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Topological phases and circulating states of Bose-Einstein condensates
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We show that the quantum topological effect predicted by Aharonov and CésBGeeffect) [Phys. Rev.
Lett. 53, 319(1984] may be used to create circulating states of magnetically trapped atomic Bose-Einstein
condensateBECS. A simple experimental setup is suggested based on a multiply connected geometry such
as a toroidal trap or a magnetic trap pinched by a blue-detuned laser. We give numerical estimates of such
effects within the current atomic BEC experiments, and point out some interesting properties of the associated
guantized circulating statefS1050-294{©9)01501-2

PACS numbsg(s): 03.75.Fi, 03.65.Bz, 03.75.Be, 05.30.Jp

Theoretical and experimental research has advanced ragtong the axial directiorz. Such a setup may require the

idly since the first experimental evidence of the atomic Bosedevelopment of new types of magnetic traps. The AC effect

Einstein condensatioBEC) in alkali-metal gase§1-3].  utilized here has been extensively discussed in many papers

Compared with strongly interactindHe systems, dilute [20,21], and will not be the detailed subject of this paper.

atomic quantum gases opened a unique opportunity to per- We note that the nonrelativistic effective single atom

form detailed comparative studies of the predictions of theHamiltonian takes the formil8]

many-body theory4]. In the last several years, experimen-

talists have demonstrated remarkable success testing theoret- 1 . . . o2E2

ical concepts and calculations based on the theory of weakly H= m(p— EXalc)?—

interacting Bose gases developed many years4pdHow-

ever, somewhat surprisingly, the realization and the detection .

of a vortex stat¢5,6] has not been demonstrated despite thewhereM is the mass of the atork, is the static electric-field

tremendous efforts from several leading experimental groupgtrength,(} denotes the magnetic dipole moment of the

[7]. trapped atom, and is the vacuum speed of light. The trap-
Apart from potentially nontrivial physical reasons pre- ping potential contains two parts: the static magnetic trap

venting the direct observatio_n of the vortex state, we beIier/t(;) and the optical dipole potential from the piercing laser
the lack of robust and effective creation schemes has been_a

major factor. Several theoretical groups have recently progekév'-(lr): The second quantized form for atoms described
posed ideas for vortex creation. Walsworth and Y8Lpro- y Bq.(D)is
posed a magnetic dipole Franck-Condon coupling scheme.
Marzlin, Zhang, and Wrighf9] and Bolda and Wall$10] H:f dr
recognized that the circulations of photon mode functions
can be coupled into the condensate through the electric di-
pole Franck-Condon factor. Duet al.[11] developed a ro- We have introduced the chemical potentialto guarantee
bust scheme based on adiabatic following. Rokh$dfand  the conservation of the total number of atoms. We have also
Javanainen, Paik, and Yda3] have considered interesting used a shape-independent form for the atom-atom interaction
properties of the formation and behavior of vor- with uy=4m#%a,/M where ag is the swave scattering
tex/circulating states. Goldstein, Wright, and Meysdttd]  length.
proposed a possible detection scheme. The interesting con- For alkali-metal atoms under these conditions the atomic
nection with superfluidity and persistent current states in &pin iso= gr gz, (Where typically the Landgp factor is of
toroidal shaped geometry was addressed in R&f516. order 1. ug=7%e/2m is the Bohr magneton for the elec-

In this paper we propose a new scheme for the creation afon (with massm,). Assuming the charged wire to be long
quantized circulating stat¢47]. Our main idea involves the and thin compared with all other dimensions in the system,

use of the Aharonov-CashehC) effect[18], the magnetic  as illustrated in Fig. (), we approximate the electric field
dual” of the AharonOV'BOhm(AB) effect[19] Our discus- with the infinite wire limit E(E) — Zne;)/p, Wherene is the

sipn is .based on the_ setup as illustrated in Fig. 1 a .threell'near charge density along the wire. This implies that
dimensional magnetically trapped condensate is p|erceEx o is in the azimuthal direction, effectively acting as a

along the cylindrically symmetric z axis by a far-blue- s g
detuned laser as used in the first MIT BEC experin{@it torque term. Such a term will induce a nontrivial ground
State of condensed atoms.

We envision that there exists an imbedded conducting wir .

inside the laser beam which can be charged to produce a At zero temperaturef(= 0) weAm'Eroduce an (_)rder param-
radially directed electric field. Such a setup is reminiscent ofter for the condensatg/(r)=(y(r)) (normalized to 1
the standard discussion of the AB-AC effe¢is8,19. We  Minimizing Hamiltonian(2) with respect ta/(r), we obtain
also assume that the atoms are spin polarized by the trap fietde standard nonlinear Sclidiager equation
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I z Ne~ 1(graX,)~3.55x 10t g (m™1) (5)

@) ; : or larger, i.e., a charge distribution of at least several elec-
tronic charges per Compton length. Such a charge distribu-
tion would create a large electric field in the trapping area. At

‘ a distance OE()(C) from the wire(wherep is p in units of
X.), one can estimate the radial electric field to be

E(p)~2XNeel (pA%)~2X (elad) (a2 x)/(agep)

3 S S S S e 3

SR - (s
= /p g ~5x10°/(gep) (a.u), (6)
AL about (2¢) X 10 3(a.u. at a distance of 1 mm away from

‘ the wire. A toroidal trap with a radius 1 mm, as illustrated
in Fig. 1(b), may make these conditions accessible.

In the case of a toroidal trap we consider an alternative
charge arrangement consisting of a charged sphere instead of
an infinitely long wire[see Fig. 1b)]. The electric field in the
plane of the torus can then be conveniently expressed as
Nee/pg, with pg the radius of the torus. Assuming the width
of the torus tube to be much smaller than its radius, one can
effectively find that

S S e e e S S O | S I =

B Nee e efi ><1
7 po(f/mgc) Gr 2m.~ ch

=NeGra/2po. (7)
For » to be of the order of 1, one would require

Ne~2po/gra. (8)

We estimate the magnitude of the electric field inside the
torus tube to be

FIG. 1. Two possible setups for vortex and circulating state 2

creation with AC effects(a) Magnetic trap pinched by a blue de- E(EO)N Neze = i X_i @ Ez
tuned laser with an imbedded charged lii®. A toroidal trap sur- Po aOF pg K¢ ag
rounding a charged sphere distribution. 5 1
= —x=—1.885x 10" (a.u). 9)
#2(1 0 o9 P hz(a_)z 29 po
—_— — — R— + RN, |
2Mlp opPap " 522 2Mp2\ i 7 ap="2/mee? is the Bohr radius. For a torus with a radius of
) about 1 mm, the electric field is about ¢5)10™* a.u. We
2 _nmn note the atomic unit for the field strength is 5.1420°
TNl (p. ¢.2)*+V(p.¢.2) M 52 ¥(p.$.2) V/cm. One may hope that such field strength could be real-
ized in the futurd22].
=uip(p,$,2), 3 Assuming the toroidal trap can confine the condensate to

a width much narrower than the radipg, we approximate

whereN is the total number of condensed atoms. We defindhe three-dimensional problem as described above inf3#q.
the dimensionless term=2n,grug/ch. Typical numerical by an effective one-dimensiondlD) one along the azi-

values are estimated as muthal direction¢. To continue our analysis, we take the
following ansatz for the transverse structure of the toroidally
N.e et 1 confined condensate,
=2X X g X =—— X —=N.gra, 4
7= 2 mee <9 amee o Mg @ Wp.$.2)=D(p, 2 U)o,

(10
where we have expressed the linear charge density in terms ® B

of the number of electronic charge unitg, per Compton (p,2)= \/—Nex 4
length X, =#%/m,c~3.862< 10" ¥ m. « is the fine-structure
constante?/f.c~1/137. For the AC effect to be observable, with the normalizationV= 2 0,0,. 0, ando, are the ef-
one would requirep~1, which is equivalent to a linear fective ground state width ip andz, respectively.

charge density of about The effective 1D equation of motion faf( ) is

2 2
T, fogm

3((9—00)2 22)
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) ) FIG. 2. The ground state inden, i.e., the angular momentum
(V(p,¢,2)) is the potential averaged over the transverse proper atom at zero temperatur&£0). The dotted line is the result
file ®(p,z)/\/po. It is constant since the original potential for a classicalnoncondensacensemble of atoms whose individual
V(p,$,z) is azimuthally symmetric and independent ¢f  atomic angular momentum is not quantized. The tilted dot-dashed
The last term ofue is the transverse kinetic energy, and canline is the result folT#0, but <T,.
be approximated as

Rer=(1=X) (M= 7)?+x (M+1—17)?
<1a (9+(92> <a2+ 2> 13 N
——p—+— )~ —=+— U
pap dp 922 \ap? az2 +%[1+2x(1—x)]. (16)

over the statab(p,z)/+/po. This is also constant, determined ~
by the detailed transverse profile of the trapping potential. Since ues=(mMm— 7)2+ (Ug/27) at x=0 (m statd and

Now it is easy to appreciate the consequences of the to= (m+1— )2+ (Up/27) atx=1 (m+1 statd, we see that
pological phase terny as described by Eq11). Thermody-  the lower energy state is indeed determined by the Vajde
namically the ground state should be the state with the miniThe curves connecting values are inverted paraboléer

mum value of ues. Because of the required periodic ~ _1 1 ~

boundary conditiony(¢) = y( ¢+ 2), the uniform state in ;J;Eeg)thze\?:liz g:( 2 F(mt 2 =)/ (Uol ) where pueq
¢ has to be of the formy(¢)~e'™?, wherem is the integer
of quantized circulation, or the angular momentum along the
z axis. For such a state one obtains

1
(m=—n)(Mm+1-n)+5

14+ —
T 2

Uo

Meff=

a 3T.|0
1+ —+=—.
2u0 2

M= (M—17)2+ 2“—; (14) 17

To reach the lower side dfy] from m to m+1, or vice
Minimizing the above with respect tm, we obtain thatn versa, the potential barrier in between has to be overcome. In
=[], where[ 5] denotes the nearest integer »f Since the present case, this is achieved first by adiabatically climb-
can be controlled experimentally, one may expect the ing the potential barrier to the top whenis experimentally
value of the circulating state to jump whenevercrosses adjusted, and then sliding down to the new minimunug.
half-integer values. This result is illustrated in Fig. 2 as solidThis is illustrated in Fig. 3.
steps forT=0. We note that the dot-dashed line for the case An important practical concern for the AC effect as ap-
of 0<T<T, (the condensation temperaturis simply a  plied here is the effect of the electric field to polarize atoms.
weighted average of the result far=0 with that of the As previously shown by several authors, a polarized atom
thermal atoms(denoted by the dotted lineThis result is inside a crossed electric and magnetic field experiences ad-
similar to the Figs. 3 and 4 of Ref23], except now there is ditional AB-AC-like topological effectd21]. In particular,
no rotation of the trap. the effective contribution is of the same form as discussed

We can also check the local stability of the above circu-above, but
lating states. In the case of a superposition state
nexg= @(0)neB/(27iC) (18
1 : -
W d)= E[ 1-xem+ xelembo], (15 for a linear charge distributiorB is the magnetic trapping

field in the z direction, anda(0)=a(0)(ag) is the polariz-
wherex is a variational mixing parameter artla random  ability, with «(0) typically of the order of a few hundred for
phase factor. One then finds alkali metal atoms. In dimensionless units, one obtains
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«(0), andB, we conclude that the same topological effect
due to the applied electric field and the magnetic trapping
field is much smallerpgyp<<1.

In conclusion, we have estimated Aharonov-Casher ef-
fects on the quantum degenerate Bose gas. We have shown
that due to the presence of a topological phase term, the
ground state of a degenerate quantum gas will display quan-
tized flux states, i.e., circulating states of definite angular
momentum. Our numerical estimates have shown that these
would be difficult to realize within the current BEC experi-
ments, but are potentially observable in the future. We want
to emphasize that although our model is based on an effec-
tively toroidal shaped trap, the topological effects discussed
require only a multiply connected geometry, i.e., indepen-
dent of the details of the transverse shape of the condensate

FIG. 3. A plot of u.s showing the local stability of them profile. Therefore the results as illustrated in Figs. 2 and 3,
=[] states in the free-energy functional space. We have taken thehould be qualitatively valid even when a more rigorous ap-
parametely/27=2. proach is taken. Our proposal makes the crucial first link

between the topological phases and atomic Bose-Einstein
_ N.e 1 condensates, and can also be further explored along the di-
77Exs=a(0)><a8><—e><B><— rection of using Bose Gases as a system in which the AC
ag 2hc .
effect can be realized.
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