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Invariant theory and exact solutions for the quantum Dirac field in a time-dependent spatially
homogeneous electric field
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On the basis of the generalized invariant formulation, the invariant-related unitary transformation method is
used to study the evolution of the quantum Dirac field in a time-dependent spatially homogeneous electric
field. We solve the functional Schro¨dinger equation for the Dirac field and obtain the exact solutions and
corresponding total phase. The total phase includes both the dynamical phase and geometric phase~Aharonov-
Anandan phase!. @S1050-2947~98!07512-X#

PACS number~s!: 03.65.Pm, 03.65.Bz
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I. INTRODUCTION

Quantum invariant theory was proposed by Lewis a
Riesenfeld in Ref.@1#. This theory is a powerful tool for
treating systems with time-dependent Hamiltonians. It w
generalized in Ref.@2# by introducing the concept of basi
invariants and used to study the geometric phases@3,4# in
connection with the exact solutions of the correspond
time-dependent Schro¨dinger equations. Then, it becam
more and more recognized that there are actually nothing
different names and attributes given to various parts of
total phase@5# as long as the exact solution of the tim
dependent Schro¨dinger equation with a time-depende
Hamiltonian is concerned. The invariant theory in Refs.@1,
2# for obtaining the exact solutions for systems with tim
dependent Hamiltonians is closely related to the study of
total phase~including dynamical phase and geometric
phase!; it may then be referred to as the phase formulati
The introduction of the concept of the basic invariants in
the invariant theory@2# makes it possible to find a comple
set of commuting invariants and generalized time-depend
creation and annihilation operators for some of the tim
dependent infinite-dimensional quantum systems—tim
dependent quantum fields@6–8#. By using phase formulation
and the newly developed invariant-related unitary trans
mation method@8#, the exact solutions and associated pha
have been obtained for the charged Klein-Gordon field i
time-dependent spatially homogeneous electric field@7,8#.
However, to our knowledge, no work on the quantum Dir
field with a time-dependent Hamiltonian has been seen in
literature. In the present paper, we use the phase formula
and the invariant-related unitary transformation method
obtain the exact solutions and associated phases~including
dynamical phases and geometric phases! for the quantum
Dirac field in a time-dependent spatially homogeneous e
tric field.

The present paper is organized as follows. In Sec. II,
phase formulation and the invariant-related unitary trans
mation method is briefly reviewed. In Sec. III, we calcula
the exact solutions and corresponding phases for the D
field in a time-dependent spatially homogeneous elec
PRA 591050-2947/99/59~1!/55~9!/$15.00
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field. In Sec. IV, there are some concluding remarks. Fina
in the Appendix, we present the auxiliary equations wh
are much more complicated than that obtained in Ref.@7# for
scalar field and can only be solved numerically.

II. THE INVARIANT-RELATED UNITARY
TRANSFORMATION METHOD

We first outline the Lewis-Riesenfeld invariant theor
Consider a one-dimensional system whose HamiltonianĤ(t)
is time dependent. A Hermitian operatorÎ (t) is called invari-
ant if it satisfies~using units in which\5c51!

] Î ~ t !

]t
2 i @ Î ~ t !,Ĥ~ t !#50. ~2.1!

The eigenvalue equation ofÎ (t) can be written as

Î ~ t !uln ,t&5lnuln ,t&,

]ln

]t
50 ~2.2!

and the time-dependent Schro¨dinger equation for the system
is

i
]uC~ t !&S

]t
5Ĥ~ t !uC~ t !&S . ~2.3!

According to Lewis-Riesenfeld quantum-invariant theo
@1#, the particular solutionuln ,t&S of Eq. ~2.3! is different
from the eigenfunctionuln ,t& of Î (t) only by a phase factor
exp@iwn(t)#; that is,

uln ,t&S5exp@ iwn~ t !#uln ,t&. ~2.4!

Then the general solution of the Schro¨dinger equation~2.3!
can be shown to be

uC~ t !&S5(
n

Cnexp@ iwn~ t !#uln ,t&, ~2.5!
55 ©1999 The American Physical Society
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where wn(t)5*0
t ^ln ,t8u i ]/]t82Ĥ(t8)uln ,t8&dt8, Cn

5^ln,0uC(0)&S , uln ,t&S (n51,2,...) are said to form a
complete set of the solutions of Eq.~2.3!. Note that, in gen-
eral, Î (t) is not unique and the complete set changes as
choice of Î (t) changes.

In Ref. @2#, we proposed the generalized invariant theo
~the phase formulation! and established the following facts
~i! The formal solution of Eq. ~2.1! is Î (t)
5Û(t) Î (0)Û1(t), whereÛ(t)5P exp@2i*0

t Ĥ(t8)dt8# is the
time-evolution operator for the system andI (0) can be arbi-
trarily chosen, so thatÎ (t) may be Hermitian or non-
Hermitian. ~ii ! There are two basic invariants,x̂(t)
5Û(t) x̂Û1(t), p̂(t)5Û(t) p̂Û1(t); any invariant Î (t)
5Û(t) Î (0)Û1(t) can be expressed as a power series inx̂(t)
and p̂(t) as long asÎ (0) can be expressed as a power ser
in x̂ and p̂. ~iii ! In some cases, a chosen non-Hermitian
variant can act as a solution generator, with which one
generate a complete set of solutions of the time-depen
Schrödinger equation~2.3! from one solution of it.~iv! The
concept can be generalized to find a complete set of inv
ants and set up an invariant formulation~representation! for
the study of more than one-dimensional time-dependent
tems ~including infinite-dimensional quantum systems
quantum fields@6–8#!.

Now we begin to briefly review the invariant-related un
tary transformation method on the basis of the phase for
lation. In some cases of physical interest, it is possible
construct a time-dependent unitary transformationV̂(t) for a
chosen invariantÎ (t) such that~i! Î 0[V̂1(t) Î (t)V̂(t) is a
time-independent operator with

Î 0uln&5lnuln&,

uln&5V̂21~ t !uln ,t&, ~2.6!

and where the eigenvalueln is the same as that in Eq.~2.2!,
~ii ! the HamiltonianĤ(t) is changed intoĤ0(t):

Ĥ0~ t !5V̂†~ t !Ĥ~ t !V̂~ t !2 iV̂†~ t !
]V̂~ t !

]t
. ~2.7!

This unitary transformation is easily shown to guarantee
the particular solutionuln ,t&S0 of the time-dependent Schro¨-
dinger equation@associated withĤ0(t)#

i
]uln ,t&S0

]t
5Ĥ0~ t !uln ,t&S0 ~2.8!

is different from the eigenfunctionuln& of Î 0 only by the
same phase factor exp@iwn(t)# as that in Eq.~2.4!:

uln ,t&S05exp@ iwn~ t !#uln&. ~2.9!

Substitution ofuln ,t&S0 in Eq. ~2.9! into Eq. ~2.8! yields

2ẇnuln&5Ĥ0~ t !uln& ~2.10!

which means thatĤ0(t) differs from Î 0 only by a multiply-
ing c-number factor, depending on the timet. Thus, one is
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led to the conclusion that if the unitary transformatio
V̂(t), Î 0 ,Ĥ0 , and the eigenfunctionuln& of Î 0 have been
found, the problem of solving the complicated tim
dependent Schro¨dinger equation~2.3! reduces to that of solv-
ing the much simplified equation~2.8! since it can be seen
from Eq. ~2.9! that the solution of Eq.~2.8! can be easily
obtained by calculating the phase from Eq.~2.10!.

It is worthwhile to emphasize that~a! the above used term
‘‘a chosen invariant’’ implies that the choice of the invaria
Î (t) is not unique and it is usually appropriate to choo
Î (t)5Û Î (0)Û1 as the system is initially in an eigenstate
an operatorI (0) @I (0) may beĤ(t50)# and~b! one chosen
invariant Î (t) leads to one definite complete set of the so
tions uln ,t& of Eq. ~2.3! regardless of the fact that the unita
transformationV̂, which is required to makeV̂1 Î V̂ time in-
dependent, is only determined up to a time-independent
tary transformation.

III. EXACT SOLUTIONS OF THE TIME-DEPENDENT
SCHRÖDINGER EQUATION AND EVOLUTION

OF THE QUANTUM DIRAC FIELD
IN A TIME-DEPENDENT SPATIALLY
HOMOGENEOUS ELECTRIC FIELD

In this section, we study the Dirac field in a time
dependent spatially homogeneous electric field. The
grangian density for the Dirac field is@9#

L~x!5c̄~x!@ i¹” 2eA” 2m#c~x!, ~3.1!

where

c̄~x!5c1~x!g0

¹” 5gm]m , A” 5gmAm

g05S I 0

0 2I D , g i5S 0 s i

2s i 0 D ,

with s i being the Pauli spin matrices. By making use of E
~3.1!, it is easy to obtain the canonical momentum dens
pa in the Weyl gaugeA050

pa5
]L

]ċa

5 ica
† . ~3.2!

To quantize this field, equal-time anticommutation relatio
are introduced among the operatorsp̂ and ĉ

@ĉa~xW ,t !,p̂b~xW8,t !#15 idabd~xW2xW8!,

@ĉa~xW ,t !,ĉb~xW8,t !#150,@p̂a~xW ,t !,p̂b~xW8,t !#150.
~3.3!

We choose to work within the functional Schro¨dinger picture
@6–8,10,11#. From Eqs.~3.1! and ~3.2!, we get the quantum
time-dependent Hamiltonian for the system in the Sch¨-
dinger picture
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Ĥ~ t !5E H p̂~xW ,0!F2a i S ]

]xi 2eAi~ t ! D2 ibmG ĉ~xW ,0!J d3xW

5E H ĉ1~xW ,0!F2 ia i S ]

]xi 1 ieAi~ t ! D
1bmG ĉ~xW ,0!J d3xW , ~3.4!

where

a i5S 0 s i

s i 0 D ,

b5g0 .

Because the spatial sections are flat, we can employ
‘‘momentum representation’’ for the operators@11#

ĉ~xW ,0!5(
6s

E d3pW

~2p!3/2
Am

Ep

@ b̂s~pW !us~pW !eipW •xW

1d̂s
†~pW !vs~pW !e2 ipW •xW#,

ĉ†~xW ,0!5(
6s

E d3pW

~2p!3/2
Am

Ep

@ b̂s
†~pW !ūs~pW !g0e2 ipW •xW

1d̂s~pW !v̄s~pW !g0eipW •xW#, ~3.5!

where Ep5AupW u21m2, us(pW ),vs(pW ),ūs(pW ),v̄s(pW ) are the
spinors defined in Ref.@9# b̂s

†(pW )„b̂s(pW )… is the creation~an-
nihilation! operator of an ‘‘electron’’ with momentumpW and
spins, d̂s

†(pW )„d̂s(pW )… the creation~annihilation! operator of a
‘‘positron’’ with pW ands. It follows from Eqs.~3.3! that the
creation and annihilation operators satisfy the anticomm
tion relations

@ b̂s~pW !,b̂s8
†

~pW 8!#15dss8d~pW 2pW 8!,

@ d̂s~pW !,d̂s8
†

~pW 8!#15dss8d~pW 2pW 8!,

@ b̂s~pW !,b̂s8~pW 8!#†5@ d̂s~pW !,d̂s8~pW 8!#15@ b̂s
†~pW !,b̂s8

†
~pW 8!#1

5@ d̂s
†~pW !,d̂s8

†
~pW 8!#150,

@ b̂s~pW !,d̂s8
†

~pW 8!#15@ b̂s
†~pW !,d̂s8

†
~pW 8!#15@ b̂s~pW !,d̂s8~pW 8!#1

5@ b̂s
†~pW !,d̂s8~pW 8!#150. ~3.6!
he

a-

Inserting Eq.~3.5! in Eq. ~3.4!, we get

Ĥ~ t !5E d3pW H(
6s

@E~ t !b̂s
†b̂s2E~ t !d̂sd̂s

†#1l1~ t !b̂1s
† d̂1s

†

1l2~ t !b̂2s
† d̂2s

† 1l3~ t !b̂1s
† d̂2s

† 1l4~ t !b̂2s
† d̂1s

†

1l1* ~ t !d̂1sb̂1s1l2* ~ t !d̂2sb̂2s1l3* ~ t !d̂2sb̂1s

1l4* ~ t !d̂1sb̂2sJ , ~3.7!

where

E~ t !5Ep2
e

Ep
@pxAx~ t !1pyAy~ t !1pzAz~ t !#,

l1~ t !5eAz~ t !1
e

~Ep1m!Ep
@pypzAy~ t !1pxpzAx~ t !

2~px
21py

2!Az~ t !#,

l3~ t !5eAx~ t !1
e

~Ep1m!Ep
@pxpyAy~ t !1pxpzAz~ t !

2~pz
21py

2!Ax~ t !#2 ieH Ay~ t !1
1

~Ep1m!Ep

3@pxpyAx~ t !1pypzAz~ t !2~px
21py

2!Ay~ t !#J ,

l2~ t !52l1~ t !, l4~ t !5l3* ~ t !. ~3.8!

The time-dependent functional Schro¨dinger equation for the
system is

i
]

]t
C@c~pW !;t#5Ĥ~ t !C@c~pW !;t#. ~3.9!

It is easy to show that there exists an invariantÎ (t) satisfying

] Î ~ t !

]t
2 i @ Î ~ t !,Ĥ~ t !#50 ~3.10!

which is found to be

Î ~ t !5(
6s

E d3pW @B̂s
†~pW ,t !B̂s~pW ,t !2D̂s~pW ,t !D̂s

†~pW ,t !#,

~3.11!

where
B̂1s~pW ,t !5@cosu1cosu2cosu61sin u1sin u3sin u6e2 i ~f11f31f6!#b̂1s~pW !1@cosu1sin u2sin u5ei ~f21f5!

2sin u1cosu3cosu5e2 if1#b̂2s~pW !1@cosu1sin u2cosu5eif21sin u1cosu3sin u5e2 i ~f11f5!#d̂1s
† ~pW !

2@cosu1cosu2sin u6e2 if62sin u1sin u3cosu6e2 i ~f11f3!#d̂2s
† ~pW !, ~3.12a!
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B̂2s~pW ,t !52@cosu1sin u3sin u6e2 i ~f31f6!2sin u1cosu2cosu6eif1#b̂1s~pW !1@cosu1cosu3cosu5

1sin u1cosu2cosu5ei ~f11f21f5!#b̂2s~pW !2@cosu1cosu3sin u5e2 if52sin u1sin u2cosu5ei ~f11f2!#d̂1s
† ~pW !

2@cosu1sin u3cosu6e2 if31sin u1cosu2sin u6ei ~f12f6!#d̂2s
† ~pW !, ~3.12b!

D̂2s
† ~pW ,t !5@cosu4cosu3sin u6eif61sin u4sin u2cosu6e2 i ~f21f4!#b̂1s~pW !1@cosu4sin u3cosu5eif3

2sin u4cosu2sin u5e2 i ~f42f5!#b̂2s~pW !2@cosu4sin u3sin u5ei ~f32f5!1sin u4cosu2cosu5e2 if4#d̂1s
† ~pW !

2@cosu4cosu3cosu62sin u4sin u2sin u6e2 i ~f21f41f6!#d̂2s
† ~pW !, ~3.12c!

D̂1s
† ~pW ,t !52@cosu4sin u2cosu6e2 if22sin u4cosu3sin u6ei ~f41f6!#b̂1s~pW !1@cosu4cosu2sin u5eif5

1sin u4sin u3cosu5ei ~f31f4!#b̂2s~pW !1@cosu4cosu2cosu52sin u4sin u3sin u5ei ~f31f42f5!#d̂1s
† ~pW !

1@cosu4sin u2sin u6e2 i ~f21f6!1sin u4cosu3cosu6eif4#d̂2s
† ~pW !, ~3.12d!
e

on
:

t

with um ,fm , (m51,2,...6) being the real solutions of th
auxiliary equations~see the Appendix!. It is easy to show
that the operatorsB̂s

†(pW ,t),B̂s(pW ,t),D̂s
†(pW ,t),D̂s(pW ,t) satisfy

the equal-time anticommutation relations

@B̂s~pW ,t !,B̂s8
†

~pW 8,t !#15dss8d~pW 2pW 8!,

@D̂s~pW ,t !,D̂s8
†

~pW 8,t !#15dss8d~pW 2pW 8!. ~3.13!

According to the invariant-related unitary transformati
method, the unitary transformationV̂(t) can be constructed

V̂~ t !5V̂3~ t !V̂2~ t !V̂1~ t ! ~3.14!

V̂1~ t !5exp E d3pW @~2u1e2 if1b̂1s
† b̂2s1u1eif1b̂2s

† b̂1s!

1~2u4e2 if4d̂1sd̂2s
† 1u4eif4d̂2sd̂1s

† !#,

V̂2~ t !5exp E d3pW @~2u2e2 if2b̂1s
† d̂1s

† 1u2eif2d̂1sb̂1s!

1~2u3e2 if3b̂2s
† d̂2s

† 1u3eif3d̂2sb̂2s!#,
V̂3~ t !5exp E d3pW @~2u5e2 if5b̂2s
† d̂1s

† 1u5eif5d̂1sb̂2s!

1~2u6e2 if6b̂1s
† d̂2s

† 1u6eif6d̂2sb̂1s!#,

where, for simplicity, the argumentpW of b̂s
† ,b̂s ,d̂s

† ,d̂s is
omitted. With the help of Eq.~3.6!, it is easy to show that the
V̂(t) in Eq. ~3.14! transformsÎ (t) into the time-independen
Î V

Î V5V̂1~ t ! Î ~ t !V̂~ t !5(
6s

E d3pW @ b̂s
†~pW !b̂s~pW !

1d̂s~pW !d̂s
†~pW !#. ~3.15!

By making use of the unitary operators in Eq.~3.14! and the
Backer-Campbell-Hausdorff formula@12#, we obtainĤ0(t)
from Ĥ(t)

Ĥ0~ t !5V̂1~ t !Ĥ~ t !V̂~ t !2 iV̂1~ t !
]V̂~ t !

]t
5E d3pW Ĥ0~pW ,t !

~3.16!

of which the first term is easily obtained
V̂1~ t !Ĥ~ t !V̂~ t !5(
6s

E d3pW @as
~d!~p,t !b̂s

†~pW !b̂s~pW !1bs
~d!~p,t !d̂s~pW !d̂s

†~pW !# ~3.17!

with

a1s
~d!~p,t !5sin2u6x4

~d!~p,t !1cos2u6x1
~d!~p,t !2sin 2u6@x6

~d!~p,t !sin f61x5
~d!~p,t !cosf6#, ~3.18a!

a2s
~d!~p,t !5sin2u5x3

~d!~p,t !1cos2u5x2
~d!~p,t !2sin 2u5@x8

~d!~p,t !sin f51x7
~d!~p,t !cosf5#, ~3.18b!

b1s
~d!~p,t !5sin2u5x2

~d!~p,t !1cos2u5x3
~d!~p,t !1sin 2u5@x8

~d!~p,t !sin f51x7
~d!~p,t !cosf5#, ~3.18c!

b2s
~d!~p,t !5sin2u6x4

~d!~p,t !1cos2u6x1
~d!~p,t !1sin 2u6@x6

~d!~p,t !sin f61x5
~d!~p,t !cosf6#, ~3.18d!
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wherexm
(d)(p,t), (m51,2,...,8) can be found in the Appendix. By means of the Baker-Hausdorff-Campbell formula@12# and

Eq. ~3.14!, the second term in Eq.~3.16! can be calculated:

2 iV̂1~ t !
]V̂~ t !

]t
5(

6s
E d3pW @as

~g!~p,t !b̂s
†~pW !b̂s~pW !1bs

~g!~p,t !d̂s~pW !d̂s
†~pW !# ~3.19!

with

a1s
~g!~p,t !5sin2u6x4

~g!~p,t !1cos2u6x1
~g!~p,t !2sin 2u6@x6

~g!~p,t !sin f61x5
~g!~p,t !cosf6#2ḟ6sin u6 , ~3.20a!

a2s
~g!~p,t !5sin2u5x3

~g!~p,t !1cos2u5x2
~g!~p,t !2sin 2u5@x8

~g!~p,t !sin f51x7
~g!~p,t !cosf5#2ḟ5sin u5 , ~3.20b!

b1s
~g!~p,t !5sin2u5x2

~g!~p,t !1cos2u5x3
~g!~p,t !1sin 2u5@x8

~g!~p,t !sin f51x7
~g!~p,t !cosf5#2ḟ5sin u5 , ~3.20c!

b2s
~g!~p,t !5sin2u6x4

~g!~p,t !1cos2u6x1
~g!~p,t !1sin 2u6@x6

~g!~p,t !sin f61x5
~g!~p,t !cosf6#2ḟ6sin u6 , ~3.20d!
-

,
t

f
ob
r

-

-

wherexm
(g)(p,t) (m51,2,...,8) can be found in the Appen

dix. It is clearly seen from Eqs.~3.17!,~3.19! that, for each
modepW in thep space,Ĥ0(pW ,t) differs from Î V(pW ) only by a
multiplying c-number factor depending on the timet and p

5upW u. Î V is time independent and in the discrete notation
can be regarded as a sum of terms of which each has
form of the Hamiltonian for a simple Fermi oscillator o
frequency 1. The solutions to the oscillator eigenvalue pr
lem for pW 1 ,pW 2 ,..., modes may be characterized by intege
n1 ,n2 ,..., (n1 ,n2 ,...,50,1). The ground state ofÎ V(pW ) is
denoted byu0& and satisfies

b̂s~pW m!u0&[b̂msu0&50,

d̂s~pW m!u0&[d̂msu0&50. ~3.21!

By making use of the ground stateu0& and the raising opera
tors b̂s

†(pW m)[b̂ms
† , d̂s

†(pW m)[d̂ms
† , we obtain theN-particle

excited eigenstateuN& of Î V ~with the particle number opera
tors being defined to ben̂mbs5b̂ms

† b̂ms, n̂mds5d̂ms
† d̂ms,

N̂bs5(mn̂mbs, N̂ds5(mn̂mds!
it
he

-
s

uNbs&5un1bs ,n2bs ,...,~n1bs1n2bs1¯5Nbs!&

5)
m

@ b̂s
†~pW m!#nmbsu0&, ~3.22a!

uNds&5un1ds ,n2ds ,...,~n1ds1n2ds1¯5Nds!&

5)
m

@ d̂s
†~pW m!#nmbsu0&

~nmbs,nmds50,1! ~3.22b!

which satisfies

Î VuNbs ,Nds& I V
5~Nb1s1Nb2s1Nd1s1Nd2s!uNbs ,Nds& I V

,
~3.23!

where, for convenience, we defineuNbs ,Nds& I V

[uNb1s&uNb2s&uNd1s&uNd2s&. According to the invariant-
related unitary transformation method@8,2#, the solutions
uNbs ,Nds ,t&S0 of the time-dependent functional Schro¨dinger
equation@associated withĤ0(t)# are
uNbs ,Nds ,t&S05expF i(
6s

qbs~ t !GexpF i(
6s

qds~ t !G uNbs ,Nds& I V

qbs52E
0

t

^NbsuĤ0~ t8!uNbs&dt852E
0

t

^NbsuÛ1~ t8!Ĥ0~ t8!Û~ t8!2 iÛ 1~ t8!
]Û~ t8!

]t
uNbs&dt8

52(
m

nmbsE
0

t

@as
~d!~pm ,t8!1as

~g!~pm ,t8!#dt8,

qds52E
0

t

^NdsuĤ0~ t8!uNds&dt852E
0

t

^NdsuÛ1~ t8!Ĥ0~ t8!Û~ t8!2 iÛ 1~ t8!
]Û~ t8!

]t
uNds&dt8

52(
m

nmdsE
0

t

@bs
~d!~pm ,t8!1bs

~g!~pm ,t8!#dt8 ~3.24!
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FIG. 1. The time andA0 dependnece of the expectation value^n(pW ,s)& of the particle numbern̂(pW ,s)[n̂b1s1n̂b2s1n̂d1s1n̂d2s for the

state uC0,0(t)&s . For the purpose of illustration, we choose the time-dependent electric-magnetic potential field to be of theAW

5AW 0cost, whereAW 05(A0,0,0) andA0 does not depend on time; and set particle massm51 and the particle momentumpx5py5pz51.
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in which qbs(t),qds(t) are the total phases, including th
dynamical phases and geometrical phases. According to
invariant-related unitary transformation method@8,2#, the
particular exact solutions of the time-dependent Schro¨dinger
equation~3.9! @associated withĤ(t)# can be found to be

uCNbs ,Nds
~ t !&S5V̂~ t !uNbs ,Nds ,t&S0

5expF i(
6s

qbs~ t !G
3expF i(

6s
qds~ t !G V̂~ t !uNbs ,Nds& I V

5expF i(
6s

qbs~ t !G
3expF i(

6s
qds~ t !G uNbs ,Nds ;t& I , ~3.25!

whereuNbs ,Nds ,t& I are the eigenstates of the invariantÎ (t)
with particle number (Nb1s1Nb2s1Nd1s1Nd2s). The
particular exact solutions in Eq.~3.25! for all possiblenbs
andnds constitute a complete set, this means that the gen
exact solution of the time-dependent Schro¨dinger equation
~3.9! is a superposition of the particular solutions in E
~3.25!

uC~ t !&S5 (
NbsNds

CNbsNds
expF i(

6s
qbs~ t !G

3expF i(
6s

qds~ t !G uNbs ,Nds ,t& I ,

CNbsNds
5^Nbs ,Nds ;0uC~0!&S , ~3.26!

where the initial stateuC(0)&S can be chosen arbitrarily.
It is worthwhile to point out that the auxiliary equation

obtained in the present paper for the Dirac field are m
more complicated than that for a scalar field in Ref.@7#, and
can only be solved numerically. As an illustration, we choo
he

ral

.

h

e

the initial state att50 to be the ground state and calcula
the time dependence of the expectation value of the par
number n̂(pW ,s)[n̂b1s1n̂b2s1n̂d1s1n̂d2s for the state
uC0,0(t)&s ~which is the ground state att50!. The result of
the calculation is shown in Fig. 1.

IV. CONCLUDING REMARKS

~1! It can be shown thatb̂s
†(pW ), b̂s(pW ), d̂s

†(pW ), andd̂s(pW )

in Eq. ~3.5!, and the quantum HamiltonianĤ(t) in Eq. ~3.7!
constitute quasialgebra@13#. It is this algebra that makes i

possible to find the unitary transformationV̂(t) in Eq. ~3.15!.
This means that the phase formulation and invariant-rela
unitary transformation method can only be used to inve
gate special time-dependent systems with Hamiltonians
which there exist corresponding quasialgebras@13#. The
Dirac field studied in this paper is one of such special s
tems. However, although special, it is interesting, since
our knowledge, no one has ever obtained exact solution
the functional Schro¨dinger equation for a Dirac field with
time-dependent Hamiltonian. In addition, the exact solutio
obtained are useful as a starting point for relevant tim
dependent perturbation quantum field theories as was sh
in the case of scalar field@8#.

~2! Note that even when we chooseĤ(t50) as Î 0 , the
‘‘ground-state’’ solution is the ground eigenstate of t

HamiltonianĤ(t) only at t50, so that, in general, the term
‘‘ground state’’ is without the meaning that it has in the ca
in which the Hamiltonian is time independent.

~3! It is interesting to point out that the system of aux
iary equations is a Pfaffian system in differential geometry
is of interest to use the method in differential geometry
discuss the local as well as global properties of this sys
and its solutions.

~4! The method used in this paper can also be used
discuss the Dirac field in other time-dependent backgroun
such as the Dirac field in Friedmann-Robertson-Walker
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spacetimes. Work in this direction has been completed
will be published elsewhere.
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APPENDIX: THE AUXILIARY EQUATIONS

The auxiliary equations forum andfm (m51, . . . ,6) in
Sec. III are as follows:
u̇15
1

2~cos2u22sin2u3!
$sin 2u3cosu1cosu4@l3rsin~f31f4!1l3icos~f31f4!#1sin 2u3sin u1sin u4

3@l3rsin~f31f4!2l3icos~f31f4!#2sin 2u2sin u1sin u4@l3rsin~f21f4!2l3icos~f21f4!#

2sin 2u2cosu1cosu4@l3rsin~f11f2!1l3icos~f11f2!#1l1sin 2u2cosu1sin u4sin~f11f21f4!

1l1sin 2u3sin u1cosu4sin f32l1sin 2u3cosu1sin u4sin~f11f31f4!2l1sin 2u2sin u1cosu4sin f2 , ~A1!

u̇25cosu4sin u1@l3rsin~f11f2!1l3icos~f11f2!#2l1cosu4cosu1sin f22cosu1sin u4@l3rsin~f21f4!1l3icos~f2

1f4!#2l1sin u4sin u1sin~f11f21f4!, ~A2!

u̇35cosu1sin u4@l3rsin~f31f4!2l3icos~f31f4!#1l1cosu4cosu1sin f32cosu4sin u1@l3rsin~f11f3!1l3icos~f1

1f3!#1l1sin u4sin u1sin~f11f31f4!, ~A3!

u̇45
1

2~cos2u22sin2u3!
$sin 2u2cosu1cosu4@l3rsin~f21f4!2l3icos~f21f4!#1sin 2u2sin u1sin u4

3@l3rsin~f11f2!1l3icos~f11f2!#2sin 2u3sin u1sin u4@l3rsin~f11f3!1l3icos~f11f3!#

2sin 2u3cosu1cosu4@l3rsin~f31f4!2l3icos~f31f4!#1l1sin 2u2cosu4sin u1sin~f11f21f4!

1l1sin 2u3sin u4cosu1sin f32l1sin 2u3cosu4sin u1sin~f11f31f4!2l1sin 2u2sin u4cosu1sin f2 , ~A4!

u̇55cosf5@x8
~d!~p,t !1x8

~g!~p,t !#2sin f5@x7
~d!~p,t !1x7

~g!~p,t !#, ~A5!

u̇65cosf6@x6
~d!~p,t !1x6

~g!~p,t !#2sin f6@x5
~d!~p,t !1x5

~g!~p,t !#, ~A6!

ḟ15
csc 2u1

2~cos2u22sin2u3!
$sin 2u3cosu1cosu4@l3rcos~f31f4!2l3isin~f31f4!#1sin 2u3sin u1sin u4@l3rcos~f31f4!

1l3isin~f31f4!#2sin 2u2sin u1sin u4@l3rcos~f21f4!1l3isin~f21f4!#2sin 2u2cosu1cosu4@l3rcos~f11f2!

2l3isin~f11f2!#1l1sin 2u2cosu1sin u4cos~f11f21f4!1l1sin 2u3sin u1cosu4cosf3

2l1sin 2u3cosu1sin u4cos~f11f31f4!2l1sin 2u2sin u1cosu4cosf2 , ~A7!

ḟ252@Eb~ t !1Ed~ t !#2sin2u1ḟ12sin2u4ḟ422 cot 2u2cosu1sin u4@l3rcos~f21f4!1l3isin~f21f4!#

12 cot 2u2cosu4sin u1@l3rcos~f11f2!2l3isin~f11f2!#22l1 cot 2u2@cosu4cosu1cosf21sin u4sin u1cos~f1

1f21f4!#, ~A8!

ḟ3522@Eb~ t !1Ed~ t !#2sin2u1ḟ12sin2u4ḟ412 cot 2u3cosu1sin u4@l3rcos~f31f4!1l3isin~f31f4!#

22 cot 2u3cosu4sin u1@l3rcos~f11f3!2l3isin~f11f3!#12l1 cot 2u3@cosu4cosu1cosf31sin u4sin u1cos~f1

1f31f4!#, ~A9!



62 PRA 59XIAO-CHUN GAO, JIAN FU, JINBO XU, AND XUBO ZOU
ḟ45
csc 2u4

2~cos2u22sin2u3!
$sin 2u2cosu1cosu4@l3rcos~f21f4!1l3isin~f21f4!#1sin 2u2sin u1 sin u4

3@l3rcos~f11f2!2l3isin~f11f2!#2sin 2u3sin u1sin u4@l3rcos~f11f3!2l3isin~f11f3!#

2sin 2u3cosu1cosu4@l3rcos~f31f4!1l3isin~f31f4!#1l1sin 2u2cosu4sin u1cos~f11f21f4!

1l1sin 2u3sin u4cosu1cosf32l1sin 2u3cosu4sin u1cos~f11f31f4!2l1sin 2u2sin u4cosu1cosf2 ,

~A10!

ḟ55@x3
~d!~p,t !1x3

~g!~p,t !#2@x2
~d!~p,t !1x2

~g!~p,t !#12 cot 2u5$cosf5@x7
~d!~p,t !1x7

~g!~p,t !#

2sin f5@x8
~d!~p,t !1x8

~g!~p,t !#%, ~A11!

u̇65@x4
~d!~p,t !1x4

~g!~p,t !#2@x1
~d!~p,t !1x1

~g!~p,t !#12 cot 2u6$cosf6@x5
~d!~p,t !1x5

~g!~p,t !#

2sin f6@x6
~d!~p,t !1x6

~g!~p,t !#%, ~A12!

where

x1
~d!5

1

2
cos 2u2@Eb1Ed#2sin u1cosu4sin 2u2@l3rcos~f11f2!2l3isin~f11f2!#1sin u4cosu1 sin 2u2

3@l3rcos~f21f4!1l3isin~f21f4!#1l1cosu1cosu4sin 2u2cosf21l1sin u1sin u4sin 2u2

3cos~f11f21f4!, ~A13!

x1
~g!52sin2u1cos2u2ḟ11sin2u2ḟ21sin2u2sin2u4ḟ4 , ~A14!

x2
~d!5

1

2
cos 2u3@Eb1Ed#1sin u4cosu1sin 2u3@l3rcos~f31f4!1l3isin~f31f4!#

2sin u1cosu4sin 2u3@l3rcos~f11f3!2l3isin~f11f3!#1l1cosu1cosu4sin 2u3cosf3

1l1sin u1sin u4sin 2u3cos~f11f31f4!, ~A15!

x2
~g!52sin2u1cos2u3ḟ11sin2u3ḟ31sin2u3sin2u4ḟ4 , ~A16!

x3
~d!52x1

~d! , ~A17!

x3
~g!52x1

~g! , ~A18!

x4
~d!52x2

~d! , ~A19!

x4
~g!52x2

~g! , ~A20!

x5
~d!5sin u1sin u2sin u3sin u4@l3rcos~f21f42f12f3!1l3isin~f21f42f12f3!#

1l1sin u2sin u3@sin u1cosu4cos~f12f21f3!2sin u4cosu1cos~f22f31f4!#

1sin u1cosu2cosu3sin u4@l3rcos~f12f4!2l3isin~f12f4!#1cosu1sin u2sin u3cosu4@l3rcos~f22f3!

2l3isin~f22f3!#1l1cosu2cosu3~sin u1cosu4cosf11sin u4cosu1cosf4!1l3rcosu1cosu2cosu3cosu4 ,

~A21!

x5
~g!5 u̇1sin~f11f3!cosu2sin u31 u̇4sin~f21f4!sin u2cosu31

1

2
@ḟ1cos~f11f3!cosu2sin u3sin 2u1

1ḟ4cos~f21f4!cosu3sin u2sin 2u4#, ~A22!
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x6
~d!52sin u1sin u2sin u3sin u4@l3rsin~f21f42f12f3!2l3icos~f21f42f12f3!#

1l1sin u2sin u3@sin u1cosu4sin~f12f21f3!1sin u4cosu1sin~f22f31f4!#

1sin u1cosu2cosu3sin u4@l3rsin~f12f4!1l3icos~f12f4!#2cosu1sin u2sin u3cosu4@l3rsin~f22f3!

1l3icos~f22f3!#1l1cosu2cosu3~sin u1cosu4cosf11sin u4cosu1cosf4!2l3icosu1cosu2cosu3cosu4 ,

~A23!

x6
~g!52 u̇1cos~f11f3!cosu2sin u31 u̇4cos~f21f4!sin u2cosu31

1

2
@ḟ1sin~f11f3!cosu2sin u3sin 2u12ḟ4sin~f2

1f4!cosu3sin u2sin 2u4#, ~A24!

x7
~d!5sin u1sin u2sin u3sin u4@l3rcos~f11f22f32f4!2l3isin~f11f22f32f4!#

1l1sin u2sin u3@sin u1cosu4cos~f11f22f3!2sin u4cosu1cos~f22f32f4!#

1sin u1cosu2cosu3sin u4@l3rcos~f12f4!2l3isin~f12f4!#1cosu1sin u2sin u3cosu4@l3rcos~f22f3!

1l3isin~f22f3!#1l1cosu2cosu3~sin u1cosu4cosf12sin u4cosu1cosf4!1l3rcosu1cosu2cosu3cosu4 ,

~A25!

x7
~g!52 u̇1sin~f11f2!cosu3sin u22 u̇4sin~f31f4!sin u3cosu22

1

2
@ḟ1cos~f11f2!cosu3sin u2sin 2u11ḟ4cos~f3

1f4!cosu2sin u3sin 2u4#, ~A26!

x8
~d!52sin u1sin u2sin u3sin u4@l3rsin~f11f22f32f4!2l3icos~f11f22f32f4!#

2l1sin u2sin u3@sin u1cosu4sin~f11f22f3!2sin u4cosu1sin~f22f32f4!#

2sin u1cosu2cosu3sin u4@l3rsin~f12f4!1l3icos~f12f4!#2cosu1sin u2sin u3cosu4@l3rsin~f22f3!

2l3icos~f22f3!#2l1cosu2cosu3~sin u1cosu4cosf11sin u4cosu1cosf4!1l3icosu1cosu2cosu3cosu4 ,

~A27!

x8
~g!52 u̇1cos~f11f2!cosu3sin u21 u̇4cos~f31f4!sin u3cosu21

1

2
@ḟ1sin~f11f2!cosu3sin u2sin 2u12ḟ4sin~f3

1f4!cosu2sin u3sin 2u4#, ~A28!

with l3r ,l3i being the real and imaginary parts ofl3 , respectively.
.
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