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High-order harmonic generation by one- and two-electron molecular ions
with intense laser pulses

André D. Bandrauk and Hengtai Yu
Laboratoire de Chimie The´orique, Faculte´ des Sciences, Universite´ de Sherbrooke, Sherbrooke, Que´bec, Canada J1K 2R1

~Received 16 March 1998!

Numerical solutions of the time-dependent Schro¨dinger equation for the one- and two-electron linear mo-
lecular ions H3

21, H3
1, H4

31, H4
21, H5

41, and H5
31 at fixed internuclear distance and parallel to the laser

polarization have been obtained in intense laser pulses (I>1014 W/cm2) in order to examine the effect of
electron-electron interactions on high-order harmonic generation in extended~delocalized! systems. It is found
that, in general, two-electron effects produce longer plateaus at large internuclear distances, thus enhancing
harmonic generation well beyond theI p13Up atomic maximum order cutoff law, whereI p is the ionization
potential andUp the ponderomotive energy. A second plateau is usually found at critical distancesRc

5(p/2)a0 with a cutoff at energyI p16Up in one-electron systems andI p112Up for two-electron systems,
wherea0 is the ponderomotive radius. Initial delocalized states, such as molecular orbitals, are shown to create
longer harmonic generation plateaus and one can therefore attribute enhancement of harmonic generation
plateaus by electron repulsion due to the increased separation and delocalization of electrons in extended
systems by correlation effects.@S1050-2947~99!02501-9#

PACS number~s!: 42.50.Vk
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I. INTRODUCTION

Experimental and theoretical studies on the properties
atoms in intense laser pulses have led to the discover
highly nonperturbative, nonlinear optical phenomena such
above threshold ionization and high-order harmonic gen
tion ~HG! @1#. The investigation of such nonperturbative ph
nomena in molecules is currently being pursued with
motivation that the extra degree of freedom due to nuc
motions can produce effects such as above threshold d
ciation, laser-induced avoided crossing of potential surfa
@2#, and the recently discovered phenomenon of charge r
nance enhanced ionization at large internuclear distances@3–
10#. The latter ionization enhancement also produces
hanced HG in molecular ions as has been shown in e
numerical simulations of one-electron molecular ions H2

1

@3#. The enhancement of ionization of molecular ions
short intense laser pulses has also been shown to pers
the presence of two-electron Coulomb repulsive effects@11#
with little effect on the critical distanceRc , where such non-
perturbative laser-induced effects are expected to occur.

Numerical simulations of the time-dependent Schro¨dinger
equation~TDSE! for two-electron atoms@12–14# have fo-
cused on the problem of direct versus stepwise ionization
recollision model of an electron with the core ion for e
plaining high-order HG@15,16# has been invoked as a po
sible mechanism for enhanced ionization of atomic syste
@17,18#. Previous calculations of HG in one-dimension
negative ions have concluded that the inner electron can
passive or active as the laser field is weak or stro
@12,13,19#.

In the present work we extend our previous numeri
solutions of the TDSE of one-electron and two-electron m
lecular systems to examine the effect of electron-elect
repulsion and hence correlation on high-order HG in su
systems. As previously shown in our work on on
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dimensional models of H2 and H3
1 @11#, the electron corre-

lation produces initial electron states with electrons w
separated in space, but the antisymmetry of the initial tw
electron wave function ensures a highly coherent delocali
state. Thus, in extended systems such as molecules, re
sion of electrons with different nuclear sites induced by
tense laser pulses has no counterpart in the simpler ato
systems. Thus, in one-electron extended molecular syst
such collision of electrons with neighboring ions produc
high-order HG@20,21# well beyond the established atom
I P13Up cutoff law @15,16#, whereI p is the ionization po-
tential andUp the ponderomotive energy. Thus cutoffs
I P16Up and I P18Up in the HG spectrum have been pr
dicted to occur at large internuclear distances. In the pre
work we examine the effect of electron correlation in t
one-dimensional two-electron models H3

1, H4
21 , and H5

31

on these new cutoff laws. It is expected that such recollis
effects should dominate in high-order HG by clusters s
jected to short intense laser pulses@22–25#.

II. ONE-ELECTRON SIMPLE MODELS

Exact numerical solutions of the TDSE for the on
electron H2

1 molecular ion produced a HG spectrum wi
two distinct plateaus: one short plateau of molecular ori
and the other long one due to the ionized electron@3#. We
present first two simple one-electron models that will help
understand the results to follow for the larger extended H3

1

and H5
31 systems.

A. Essential two-state quantum model

Symmetric molecular ions such as H2
1 differ from atoms

in that single valence electrons occupy molecular orbit
that are degenerate upon dissociation of the ion. Such de
eracy results in electronic transition moments that diverge
R/2, one-half the internuclear distance, due to charge re
539 ©1999 The American Physical Society
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540 PRA 59ANDRÉ D. BANDRAUK AND HENGTAI YU
nance~CR! effects@2,26#. This leads readily to nonperturba
tive molecule-field interactions as the ion dissociates@2#.
Taking H2

1 as our example, the CR radiative couplings a
limited to the ground 1sg and first excited 1su electronic
states that dissociate into H(1s)1H1 and are well separate
from other excited states at large distances. These two
states are the doorway or essential electronic states fo
ionization process. Thus~see, e.g., Fig. 11 in Ref.@27#! the
two-state molecule-field HamiltonianH(t) coupling the 1sg
and 1su molecular orbitals can be reexpressed in terms
the localized leftu1&51sa5(1sg11su)/A2 and right u2&
51sb5(1su21sg)/A2 H atom orbitals

H~ t !5V cos~vt !~ u1&^1u2u2&^2u!1D~ u1&^2u1u2&^1u!,
~1!

where V is the Rabi frequencyV5E0R/2, E0 is the field
amplitude, and 2D is the electronic energy separation 2D
5@eu(R)2eg(R)#. The general solution can be expressed

C~ t !5C1~ t !expF2 i S V

v D sin~vt !G u1&

1C2~ t !expF i S V

v D sin~vt !G u2& ~2!

yielding equations for the amplitudesC(t) from the Schro¨-
dinger equation

idC1~ t !

dt
5D expF i S 2V

v D sin~vt !GC2~ t !,

~3!
idC2~ t !

dt
5D expF2 i S 2V

v D sin~vt !GC1~ t !.

For visible light energies, e.g., at 800 nm,v.1.5 eV and at
large internuclear distancesR.6 a.u. whereD!v, to low-
est order ofD/v, one can reexpress Eq.~3! as

idC1

dt
5DJ0S 2V

v DC2~ t !,
idC2

dt
5DJ0S 2V

v DC1~ t !, ~4!

where

J0S 2V

v D5
v

2pE0

2p/v

expF2iV

v
sin~vt !Gdt ~5!

is the zeroth-order Bessel function. Thus the transition pr
ability between the localized atomic statesu1& and
u2&, P12(t), is readily given from Eq.~4! as

P12~ t !5sin2FJ0S 2V

v DDt G . ~6!

Such a result has been anticipated previously for two-le
excitations@28# and has been discussed in the problem
tunneling suppression by periodic fields@29,30#. As noted by
these previous authors, the effective tunneling between s
u1& and u2& if one considers Eq.~1! as a tunneling Hamil-
tonian is reduced by the factorJ0(2V/v) and vanishes at the
special condition
e

rst
he

f

s

-
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f

tes

J0S 2V

v D50. ~7!

Such laser-induced tunneling suppression has been show
exist in H2

1 and can be interpreted as laser-induced loc
ization @3,6,27#.

The general case whereV.D,v can be considered as
time-dependent nonadiabatic transition problem between
two adiabatic surfaces6(D21V2cos2vt)1/2 and has been
treated in detail by Kayanuma@31#. Assuming well-localized
transitions around times tn5(n2 1

2 )p/v (n
51,2, . . . ), Pn , the probability that the system is in sta
u2& after thenth crossing, is essentially the Landau-Zen
transition probability

Pn;e22pd, d5D2/2Vv. ~8!

This simple two-state model therefore predicts laser-indu
localization @3,6# and laser-induced nonadiabatic transitio
in the two-essential-state manifoldu1& and u2&. We shall be
looking at extended systems with large internuclear distan
where D,V,v. This corresponds to the diabatic regim
where the essential doorway states are equally excited@27#.

B. Classical electron model

One of the first models proposed to explain the emision
coherent radiation by electron scattering on a metallic s
face is related to the Smith-Purcell effect@32,33#. In the
present molecular context, the metal ion grating is repla
by the proton array or ‘‘wire,’’ H3

31, H4
41, and H5

51, to
which we add one or two electrons. The interaction of fr
ionized electrons driven by the laser fieldE0cos(vt) ~in a.u.
e5\5m51) is described classically by the equation

Z̈~ t !52E0cos~vt1w!,

Ż~ t !52~E0 /v!@sin~vt1w!2sin~w!#, ~9!

Z~ t !5a0@cos~vt1w!1vt sin~w!2cos~w!#, ~10!

where w is the initial laser phase at which the electron
ionized and we assume an initial zero velocityŻ(0)
50. a0 is the ponderomotive~quiver! radius in a.u. and
Up is the corresponding ponderomotive energy

a05E0 /v2, Up5
1

4
a0

2v25E 0
2/4v2. ~11!

The classical equations~9! and ~10! allow us to predict
the optimal conditions for HG. As a first hypothesis we sh
look at maximum acceleration, which in the classical lim
should produce maximum radiation@34#. From Eq.~9! we
obtain Z̈(max) at phasevt1w5p. This yields the velocity
Ż5E0sin(w)/v with a maximum Ż(max)5E0 /v for w
5p/2. The resulting energy is

E~max!5
Ż2

2
5
E 0

2

2v2 52Up . ~12!
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The corresponding minimum distance required by the e
tron to collide with a neighboring ion is then obtained fro
Eq. ~10! as

Z~ t !5a0@211vt#5a0@p/221#50.57a0 . ~13!

Thus the maximum acceleration criterion yields a maxim
harmonic orderNm52Up /v at an internuclear distanceR
50.57a0 during a quarter cyclet5p/2v.

The next scenario is the recombination of the elect
with the parent ion@20,21#. For maximum velocity, the
phase requirement isvt1w53p/2, thus yielding the tran-
scendental equation (3p/22w)sin(w)5cos(w), the solution
of which is w50.08p, Ż(max)51.26E0 /v. The resulting
maximum energy is

E~max!53.17Up . ~14!

This simple classical model explains the theoretical or
cutoff law for HG in atoms by recollision@15,16#

Nm5~ I p13.17Up!/v, ~15!

whereI p is the ionization potential. However, in the molec
lar case, collisions will occur with neighboring ions as in E
~13!. Then the maximum velocity conditionvt1w53p/2
gives this velocity from Eq.~9! to be Ż5(8E0 /v)@1
1sin(w)#, i.e., Ż(max)52E0 /v at w5p/2. Thus the maxi-
mum energy obtained with no constraints is

E~max!5
2E 0

2

v2 58Up . ~16!

This is gained duringhalf a cycle sincevt5p. The corre-
sponding minimum distance traveled by the electron is fr
Eq. ~10!

Z~p/v!5pa0 . ~17!

In summary, one sees from the above simple class
model that collisions with neighboring ions can lead to
larger HG spectrum with a cutoff up to the maximum ha
monic Nm given by

Nm.~ I p18Up!/v. ~18!

This larger extended cut-off law involving collisions wit
neighboring ions requires an initial laser phasew5p/2, i.e.,
E(t)5E0sin(vt) with E(0).0. Thus, in this more extende
HG spectrum, unfortunately little ionization occurs initial
and we have suggested that a two-laser scheme is requir
render such molecular HG more efficient@20#. Setting next
Z(t)5pa0/2, yields after simple calculation another cuto
law Nm.(I p16Up)/v with w5p/2 andvt53p/4, which
was confirmed numerically for one-electron systems H2

1

and H3
21 @20#. In conclusion, the classical model~9! and

~10! predicts maximum kinetic energies 2Up , 6Up , and
8Up by collision with neighboring ions at the minimum dis
tances (p/221)a0 at time t5p/2v, (p/2)a0 at t
53p/4v, and pa0 at t5p/v. Assuming further that the
initial velocity is nonzero, i.e.,Ż(0)5v0Þ0, one can in
principle obtain harmonics beyond the 8Up law @20,21#.
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III. NUMERICAL METHOD

We have solved the TDSE for both one-electron line
systems H3

21, H4
31, and H5

41 parallel with and interacting
with intense laser pulses using an exact three-dimensi
~3D! Hamiltonian and a 1D Hamiltonian with a regularize
~softened! Coulomb potential to remove singularities in th
two-electron systems. Descriptions of both methods can
found in earlier references@11,27#. We present here briefly
the method for the 3D model. Thus, for the H3

21 molecular
ion, the laser-molecule TDSE is written in a.u. as

i
]

]t
C~r,Z,R,t !5@H0~r,Z,R,t !1Vn1Vext#C~r,Z,R,t !,

~19!

where

FIG. 1. Electronic transition moments as a function of totalR
for ~a! H3

21 ~three dimensions!: a, 1sg→1su ; b, 1su→2sg ;
and c, H2

1 , 1sg→1su ; and for ~b! H3
1 ~one dimension!:

i , XSg→BSu ; i i , BSu→ASg ; and i i i , H2
1, 1sg→1su .
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H0~r,Z,R,t !52
1

2

]2

]2Z
2

1

2S 1

r

]

]r
1

]2

]2r D ,

Vn52Fr21S Z2
R

2 D 2G21/2

2Fr21S Z1
R

2 D 2G21/2

2@r21Z2#21/2, ~20!

Vext52E0Z cos~vt !.

Vn is the total electron-nucleus Coulomb attraction potent
R is the internuclear distance and laser polarization axis,
v andE0 are the laser frequency and amplitude, respectiv
r5(x21y2)1/2 is the electron cylindrical coordinate sinc
we assume that the field is parallel to theZ ~electron! andR
~molecular! axis. Thus, in cylindral coordinates, the ele
tronic problem is reduced to two dimensions for fixed nuc
whereas for moving nuclei, it is a real 3D problem@10#. Z
50 is the center of the molecule. The wave functi
C(r,Z,R,t) in Eq. ~19! is advanced in a time stepdt by an
exponential method

C~r,Z,R,t !52expS 2
i

2
dtH0Dexp@2 idt~Vn1Vext!#

3expS 2
i

2
dtH0D1O~dt3!. ~21!

Singularities in the Coulomb potentialVn and the kinetic-
energy HamiltonianH0 are removed either by expanding
Bessel functions and propagating then with a high-le
split-operator method@35# or by using a Crank-Nicholson
scheme@27#. The corresponding linear 1D Hamiltonian fo
H3

1 can be found in our recent work@11#. Calculations are
performed for various fixed proton distancesR, with the laser
field parallel to the molecular ion axis. The grid size for su
calculations is governed by the dimension of the pondero
tive radius a05E0 /v2, so that in generalZ56630 a.u.
~2520 grid points! and r532 a.u. ~128 grid points!. The
step sizes inZ andt are determined by the limits imposed b
the uncertainty principle dZdp5dEdt.1 @e.g., for
E(max)55 a.u., p(max)5A10 a.u., dx<0.3 a.u., anddt
<0.2 a.u.]. An absorbing potential is used at bothZ andr
boundaries. The ionization rateG (s21) is then obtained as
the time decrease of the normdN/dt52GN, N
5* uCu2dv.

HG spectra are obtained from the power spectrum of
laser-molecule system in conformity with the classical mo
of a radiating dipole@34#. Thus one calculates the field
induced dipole moment in the length gauge

Z~ t !5^C~r,Z,R,t !uZuC~r,Z,R,t !& ~22!

or the equivalent accelerationZ̈(t) expression@36,37#, which
is then Fourier transformed to giveZ(v). The power or HG
spectrum is reported here asuZ(v)u2, which agrees with the
acceleration results except for a larger background due to
permanent field-induced moments@36#. These are single
particle spectra that neglect the interparticle coherences
ated by an intense nonperturbative field@38#. All HG spectra
reported here have been calculated under the same pulse
l,
d

y.

i,

l
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e
l

he

re-

on-

FIG. 2. Harmonic generation spectra atI 51014 W/cm2. l
51064 nm, R5R121R23558 a.u.52a0 for ~a! H3

21 ~three di-
mensions!, ~b! H3

21 ~three dimensions!, and ~c! H3
1 ~one dimen-

sion!.
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FIG. 3. Harmonic generation spectra atI 51014 W/cm2. l51064 nm for ~a! H3
21 ~three dimensions!, R5R121R23592 a.u.

5pa0 ; ~b! H3
21 ~one dimension!, R5pa0 ; ~c! H3

21 ~one dimension! and H3
21 ~three dimensions!, R5pa0 ; ~d! H1-H(1s)-H1, R

592 a.u. ; ~e! H3
1 ~one dimension!, R592 a.u.; ~f! H2(Re52 a.u.)-H1, R546 a.u.5pa0/2; and ~g! H2(Re52 a.u.)-H1, R

592 a.u.5pa0.
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ditions: a 5-cycle linear rise to the field amplitudeE0 , which
is then maintained constant for 20 cycles.

IV. H 3
21 AND H3

1 HARMONIC GENERATION SPECTRA

As pointed out in Sec. II, HG is expected to have plate
that exceed the (I p13.17Up)/v maximum harmonic orde
Nm @Eq. ~15!# at large internuclear distancesR where the
lowest electronic energy separation 2D is much less than the
laser frequencyv and the Rabi frequencyV. Thus for sym-
metric systems such as H2

1, H3
21 and H3

1, the first two
(H2

1) and three (H3
21 and H3

1) electronic states are th
doorway or essential states for the nonperturbative nonlin
optical properties of these systems as they are highly po
lated by the intense field according to Eq.~8!. To illustrate
therefore the difference between the one- and two-elec
doorway state systems, we report in Fig. 1~a! the first two
electronic transition moments of H3

21 and in Fig. 1~b! the
corresponding transition moments in H3

1 with that of H2
1

s

ar
u-

n

for comparison. Thus, in the case of H3
21 at short distance

the ~a! 1sg→1su and ~b! 1su→2sg moments behave a
R/2A2, corresponding to transitions between highly deloc
ized orbitals: (1/A2)@1s26(1/A2)(1s111s3)# for the g or-
bitals and (1/A2)(1s121s3) for the u orbital where 1si is
the 1s atomic orbital on protoni @39#. At large distances, the
ground 1sg molecular orbital correlates to the central atom
1s2 orbital as the molecular ion dissociates to H1-H-H1.
The 1su and 2sg orbitals then become essential
(1/A2)@1s161s3# with the corresponding transition mo
ment R/2 as for H2

1. This asymptotic behavior is clearl
evident in Fig. 1~a!.

The behavior of these transition moments for H3
1 @Fig.

1~b!#, illustrates the effect of the electron correlation on t
dissociation of the latter. Thus, whereas H3

21 dissociates
into H1H(1s)H1, H3

1 decomposes into H(1s)H1H(1s)
with the electrons well separated at all times. This elect
repulsion effect can also be seen clearly in the electron d
sity for H3

1 illustrated in Fig. 1 of Ref.@11#. Thus, accord-
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FIG. 3. ~Continued!.
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ing to the present Fig. 1~b!, the two first transition moment
in H3

1 behave asR/2A2 ~curvesi andii ! as compared toR/2
in H2

1 ~curve i i i ). The symmetry of the two-electron wav
function in addition to the Coulomb repulsion maintains d
localization of the two electrons at both ends of the molec
in H3

1 in all three electronic states, whereas in H3
21 the

single electron becomes localized in the ground 1sg state
and because of orthogonality is delocalized at both end
the molecule only in the two excited states 1su and 2sg .

For the laser conditions I 51014 W/cm2.2.85
31023 a.u., l51064 nm, andv50.0428 a.u., one ob
tains the following laser electron parameters employed
Sec. II: the ponderomotive radiusa0529 a.u., pa0/2
546 a.u., andpa0592 a.u. The ponderomotive energ
Up50.388 a.u.59v. At large distances,I p for H3

1 and
H3

21 is essentially I p(H)50.5 a.u.512v. One expects
therefore a HG cutoff at the maximum harmonicNm.(I p
13.17Up)/v 5 41. The (I p16Up)/v law would giveNm
.67 and (I p187Up)/v would correspond toNm.85.

In Fig. 2 we illustrate the HG spectrum for H3
21 @Figs.

2~a! and 2~b!# and H3
1 @Fig. 2~c!# at the total internuclea
-
le

of

n

distance R5R121R13558 a.u.52a0 . This distance was
chosen in order to make the ponderomotive turning po
6a0 of an ionized electron to coincide with the fixed proto
positionsR125R235R/25a0 . At such turning points, the
electron velocity would be zero with therefore little kinet
energy. Figure 2~a! shows clearly the extension of theI p
13.17Up plateau beyond 6Up . Of note is the triple structure
of each harmonic. Such a triplet structure is predicted fo
two-level system@3,27,40–42# under the influence of an in
tense laser field when the energy separationD!v, as dis-
cussed in Sec. II A, Eq.~6!. In the case of H3

21, the strongest
radiative coupling occurs between the two excited statessu
and 2sg that have anR/2 divergent transition moment@Fig.
1~b!#. Thus the HG spectrum@Fig. 2~a!# confirms that H3

21

at large distances behaves as a two-level system, but,
trary to H2

1 @3#, the essential states are the first and sec
excited states. In Fig. 2~b! we have amplified the triple
structure. It is to be noted that after theI p16Up cutoff at
Nm.65267, the triplet structure reduces to a doublet stru
ture. Since the triplet HG spectrum is indicative of persist
molecular structure, the vanishing of the molecular influen
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on the HG spectrum in the region of the cutoff seems
correlate with the free-electron nature of the highly nonlin
photophysical processes in the cutoff energy region. At
moment there is no adequate theoretical explanation for
phenomenon.

Figure 2~c! illustrates the HG spectrum of the two
electron H3

1 under the same conditions as the one-elect
H3

21 @Figs. 2~a! and 2~b!#. We note first the absence of an
triplet structure. This is consistent with the transition m
ments of H3

1 @Fig. 1~b!#, which show that due to electro
repulsion, electron delocalization in all three essential sta
1sg, 1su , and 2sg results in nearly equal transition mo
ments, so that now three essential states need to be co
ered and the triplet splitting characteristic of two-level sy
tems is no longer operative. Second the 8Up cutoff is now
much more pronounced than in the single-electron case H3

21

@Fig. 2~a!#. The net result of electron repulsion is a slig
extension of the HG spectrum by about 10–15 % forR
52a0 .

We next illustrate the HG spectrum at the total intern
clear distanceR5R121R23592 a.u.5pa0/2 for H3

21 @Fig.
34~a!# in three dimensions, Figs. 3~b! and 3~c! in one dimen-
sion, H1-H(1s)-H1 in three dimensions@Fig. 3~d!# and H3

1

in one dimension@Fig. 3~e!#. Figures 3~a!, 3~b!, and 3~e!
correspond to exact, completelydelocalizedinitial states ob-
tained by propagating the middle 1s2 H atom in imaginary
time @11#. Figure 3~d! corresponds to an initial 1s2 H or-
bital, i.e., a completelylocalized initial state. The exact
single-electron H3

21 case@Fig. 3~a!# shows a less well sepa
rated triplet structure than in Fig. 2~a! and a longer HG spec
trum than in Fig. 3~d!, the initial localized atomic state cas
Figure 3~b! shows the same calculation as in Fig. 3~a!, the
3D case atR5pa0 , but now in one dimension. A strong di
is observed at 8Up energy for the 1D case. TheI p16Up
maximum seems to be the same in both one and three dim
sions, thus lending confidence to the results of Sec. V
large systems. Figure 3~c! shows the detailed structure of th
1D and 3D HG system of H3

21 between orders 70 and 100
In the both cases, triplet Rabi splittings occur below energ
I p16Up , which then become doublets for harmonics abo
that energy. This phenomenon was also observed aR
52a0 ~Fig. 2! and is an intriguing new property of HG
spectra in delocalized systems.

The 6Up maximum or cutoff appears clearly in Fig
3~a!–3~c!, in agreement with the prediction in Sec. II B th
an electron encounters a proton at R5 pa0/2 with maxi-
mum kinetic energy of 6Up . The 6Up maximum also ap-
pears in the initially localized electron case@Fig. 3~d!#, but
with a lower efficiency of about one order of magnitude.T
latter shows no splitting of the harmonics. Figures 3~a! and
3~d! show clearly the reduction in the HG spectrum leng
and efficiency whenever the initial electron is localiz
rather than delocalized. Figure 3~e! shows the two-electron
H3

1 system under the same excitation conditions. One s
now a dramatic change, a neardoublingof the HG spectrum
as compared to the single-electron case. Again there is
splitting of harmonics in the two-electron case. There is
apparent cutoff at 12Up . We add for comparison a nonsym
metric case H2-H1, where the two electrons are now initiall
localized in an equilibrium H2 molecule (Re52 a.u.) and
are accelerated by the laser field towards a proton at dist
o
r
e
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FIG. 4. Harmonic generation spectra atI 51014 W/cm2. l
51064 nm for~a! equal bond H4

31 ~one dimension!, R53RHH

590 a.u.5pa0 ; ~b! H4
21 ~one dimension!, R53RHH590 a.u.

5pa0 ; and ~c! H4
21 ~one dimension! initial electron wave func-

tion with electronic coordinatesZ1 ,Z2 .
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FIG. 5. Harmonic generation spectra atI 51014 W/cm2. l51064 nm for~a! equal bond H5
41 ~one dimension!, R54RHH592 a.u.

5pa0 ; ~b! H5
31 ~one dimension!, R54RHH592 a.u. ;~c! H1-H3

1-H1 ~one dimension!, R54216142590 a.u.; and~d! a two-electron
wave function for equidistant H5

31 ~one dimension!. Z1,Z2 are electron coordinates.
B,

y

nd

t
s

e

th
ul

-
m-

s

-
lli-

nt
R5pa0/2 @Fig. 3~f!# andpa0 @Fig. 3~g!#. Thus, as in H3
21,

the maximum cutoff appears around 6Up , which corre-
sponds toNm.70 for H2-H1 due to the largerI p of H2 ~0.81
vs 0.5 a.u.!. Following the classical electron model Sec. II
electrons situated at distancespa0/2 from a neighboring
proton will collide with this neighbor with kinetic energ
around 6Up . This is consistent with the HG spectra of H3

21

@Figs. 3~a!–3~d!# and H2-H1 @Fig. 3~f!#. In the first case, the
electron is initially concentrated on the middle proton a
thus collides with the outer protons at a distanceR125R23
5pa0/2, thus generating harmonics up to orderNm.I p
16Up . In the nonsymmetric H2-H1 initial case@Fig. 3~f!#
both electrons are now initially at a distanceR5pa0/2 from
the external proton, with therefore the same plateau as in
H3

21 case, except for the appearance of even harmonic
the nonsymmetric initial state. The highly symmetric H3

1

case corresponds basically to two electrons separated at
end of the molecule by electron repulsion at a distanceR
5pa0 . Under the influence of the intense laser field, bo
electrons can move in phase, in and out of the molec
he
in

ach

ar

region. In doing so each electron will collide initially with
the central proton atR12(R23)5pa0/2 and finally with the
external proton situated atR5pa0 . Both collisions should
release energiesI p16Up and I p18Up according to the
independent-electron model@Eqs.~9! and ~10! and also Fig.
3~e!#. The extension of the HG spectrum up toI p112Up , in
H3

1, beyond theI p18Up single-electron law could be as
cribed to a coherent two-electron correlation effect. We e
phasize that two initially localized electrons as in H2 @Fig.
3~g!# give only a I p18Up cutoff, whereas two electron
completely delocalized in the symmetric H3

1 @Fig. 3~e!# give
harmonics of order up toNm5(I p112Up)/v. This suggests
that in the middle of the molecule, i.e., atR5pa0/2, one
electron exchanges 6Up of kinetic energy by a collision with
the other, thus giving a maximum of 12Up as observed in the
H3

1 system @Fig. 3~e!#. Previous simulations in the two
electron H2 molecule shows frequent electron-electron co
sions in the center of the molecule†see Fig. 8 of Ref.
@11~a!#‡. Since we are dealing with fixed nuclei, the prese
long plateau suggests an electron collision mechanism.
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V. H4
31,H4

21,H5
41, AND H5

31

In the present section we examine a 1D ‘‘quantum wir
made up of four and five protons. Recent studies on clus
show that the average distance between nuclei varies fro
to 8 a.u.@43#, which also corresponds to the critical distan
Rc for enhanced ionization in H3

21, H3
1 @11#, H4

31, and
H4

21 systems@44#. In the present section we examine t
nature of high-order HG for an extended quantum wire, i
at large internuclear distances where electron collisions w
neighboring ions is a predominant mechanism. All calcu
tions are 1D.

In Figs. 4~a! and 4~b! we show the HG spectra of th
one-electron H4

31 and two-electron H4
21 equidistant proton

systems, respectively (R53RHH). We have chosen the wir
length to beR590 a.u.5pa0 as in Fig. 3 for the H3

21 and
H3

1 systems. The one-electron systems H3
21 @Fig. 3~a!# and

H4
31 @Fig. 4~a!# show similar behavior splitting of the har

monics due to Rabi effects and cutoffs in the HG spectr
around I p18Up , as expected for a system of dimensi
pa0 @Eqs.~17! and~18!#. A comparison of the two-electron
systems, H3

1 @Fig. 3~e!# and H4
21 @Fig. 4~b!# shows a fun-

damental difference. The H4
21 system shows a cutoff a

aroundI p18Up instead ofI p112Up . This can be shown to
be due to the difference in the initial two-electron wave fun
tions. Whereas in H3

1 both electrons are preferentially loca
ized at the ends of the molecule, at6R/25pa0/2 ~see@11#!,
in H4

21 @see Fig. 4~c!#, both electrons tend to localize on th
inner two protons with a separationRHH530 a.u. Thus, be-
cause of the restricted delocalization of the initial state in t
case, the HG plateau is restricted to maximum electron
hence photon energies ofI p18Up only. We note again tha
the line splittings@Fig. 4~a!# disappear in the two-electro
case@Fig. 4~b!#. We next show in Fig. 5 the five equidista
proton (R54RHH) quantum wire HG spectra. In Fig. 5~a!
the one-electron H5

41 spectra show a cutoff at energiesI p
16Up , somewhat shorter than the corresponding H3

21 pla-
teau @Fig. 3~a!#. The two-electron system H5

31 @Fig. 5~b!#
remains essentially the same as the one-electron H5

41 case
@Fig. 5~a!#. We also show for comparison the H1-H3

1-H1

nonequidistant proton system with the H3
1 length R

56 a.u,@Fig. 5~c!#. The length of the plateaus are similar
all three cases H3

21, H5
41, and H1-H3

1-H1. An analysis
of the two-electron wave functions for the equidistant p
tons, withRHH523 a.u.@Fig. 5~d!#, shows that H5

31 has the
behaviors of a H3

1 system with total lengthR52RHH
546 a.u.5pa0/2, for which one would expect maximum
Its
’
rs
6

.,
th
-

-

s
d

-

electron and hence proton energies to beI p16Up . We con-
clude from these results that incomplete electron delocal
tion in H4

21 and H5
31 over the whole length of the quantum

wire decreases the length of the HG plateau expected.

VI. CONCLUSION

We have examined in the present work the effect of
electron correlation in extended delocalized systems,
which laser-induced collisions of electrons with neighbori
ions are expected to produce longer HG plateaus than
single atomic systems. In the one-electron syste
H3

21, H4
31, and H5

41, HG cutoffs aroundI p16Up are
found to occur with efficiencies 1022, that of the atomic and
short molecule HG cutoffs ofI p13Up . Two-electron effects
increase these cutoffs toI p112Up ~see Fig. 3~e!# for elec-
trons localized at the distanceRc.(p/2)a0 . An unusual ob-
servation is that one-electron HG spectra show Rabi trip
splittings for energies belowI p16Up and only doublet split-
tings above that energy. Furthermore, there splittings van
completely in the two-electron HG system. We curren
have no explanation for this phenemenon.

Delocalized electron states are shown to always prod
longer plateaus. Since delocalization is enhanced by elec
correlation, e.g., H3

1 vs H3
21 , one can therefore attribut

longer plateaus to the correlation and electron energy tra
fer. This makes larger molecular ions and clusters attrac
candidates to observe long HG plateaus. Current experim
show that it is now possible to create ion clusters or ‘‘cry
tals,’’ comprised of ions confined at large distances@45,46#.
Such systems where interion distances are (p/2)a0 should
create plateaus fromI p16Up to I p112Up , the first where
there is no electron correlation, the latter where electron c
relation is strong and therefore results in enhanced elec
energy transfer. The present results were obtained with fi
nuclei, thus emphasizing electron-electron collision as
dominant mechanism for momentum transfer. Electro
nuclei momentum transfer can only be addressed in a
non-Born-Oppenheimer calculation, as recently done for
one-electron H2

1 case@10,47#, and therefore remains a prob
lem to be investigated.
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