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Propagation of resonant 0p pulses in rubidium

U. Kallmann, S. Brattke, and W. Hartmann
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The propagation of resonant 0p pulses in atomic rubidium is investigated experimentally and theoretically.
In order to explain the observed pulse shaping, the hyperfine structure of theD1 transition for both isotopes is
included. The influence of the hyperfine structure is also demonstrated by comparison between measurements
in a natural mixture of atomic rubidium and pure rubidium 87. The characteristic difference between pulse
shapes for moderate and large absorption is explained by means of a transfer function.
@S1050-2947~99!05901-6#

PACS number~s!: 42.50.Gy, 42.65.2k, 42.50.2p
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I. INTRODUCTION

The semiclassical theory for the propagation of reson
light pulses uses quantum-mechanical polarization toge
with Maxwell’s equations@1#. Most attention has been pai
to cases of strong resonant light pulses propagating throu
two-level medium. Then many interesting effects, e.g., s
induced transparency, formation of solitons, and fr
induction decay, occur@1–5#. In order to observe these e
fects, a sufficiently strong field, combined with a suitab
duration of the pulse, is required. This leads to a signific
change in the level occupation within a single pulse.

The subject of this work are weak pulses which leave
level occupation nearly unchanged. These 0p pulses change
and exhibit a ringing in the tail of their pulse response. T
was theoretically predicted in@6,7#. Further refinement of
theory included laser chirp and Fresnel diffraction@8,9#.

First experiments using 0p pulses in the ps time scal
were made with atomic sodium and HCl@10,11#. The sodium
experiment showed the expected ringing phenomenon
increasing ringing frequency for increasing absorption but
obvious effects caused by the hyperfine structure could
observed. In the HCl experiment, a beating signal due to
two isotopic species35Cl and 37Cl could be seen but becaus
of the fast decaying polarization the typical absorptio
dependent ringing was not observable. More experime
work followed, investigating, e.g., the case of very high a
sorption @12# or the influence of 0p pulse propagation on
four-wave mixing in solids@13#.

We present measurements of 0p pulse shaping in atomic
rubidium for two different regimes. For small absorption t
pulse formation is dominated by the hyperfine structu
whereas for the case of strong absorption the typical ring
occurs, depending mainly on the total absorption. The
lowing theoretical discussion therefore introduces a tran
function @14#, which visualizes the influence of the hyperfin
structure and the transition between small and strong abs
tion. The theoretical framework also allows for the introdu
tion of a chirp in the light pulses, leading to a good agre
ment between measurements and simulations.

II. THEORY

The equation of motion for the nondiagonal densi
matrix elementrab of a two-level system with levelsua& and
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ub&, submitted to a linearly polarized electric fieldE(z,t)êx
of the form

E~z,t !5
1

2
E~z,t !ei ~kz2vt !1c.c., ~1!

becomes in the rotating-wave approximation

ṙab52@ i ~v02v!1gab#rab2 i
m

2\
Erd . ~2!

Here m52e^aux̂ub& is the electric dipole moment,gab the
dipole dephasing rate,v0 the transition frequency, andrd
the difference in the population probability between the t
levels.rab is given in the rotating frame of the electric fiel
with frequencyv.

For small pulse areasQ,

Q~z!5E
2`

1`m

\
E~z,t ! dt, ~3!

it can be shown that the population differencerd remains
nearly constant@7#. If we assume the system initially to be i
the ground state , this leads to the approximationrd(z,t)'
21. Then Eq.~2! reduces to

ṙab52@ i ~v02v!1gab#rab1 i
m

2\
E, ~4!

which can easily be solved. With a Fourier transformatio
which is symmetric with respect ton and t, one obtains

r̃ab~n!5 i
m

2\

Ẽ~n!

gab1 i ~v02v22pn!
. ~5!

Since we are interested in the polarization of an inhom
geneously broadened system with a distribution funct
g(v0) and the atomic number densityN, we have to calcu-
late the complex envelopeP(z,t) of the polarization and

P̃(z,n), respectively. Using an equivalent representation

the polarization as for the electric field in Eq.~1!, P̃(z,n) is
given by
814 ©1999 The American Physical Society



u
ev
o

ys
b
t

cy
a

pe
ad
le

-

w

/
us

ns

ic
po

m
lie

f

fe

mic
a-
e
ion,

he

on
our

o
wo

pe

cor-

PRA 59 815PROPAGATION OF RESONANT 0p PULSES IN RUBIDIUM
P̃~z,n!5NE
2`

1`

2mr̃ab~z,n,v0!g~v0! dv0 . ~6!

Equation~6! has been derived for a two-level system b
can be generalized to situations in which more than two l
els are involved. A small pulse area also decouples the n
diagonal elements of the density matrix in a multilevel s
tem, since the coherence between substates, produced
single pulse, is negligible@15#. Even in the case of coheren
excitation with pulse trains of suitable repetition frequen
only a small amount of coherence between sublevels is
tainable. We therefore treat the total polarization as a su
position of the polarization of many inhomogeneously bro
ened two-level systems. Then, assuming a set of Dopp
broadened transitions with transition frequenciesvk , dipole
momentsmk , and weightsgk , one obtains for the polariza
tion

P̃~z,n!52
N

\
Ẽ~z,n!(

k

mk
2gk

i /T21@2pn1~v2vk!#
. ~7!

Despite a Gaussian distribution for Doppler broadening,
used a sum of Lorentzian line-shape functions for ease
analytical calculation. Here the total dephasing rate 1T2

5gab11/T2* is given by the sum of the homogeneo
dephasing rategab and the dephasing rate 1/T2* due to Dop-
pler broadening.

Now we are in the position to apply Maxwell’s equatio
in the slowly varying envelope approximation~SVEA!. With
the polarization of Eq.~7!, the differential equation for the
electric field is given by

S ]

]z
2 i

2pn

c
1A~n! D Ẽ~z,n!50 ~8!

with

A~n!5 i
vN

2ec\(
k

mk
2gk

i /T21@2pn1~v2vk!#
. ~9!

In Eq. ~9!, c and e are the speed of light and the dielectr
constant of the host medium, respectively, in which the
larizable atoms are embedded. The solution of Eq.~8! can be
obtained directly and reads

Ẽ~z,n!5 Ẽ~z50,n!expS i
2pn

c
z2A~n!zD . ~10!

Since we are interested in a solution, given in the ti
domain, an inverse Fourier transformation has to be app
With the retarded timet85t2z/c, the electric field is the
convolution of the electric field atz50 and the inverse FT o
the function exp„2A(n)z…:

E~z,t8!5E~z50,t8! ^FT 21~e2A~n!z!. ~11!

Equation ~11! suggests that the knowledge of the trans
function

T~n,z!ªe2A~n!z5ue2A~n!zueiw~n,z! ~12!
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is sufficient to calculate the modifications on 0p pulses
propagating in a multilevel system@14#.

III. MEASUREMENTS AND SIMULATIONS

Here we investigate the pulse propagation through ato
rubidium with the light of a mode-locked semiconductor l
ser tuned to theD1 transition of rubidium at 794 nm. Figur
1 shows the hyperfine structure of both isotopes. In addit
Fig. 2 displays the resultinguT(n,z)u2 at small absorption for
the natural isotopic mixture of rubidium~72% 85Rb and 28%
87Rb). According to Eqs.~10! and ~12!, uT(n,z)u gives the
absorption of the individual frequency components of t
electric field, and thereforeuT(n,z)u2 in Fig. 2 resembles a
typical absorption spectrum for rubidium. The two lines
the left and right margins of the spectrum represent the f
transition frequencies for87Rb, while the four transition fre-
quencies for85Rb cannot be resolved. Here each of the tw
stronger lines in the middle of the spectrum consists of t
broadened transitions.

The initial light pulses exhibit a nearly Lorentzian sha
and have a width~FWHM! of 15 ps; the spectral width of the
pulses is about 100 GHz. The pulses are coupled into a

FIG. 1. D1 Transition with hyperfine structure for85Rb and
87Rb.

FIG. 2. Absorption spectrum of theD1 transition of rubidium in
the natural isotopic mixture at small absorption.
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relation measurement setup~Fig. 3! with a repetition fre-
quency of 525 MHz. The light is linearly polarized and th
measured average power in both parts of the correlato
500 mW.

The measurement pulse traverses a heated rubidium
which contains natural rubidium~cell 5 cm! and 87Rb ~cell
10 cm!, respectively. The correlation between measurem
and reference pulse is measured by second-harmonic ge
tion ~SHG! in a BBO crystal. In this setup the secon
harmonic intensityI SH(t),

I SH~t!}E
2`

1`

I ref~ t !I Rb~ t2t! dt, ~13!

is measured as a function of the delay timet and depends on
the intensitiesI ref ,I Rb of the two pulses. ThenI SH(t) as the
cross correlation betweenI ref(t) and I Rb(t) allows us to de-
termine changes in the shape of the measurement p
I Rb(t).

According to the weak pulse intensity, the detect
second-harmonic power is very small and in order to i
prove the signal-to-noise ratio the displayed curves are
average of ten cross correlation traces.

For comparison of measurements and theory, we h
calculated the transmitted pulse by Eq.~11!. Thek transitions
refer to the possible transitions with linearly polarized lig
in the partly degeneratedD1 system~Fig. 1!. The weightsgk
were used to account for the natural abundance of the
isotopes. In the following we characterize our measureme
and calculations at small, moderate, and large absorptio
the absorptiona0l . Following @11#, the absorption coeffi-
cienta0 is defined as the sum of the on-resonance absorp
coefficients of the differentD1 transition components fo
weak cw excitation. This procedure is appropriate since
frequency spectrum of the light pulses is much broader t
the hyperfine structure of theD1 line.

A. Small and moderate absorption

Figure 4 shows measurements for small absorption
room temperature and moderate absorption together with
simulation for moderate absorption.

FIG. 3. Correlation setup. The beamsplitter~BS! divides the
incident light pulses into reference and measurement pulses. Fo
reference pulses, delay times up to 800 ps are possible.
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The measurement for small absorption is practically
influenced by the rubidium atoms, only a delayed pulse
be seen due to the reflection at the cell windows. For incre
ing temperature and atomic number density, respectively,
formation of weak delayed pulses is observed. In this reg
the delayed pulses are not regularly ordered and the inten
is not monotonically decreasing. The simulated correlation
Fig. 4 shows the same behavior, using a slightly higher te
perature (DT'3 K) for the simulation than measured. If th
total absorption is varied in experiments or simulations
change up to approximately 20% leads to qualitatively sim
lar correlations with different spacings between the dela
pulses. Further change then produces correlations, which
fer also in shape.

Part of the remaining difference between measurem
and simulation~Fig. 4! in the signal height can be explaine
by the assumption of an initially Lorentzian light puls
which produces higher correlation signals than the exp
mental pulses which are only approximately Lorentzia
Also the laser chirp, which is not exactly known, influenc
the signal height. This influence will be demonstrated in
next section.

B. Large absorption

Further increase of the absorption changes the shap
the observed correlations. As can be seen in Fig. 5 and
6, a ringing occurs and the ringing frequency increases w
higher absorption. Even in this regime the simulations sh
good agreement with the measured correlations.

In addition, Fig. 6 demonstrates the influence of the
sumed laser chirp on the simulations. A linear chirp for t
electric field in Eq.~1! is introduced by the transformation

E~z,t !→Echirp~z,t !5E~z,t !eibt2. ~14!

The parameterb can be adjusted for the desired chirp. Fo
transformation limited Lorentzian pulse with a width of 1
ps, a spectral width of 15 GHz, would be expected@16#.
Since we measure a spectral width of 100 GHz, a linear ch

the FIG. 4. Correlation measurements fora0l'0.2, T5294 K
~lower curve! anda0l'24, T5348 K ~middle curve!. The upper
curve shows the simulation for a rubidium temperature ofT
5351 K and a laser chirp of26.6 GHz/ps.
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of 26.6 GHz/ps is used for the simulations. Figure 6 sho
that the laser chirp strongly affects the resulting signal he
but the separation of the following pulses does obviously
depend on the chirp.

C. Influence of the absorption spectrum

In the preceding sections a strong relation between t
absorption and the resulting pulse shape could be seen.
influence of the absorption spectrum is observed for corr
tion measurements using only87Rb. Figure 7 shows the cor
relation measurement at an absorption ofa0l'24. The simu-
lated cross correlation in Fig. 7 resembles the measu
correlation, whereas with the assumption of a natural iso
pic mixture different results are produced. This is also
perimentally confirmed since the correlation measuremen
the natural isotopic mixture with similar absorption~Fig. 4!
shows a qualitatively different structure. Furthermore,
correlation for the natural isotopic mixture indicates that
intervals between the delayed pulses are larger comp
with the delayed pulses observed in pure87Rb. This behav-
ior will be discussed in the next section.

FIG. 5. Correlation measurement fora0l'118, T5371 K
~solid curve!. The dashed curve shows the simulation for a
bidium temperature ofT5372 K and a laser chirp of
26.6 GHz/ps.

FIG. 6. Correlation measurement fora0l'380, T5390 K
~solid curve!. The dashed curve shows the simulation for a la
chirp of 26.6 GHz/ps and a rubidium temperature ofT5392 K.
The dotted curve shows the same simulation without chirp.
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IV. DISCUSSION

In order to examine the observed pulse shaping mec
nism in both regimes, we consider the transfer function
Eq. ~12!. The absolute values ofT(n,z) indicate the absorp-
tion of the individual frequency components andw(n,z) de-
scribes the phase change. Since the frequency spectru
the incoming pulse is much broader than the frequency ra
covered by the atomic transition, the shape of the transmi
pulse is mainly formed by the frequency components in
wings of the absorption line. For example, at the absorpt
a0l'380 of Fig. 9~b!, the frequency components withi
65 GHz on both sides of the absorption center are co
pletely absorbed and do not contribute to the transmit
pulse.

To explain the occurrence of the delayed pulses, the
larization induced phase changes in the electric field hav
be considered as the dominating mechanism. Then the su
position of all frequency components, including their pha
changes, leads to the formation of the characteristic pu
shapes.

Figure 8 shows the interesting features of the trans
functions for moderate absorption, resulting in the corre
tion traces of Fig. 7. The absolute values more or less
semble the strongly broadened absorption spectrum of
D1 transition in rubidium. Phase changes close top, indi-
cated by deeper minima in the real part ofT(n), are located
at the wings of the absorption lines. Therefore the appe
ance of the delayed pulses can be related to a beatin
frequencies, which lie close to the transition frequenci
With this assumption the correlations in Fig. 7 can be int
preted. The arrows in Fig. 8~a! indicate the two outermos
frequencies with phase reversal for the natural isotopic m
ture. This frequency spacing appears to be smaller than
the 87Rb case@Fig. 8~b!#. This larger frequency spacing i
then found in the higher beating frequencies of the corre
tions ~measured and simulated! for 87Rb.

With increasing absorption almost the entire frequen
range, spanned by theD1 transitions, is completely ab
sorbed. This situation is depicted in Fig. 9. Figure 9~a! shows
that even for frequencies with small absorption a large ph
change occurs. Further increase of absorption then a

-

r

FIG. 7. Correlation measurement fora0l'24, T5339 K
~solid curve! in 87Rb. The dashed curve shows the simulation
87Rb with a temperature ofT5339 K, the dotted curve shows th
same simulation for the natural isotopic mixture.
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higher frequency components with reversed phase@Fig.
9~b!#. This leads to a higher ringing frequency, which can
observed in correlation traces for large absorption.

V. CONCLUSION

The theory of resonant 0p pulse propagation can be ge
eralized to situations in which propagating pulses are re
nant with more than two levels. The approximation of co
stant level occupation allows for the decoupling of t
involved sublevels, leading to an analytical solution of t
pulse propagating problem.

FIG. 8. Real parts~solid line! and absolute values~dashed line!
of the transfer functionsT(n) used in the simulations of the mea
surement witha0l'24 ~Fig. 7!. ~a! Transfer function for the natura
isotopic mixture;~b! transfer function for87Rb.
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Experiments using theD1 transition of atomic rubidium
can be simulated with quantitatively good agreement i
laser chirp is introduced. The observed pulse shaping ex
its a transition from a hyperfine structure dominated regi
to a regime that shows the typical ringing in the tail of t
pulse.

The transfer function of the investigated system impa
an understanding of the mechanisms for the pulse shap
Here for the two regimes the influence of absorption a
phase changes on the pulse shape can be studied in th
quency domain. This helps to explain the origin of the d
ferent shapes of the observed pulses and to predict p
shaping in systems not investigated yet.

FIG. 9. Real part~solid line! and absolute value~dashed line! of
the transfer functionT(n) used in the simulations of the measur
ments.~a! a0l'118; ~b! a0l'380.
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