two eigenstates, cw circular polarization emission, and sin
and multiple pulsing in the self-locked regime are nume
cally obtained. The single-pulse regime is obtained~i! at a
repetition rate of about 42 kHz, with a pulse width of 2ms
and a peak power of 20 times the cw output power, and~ii !
at a repetition rate of about 105 kHz with a pulse width
720 ns depending mainly on the frequency of relaxation
cillations. We have consequently verified that the reduct
of the photon lifetime in the cavity leads to shorter puls
emitted with a higher repetition rate, as observed. This op
the possibility of generating nanosecond pulses at MHz r
etition rates when using microchip lasers, withoutQ-
switching processes. Furthermore, we have checked ex
mentally the appearance of such self-pulsed regimes
compact Er:Yb:glass laser emitting at 1.55mm.

To conclude, the introduction of a crossed loss anisotro
creating a locking region for the two eigenstates of a mo
mode solid-state laser has led to the observation of pecu
temporal behaviors for the output intensity, which are the
retically confirmed. These behaviors are physically explain
by the nonlinear interaction between two orthogonal eig
states in the active medium of lasers where the photon
time in the cavity is much shorter than the population inv
sion lifetime ~class-B lasers!. The role of the relaxation
oscillations, as well as the need for a self-locking regio
have been stressed. Besides, the self-pulsed monomode
put may prove very useful when shorter laser cavities
used. Moreover, the possible existence of regions of cha
behavior that we can suspect from preliminary theoreti
and experimental observations deserves further invest
tions.
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FIG. 12. Single-pulse regime predicted for a very short cav
(L51 mm). ~a! Theoretical evolution of the component of the las
output power polarized at 45° of thex and y axes versus time,
obtained with h53, L51 mm, Gy/1.0015Gx51.12431010 s21,
(vy2vx)/2p53 MHz, andDvL/2p5478 MHz, leading to a rep-
etition rate of 920 kHz.~b! Zoom on one of the pulses of~a!,
showing a pulse width equal to 60-ns FWHM.
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