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Temperature effects in the hyperfine spectrum of theD1 transition of sodium

R. S. Gurjar and K. K. Sharma
Department of Physics and Center for Laser Technology, Indian Institute of Technology, Kanpur 208016, India

~Received 6 April 1998!

The velocity selective optical pumping technique has been used to obtain the Doppler-free spectrum of the
D1 transition of sodium in the temperature range 110–169 °C. The pump-induced changes in probe transmis-
sion across the Lamb dip and crossover resonances first increase and then decrease with temperature. We also
observe a reversal in the relative magnitudes of these changes among some of the narrow resonances. These
and other temperature-dependent features of the Doppler-free spectrum of theD1 transition of sodium are
successfully explained within the framework of the composite five-level model. The degeneracies of the
ground-state composite levels and the beam depletion effects at higher temperatures play a crucial role in these
investigations.@S1050-2947~98!05011-2#

PACS number~s!: 33.80.Be, 32.30.2r, 32.70.Jz
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I. INTRODUCTION

The high-resolution spectroscopy of theD1 transition of
sodium obtained in a low-vapor pressure cell has rece
been analyzed in terms of an effective five-level model@1#.
The technique of the velocity selective optical pumpi
~VSOP! was used in this study to eliminate first-order Do
pler broadening. The success of this technique to reveal n
ral or subnatural line profiles of atomic transitions critica
depends on the enhanced absorption of the probe beam i
wings of a Doppler-broadened profile as compared to
absorption at the center of the profile in the presence o
relatively strong counterpropagating pump beam. As sho
by Svanberget al. @2#, large absorption lengths are needed
record high contrast probe transmission in a VSOP exp
ment. The required absorption lengths can be achieved
using long vapor cells~cells as long as 30 cm have bee
used! or by the use of cells of moderate lengths but at som
what higher vapor pressures. The later choice, however,
the risk of increased pressure broadening. On the other h
uniform beam profiles may be difficult to maintain acro
long cells. The high-vapor pressure~or equivalently high
temperature! cells, however, require the use of relative
stronger pump beams to overcome increased beam deple
Although somewhat sharper line profiles at 169 °C cell te
perature were reported in the 10-cm-long cell used by
authors of Ref.@1#, the detailed analysis of the results w
restricted to their low-temperature measurements in
neighborhood of 120 °C. There is a growing interest at
present moment in recording and understanding subna
linewidths @3–5#. In a related context, Lukinet al. @6# have
reported subnatural line features in an electromagnetic
induced transparency~EIT! window. To investigate natura
or subnatural line profiles of atomic transitions, it is nec
sary to work at higher temperatures for cells of moder
lengths. Here, we report some unusual features in
Doppler-free spectrum of the sodiumD1 transition found in
the temperature range of 110 to 169 °C. The new appro
presented here for the interpretation of results, has remo
some of the inadequacies of the previous investigation
we find considerably improved agreement between the th
retical and experimental results at low, intermediate, a
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relatively high cell temperatures. In Sec. II, we review t
composite five-level model in the context of the sodiumD1
transition. Section III deals with experimental details. Bea
propagation in a dense medium is discussed in Sec.
Spectral changes with temperature are presented in Se
followed by a discussion of linewidths and the sum rule
The paper ends with a brief summary of our findings.

II. SODIUM D1 TRANSITION

The hyperfine~hf! structure of theD1 transition of so-
dium is shown in Fig. 1. The ground state2S1/2 splits into
two hyperfine levels withFg51,2 separated by 1772 MHz
The corresponding splitting of the excited state2P1/2 is 189
MHz. The magnetic sublevels associated with each hf le
are (2F11)-fold degenerate in the absence of an exter

FIG. 1. Hyperfine spectrum ofD1 transition of sodium. The
grouping of the magnetic sublevels for the five composite le
model is indicated.
512 ©1999 The American Physical Society
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TABLE I. Transitions (i→ j ) contributing to the narrow resonances. LD1 to LD4 are the Lamb-
resonances and CR5 to CR9 are the crossover resonances.

LD1 LD2 LD3 LD4 CR5 CR6 CR7 CR8 CR9

i→ j 2-4 2-5 1-4 1-5 2-4 2-4 2-4 2-5 1-4
2-5 1-4 2-5 1-5 1-5
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magnetic field. A right circularly polarized (s1) beam will
induce transitions with the selection ruleDmf511. All
ground-state magnetic sublevels except the one withF52,
mf52 will absorb this radiation. As a consequence, subs
tial atomic population builds up in this level as a result
optical pumping. The five composite levels@7# needed for
interpreting the experimental results are labeled 1 to 5 in F
1. Since no transition with this choice of the polarizati
state connects any of the ground levels to theF52, mf5
22 sublevel of the excited state, this level is ignored al
gether in the subsequent discussion. For a given velo
group, the steady-state populations of the relevant compo
levels in the presence of a right circularly polarized pum
beam have been obtained by solving a set of rate equatio
@1# and are reproduced below,

N15N1
01S14

1 L148 1S15
1 L158 1S24

1 L248 1S25
1 L258 , ~1!

N25N2
01S14

2 L148 1S15
2 L158 1S24

2 L248 1S25
2 L258 , ~2!

N45S14
4 L148 1S24

4 L248 , ~3!

N55S15
5 L158 1S25

5 L258 , ~4!

where

Li j8 5
~gH/2!2

~D i j 2x!21~11Si j !~gH/2!2 ~5!

and Ni and Ni
0 appearing in the above equations repres

velocity-dependent population densitiesNi(x) andNi
0(x) of

the i th level in the presence and absence of the pump be
respectively. Here,Ni

0(x)5Ni ,0G(x), whereNi ,0 is the total
number of atoms at thermal equilibrium in thei th level and
G(x) represents the normalized Gaussian distribution fu
tion (1/Apku)e2(x/ku)2

, whereu is the most probable veloc
ity and k is the Boltzmann constant;gH51/t12/T repre-
sents the homogeneous linewidth of thei - j transition, where
t is the lifetime of the transition in question,T ~not to be
confused with temperature! appearing here and in subseque
equations refers to the time for the population of the pum
level 3 to thermalize,D i j represents the laser detuning wi
respect to the transition frequencyv i j ; x52pv/l, wherev
is the axial atomic velocity andSi j andSi j

k are defined in the
Appendix. We have not included level 3 in the above eq
tions because, although this level plays a crucial role in
redistribution of atomic populations, no absorption of t
right circularly polarized beam is possible from this level. A
described in Ref.@1#, the VSOP measurement yields in a
nine narrow resonances including four Lamb-dip resonan
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~1-4, 1-5, 2-4, and 2-5! and five crossover resonances. T
former group of resonances arises when the pump and
probe beams simultaneously interact with axially station
atoms. The latter resonances exist for special velocity gro
for which the upshifted pump and the downshifted probe
vice versaare simultaneously in resonance with any two d
tinct transitions from among the four possible transitio
within theD1 manifold. For example, it may happen that t
upshifted pump may connect the 1-5 transition and
downshifted probe is in resonance with the 2-4 transiti
The Lamb-dip resonances have been designated as LD
LD4 and the crossover resonances as CR5 to CR9 in orde
increasing frequency. The specific transitions involved
these resonances are shown in Table I.

III. EXPERIMENTAL DETAILS

Circularly polarized pump and probe beams having
same sense (s1) of polarization were made to counterprop
gate in a 10-cm-long sodium cell and the probe beam tra
mission was recorded as a function of laser detuning at v
ous temperatures. The cell temperature was not contro
precisely but it was monitored to be stable to within 2 °
The sodium cell did not contain any buffer gas. Our me
surements were restricted to the temperature interval 1
169 °C. The counterpropagating pump and the probe be
were derived from the same single-mode tunable Ring D
laser Coherent Model 699-21. The split beams were
panded by a long focal length lens so that the pump and
probe beam diameters over the length of the cell were ne
5 and 2 mm, respectively. The beams were polarized us
l/4 plates. The input pump and the probe beam pow
throughout these experiments were kept at 200 and 1mW,
respectively. These values correspond to pump and pr
intensities at the entrance of the cell to about 10.0 and
mW/mm2, respectively. The probe transmission measu
ments were carried out under well established steady-s
conditions. Lock-in detection was used to improve the s
sitivity of our measurements. Further, the lock-in detect
permits us to record only the changes~increase or decrease!
in the absorption of the selected velocity groups represen
the Lamb dips and the crossover resonances arising du
the presence of the pump beam. To get a feel for the kind
extent of spectral changes involved, we have reprodu
some of the recorded resonances in Fig. 2. From this figu
is seen that at the lower temperature~110 °C!, the first set of
narrow resonances, namely LD1, CR5, and LD2, are so
what stronger than the corresponding resonances in the
consisting of the LD3, CR9, and LD4 resonances. T
lock-in detection sensitivities used for recording differe
groups of resonances were different, but Fig. 2 has b
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normalized so that the peak heights correctly reflect the r
tive strengths of the resonances. At the higher tempera
say 169 °C, a reversal of this behavior occurs, i.e., the L
CR9, and LD4 resonances which were earlier somew
weaker than the LD1, CR5, and LD2 resonances at 110
have now grown in strength while the resonances in the
set are quite weak at this higher temperature. Such beha
seems strange at first sight considering the fact that the
sity effects should play similar roles for the populations
the two ground hyperfine levels. The thermal energykT even
at room temperature is much larger than the ground-s
hyperfine~hf! splitting. One might think that the population
of the hf levels 1 and 2 should equalize, leading to no re
tive changes in the intensities of the transitions starting fr
the two ground levels as the temperature is changed.
would actually be the case if levels 1 and 2 had equal deg
eracies. However, the relative populations of the compo
levels 1 and 2 can differ significantly because they have
ferent degeneracies. It is not obvious at this stage how
difference in the degeneracy of the two ground levels
lead to the reversal of the relative strengths of the two gro
of resonances. Further, there is another peculiar aspect o
thermal behavior of these resonances which can be not
from Fig. 2. We find that the probe transmission is notic
ably higher at the intermediate temperature of 147 °C
compared to the probe transmissions at the extreme temp
tures. This nonmonotonic behavior of the probe transmiss
as a function of temperature~or the number density! appears
equally intriguing at first sight.

FIG. 2. Normalized profiles of the Doppler-free spectrum of t
D1 transition of sodium observed at 110, 147, and 169 °C. T
Lamb-dip resonances are marked LD1 to LD4 and the cross
resonances as CR5 to CR9.
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IV. BEAM PROPAGATION IN DENSE VAPOR

A linear relationship between the changes in the abso
tion coefficient of the cell and changes in the transmittan
of a weak probe due to the presence of a relatively str
pump can be obtained from the linearized Beer-Lambert l

I t~p!2I t~0!

I 0
5a~0!L2a~p!L. ~6!

Here,I t(0)/I 0 anda~0! are, respectively, the probe transm
tance and the probe absorption coefficient in the absenc
the pump beam,I t(p)/I 0 and a(p) are the corresponding
quantities in the presence of the pump, andL is the cell
length. In the absence of the pump, the probe beam ab
bance was found to be 11% at 110 °C and 96% at 169
indicating substantial beam depletion at both temperatu
The a0L values at these temperatures are 0.11 and 3.2
spectively. We shall formulate this problem in two stag
First, we consider the propagation of the pump beam al
and then bring in the counterpropagating probe beam
monitor the pump-induced changes in the absorption coe
cient. This method takes into account exactly the effects
the pump depletion as it propagates in the cell. In view
substantial beam absorption in our 10-cm-long cell even
temperatures as low as 110 °C, linearization of the Be
Lambert law across the entire cell length is not valid. Furth
and more importantly, the atoms further down from the be
entrance end of the cell see weaker and weaker pump be
As a consequence, the extent of optical pumping decre
from the entrance-end to the exit-end of the cell. This w
lead to nonuniform absorption of the probe beam as
traverses the cell from the opposite direction. In fact,
higher temperatures the probe beam may get heavily att
ated in the initial stages for lack of significant optical pum
ing in that region. Our calculations must take account
these effects. It is necessary, therefore, to divide the cell
a sufficiently large number of subcells so that the be
depletion across each cell is rather small. We then apply
Beer-Lambert law across each subcell. The beam transm
by one subcell becomes the incident beam for the next s
cell and so on. In this manner the beam depletion effects
fully incorporated. Similar considerations were applied
Caiyan et al. @8# to the Doppler-free spectrum of theD1
transition in sodium, though their aim was to study the eff
of beam propagation on the linewidths of the resonances
the pump beam enters the cell, it begins to disturb the Bo
mann distribution of atomic levels. Eventually a new stead
state population distribution is achieved. For the pres
study, we ignore the transient stage of population build
and deal with only the steady-state populations of levels.
now calculate how the pump beam gets attenuated a
traverses the cell after the steady state has been attaine

A. Pump absorption coefficient

We begin by dividing the cell length intoN equal slices.
Our aim is to first calculate the actual pump intensity th
each group of atoms sees inside each slice and then calc
the extent of optical pumping produced throughout t
length of the cell. Subsequently in a similar manner we sh
consider the propagation of the probe beam which moni

e
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the extent of optical pumping in each slice. Applying t
differential form of the Beer-Lambert law to thenth slice, we
have

dIn

dz
52anI n , ~7!

wherean is the absorption coefficient of thenth slice as seen
by the pump. For sufficiently small thicknessDz of each
slice, Eq.~7! can be integrated to give

I n11~ in!5I n~out!5I n~ in!e2an~ I n!Dz. ~8!

We can now write for the absorption coefficient of thenth
slice,

an
pump~n!5an~ I !5E ~N12N4!s̄14L14dx

1E ~N12N5!s̄15L15dx

1E ~N22N4!s̄24L24dx

1E ~N22N5!s̄25L25dx, ~9!

where

Li j ~x!5
~gH/2!2

~D i j 2x!21~gH/2!2 ~10!

and Ni are the velocity-dependent steady-state popula
densities in the presence of the pump beam within thenth
slice and integration is over the atomic velocities through
already defined parameterx. The average cross sections̄ i j of
a givenmf sublevel belonging to a particular composite lev
is defined ass i j /gi , wheregi is the mf degeneracy of the
lower level of the transition. The cross sectionss i j for the
composite levels of sodium appear in Table II. In writing th
n

e

l

expression for the absorption coefficient of the cell we ha
acknowledged the fact that because of Doppler broaden
all transitions among the hyperfine levels contribute to
sorption at frequencyn. We have written the superscrip
‘‘pump’’ in Eq. ~9! to remind us that at this stage, we a
dealing with the pump beam alone. We have explicitly intr
duced the frequency dependence of the absorption coeffic
because this integral is to be solved for a particular value
the laser frequency. Knowingan(I ) after solving the rel-
evant integrals in Eq.~9!, we can computeI n11 using Eq.
~8!. For the next slice we use thisI n11 to calculatean11(I )
and use the absorption coefficient so obtained iteratively
calculate the input intensity for the next slice and so on.
this manner we generate values for the input intensities
each slice.

We now proceed to calculate the pump absorption in
nth slice at a frequency lying anywhere within the over
limits of the D1 transition. On substituting expressions f
N1 to N5 from Eqs. ~1!–~4! we find that the 20 integrals
appearing in Eq.~9! involve either single or double Lorent
zians. The integrals involving double Lorentzians fall in
two categories. The first kind have the same central
quency whereas the second kind involve double Lorentzi
centered at relatively far-off frequencies. The latter kind
integrals will not contribute much to pump absorption as
products of such Lorentzians are essentially zero becaus
their extremely narrow widths. With these observations,
need to retain only the following eight integrals in the e
pression for the pump absorption coefficient:

TABLE II. Relevant cross sections and degeneracies for theD1

transition.

Transition
i→ j gi

s i j

@units of p|2(gN /gH)#

1-4 4 1/3
1-5 4 5/3
2-4 3 5/3
2-5 3 5/3
apump~n,I pump!52E
2`

`

s̄14S Ttes144N1,0G~x!

12hnT
2S14

1 DL148 ~x!L14~x!dx1E
2`

`

N1,0G~x!s14L14~x!dx

2E
2`

`

s̄15S Ttes154N1,0G~x!

12hnT
2S15

1 DL158 ~x!L15~x!dx1E
2`

`

N1,0G~x!s15L15~x!dx

2E
2`

`

s̄24S Ttes243N2,0G~x!

12hnT
2S24

2 DL248 ~x!L24~x!dx1E
2`

`

N2,0G~x!s24L24~x!dx

2E
2`

`

s̄25S Ttes253N2,0G~x!

12hnT
2S25

2 DL258 ~x!L25~x!dx1E
2`

`

N2,0G~x!s25L25~x!dx. ~11!
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It should also be noted that the GaussiansGi(x) are also
centered at different frequencies but they have much bro
spread as compared to the Lorentzians. The four integra
Eq. ~11! involving single Lorentzians represent the therm
equilibrium contribution to the absorption coefficient at
particular frequency as a result of 1-4, 1-5, 2-4, and
excitations, respectively. If the laser was tuned to, say,
1-4 transition, then clearly the longitudinally stationary a
oms contribute to the absorption coefficients through the
transition but atoms which are appropriately Doppler shif
contribute through the remaining three transitions. The
maining four integrals in Eq.~11! represent absorption
~rather the lack of it and hence the opposite sign! by atoms
which have been pumped out~removed! by the 1-4, 1-5, 2-4,
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and 2-5 optical pumping cycles and transferred to other l
els, in particular to level 3 in the five-level scheme. On
again for these terms as well, longitudinally stationary ato
contribute to the 1-4 transition and appropriately Doppl
shifted atoms contribute to the remaining three transitio
The integrals were evaluated as follows. The presence of
narrow Lorentzians~10–15 MHz! in Eq. ~11! suggests that
the dominant contributions to the integrals come from n
row ranges of velocities over which the Gaussian fact
G(x) hardly change. This allows us to take constant valu
for the Gaussian factors during the process of integrat
The complete expression for the pump absorption coeffic
~for the nth slice! at this frequency then takes the form
apump~n,I pump!52
~gH/2!p~A11S1421!

S14A11S14

T~1/t12/T2G41!

3~1/t11/T!

s14s̄14~pl!2I

hn S gN

gH
D 2 1

kuAp
3exp2S v2v14

ku D 2

3N1
0

2
~gH/2!p~A11S1521!

S15A11S15

T~1/t12/T2G51!

3~1/t11/T!

s15s̄15~pl!2I

hn S gN

gH
D 2 1

kuAp
3exp2S v2v15

ku D 2

3N1
0

2
~gH/2!p~A11S2421!

S24A11S24

T~1/t12/T2G42!

4~1/t11/T!

s24s̄24~pl!2I

hn S gN

gH
D 2 1

kuAp
3exp2S v2v24

ku D 2

3N2
0

2
~gH/2!p~A11S2521!

S25A11S25

T~1/t12/T2G52!

4~1/t11/T!

s25s̄25~pl!2I

hn S gN

gH
D 2 1

kuAp
3exp2S v2v25

ku D 2

3N2
~0!

1@~ 5
8 !Ntotal

~0! ~ s̄141s̄15!1~ 3
8 !Ntotal

~0! ~ s̄241s̄25!#
p~l!2~gH/2!Ap

ku
, ~12!
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wheregN51/t. The saturation intensityI S for a given tran-
sition can be obtained fromI S5I /Si j . All quantities appear-
ing in the above expression are known and so there are
unknown parameters in this formulation. Absorption coe
cients of successive slices were calculated by combin
Eqs.~8! and ~12!. We have plotted % changes in the calc
lated values of the pump absorption coefficient at frequ
cies which correspond to the positions of the Lamb-dip tr
sitions as a function of the position in the sodium cell at 1
and 169 °C in Fig. 3. The % change at a given frequenc
calculated with respect to the unsaturated absorption co
cient at that frequency. There is scope of genuine confus
in the interpretation of Figs. 3~a! and 3~b! and in the discus-
sion that follows. The narrow resonances can be seen on
the presence of counterpropagating pump and probe be
Here we are discussing the changes in the absorption co
cient due to the presence of the pump beam alone. So,
reference to Lamb-dip transitions in this section actually
no
-
g
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-
-

0
is
fi-
n
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s.

ffi-
ny
-

fers to the frequencies at which the Lamb-dip resonan
occur in a pump-probe experiment.

We find near degeneracy between the LD1 and LD2 p
and also between the LD3 and LD4 plots. This is because
pump absorption coefficients are calculated under Dopp
limited conditions. The pump beam is the only beam pres
for these calculations. For any setting of the laser freque
within the overallD1 profile, the pump gets absorbed by a
transitions. The LD3 and LD4 frequencies being very clo
show nearly the same absorption despite the fact that
inherent cross section for the LD3 transition is one-fifth
the cross section of the LD4 transition. What actually ha
pens is that when the laser is in resonance say with the
velocity group of atoms at the frequency of the LD1 tran
tion, it is also in resonance simultaneously at the freque
which corresponds to the transition LD2 for the groups
atoms which see the pump appropriately Doppler shift
Since these two transitions are very close in frequency~189
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MHz apart!, the number of atoms contained in these tw
groups is nearly equal. The same argument holds for the L
and LD4 transition. At 120 °C we find rather small overa
depletion~about 11% for the LD1 and LD2 transitions an
6% for the LD3 and LD4 transitions!. All portions of the cell
are nearly equally absorbing and we expect uniform opt
pumping in the cell at this temperature. At 169 °C, the si
ation is quite different. The pump beam is rapidly deple
~98.9% absorption at the LD1 and LD2 transition frequenc
and 88.7% absorption at the LD3 and LD4 transition f
quencies! at this temperature. The degree of saturation a
optical pumping is expected to be nonuniform. The
changes in the absorption coefficient at the LD1 and L
transition frequencies fall from 14% at the entrance of
cell to nearly 0% at the other end of the cell@Fig. 3~b!#. The
corresponding numbers for the LD3 and LD4 transition f
quencies are 17% and 3%, respectively. At this tempera
the last quarter of the cell remains almost completely un
urated and hardly develops any optical pumping. As a res
the counterpropagating probe beam is made substant
weak by the time it is able to interact with the pumped
oms. These calculations were carried out for the conditi
of our experiment and by dividing the sodium cell into 5
slices for 120 °C and into 200 slices for 169 °C. This cor

FIG. 3. Calculated changes in the absorption coefficient of
pump. The 10-cm-long cell is divided into 50 and 200 slices
calculations at 120 and 169 °C, respectively. The changes are
culated with respect to the unsaturated absorption coefficients.
labels LD1, LD2, LD3, and LD4 refer to the frequencies at whi
the Lamb-dip resonances occur in a pump-probe experiment.
3
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e
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sponds to a maximum linear absorbance of about 2% ac
each slice under the most unfavorable conditions.

B. Probe absorption coefficient

In the preceding subsection we have described in de
the procedure to calculate the pump absorption coefficien
each slice of the sodium cell. It is therefore possible to obt
the spatial variation of the extent of saturation and hence
optical pumping inside the cell. The optical pumping gen
ated in the cell exists as long as the pump beam exists in
cell. We can monitor the spatial profile of the optical pum
ing by introducing a counterpropagating weak probe bea
The probe beam experiences absorption at a given positio
the cell which is essentially determined by level populatio
as modified by the pump beam. Equation~11!, however, can-
not describe the probe absorption coefficient. As mentio
earlier, the simultaneous presence of the pump and the p
beams allows for the observation of crossover resonance
addition to the Lamb-dip resonances. We must add to
~11! the remaining twelve integrals which give rise to th
crossover resonances. There is another aspect which we
take into account for probe transmission. For the coun
propagating probe, the variablex appearing in Eq.~10! for
the LorentziansLi j ~but notLi j8 , which are still determined
by the pump! must be changed to ‘‘2x, ’’ yielding

Li j ~x!5
~gH/2!2

~D i j 1x!21~gH/2!2 ~13!

for the probe beam propagation in the cell. This change h
profound effect on the contribution of various integrals
Eq. ~9! towards the probe absorption coefficient. For e
ample, the integrals involving double Lorentzians for any
the Lamb-dip resonances get significant contribution fromx
in the neighborhood ofx50 only. ForxÞ0, the two Lorent-
zians get displaced in opposite directions and so will ha
vanishingly small overlap. This amounts to saying that o
the axially stationary atoms in the cell can simultaneou
interact with the pump and the probe beams. Such atoms
selectively picked up in the VSOP experiment and lead
enhanced probe transmission when the laser is tuned to
of the Lamb-dip resonances. As soon as the laser is mo
out of resonance, the probe beam essentially sees a the
distribution of atomic populations.

When the laser is tuned to any one of the Lamb-dip re
nances~say, the 2-4 resonance!, then out of the four integrals
appearing in Eq.~11! which involve double Lorentzians
only one which involves the productL24L248 gives nonzero
contribution. This is because the laser at a particular
quency can be in resonance with only one transition for
stationary atoms. However, the remaining four integrals
Eq. ~11! which have only one Lorentzian do contribute
this resonance. After solving these integrals, the follow
expressions for the probe absorption coefficients of the L
and LD3 resonances were obtained:
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Similar expressions for the~1-5! and ~2-5! Lamb-dip reso-
nances can be obtained. For all Lamb-dip resonances
probe absorption coefficient is found to decrease with res
to the off-resonance probe absorption. The absorption c
ficients for the special nonzero velocity groups giving rise
the crossover resonances can also be obtained. But in
case, the probe beam transmission can increase or dec
with respect to off-resonance transmission depending on
nature of the crossover resonance.

The probe absorption coefficient for thenth slice in the
cell can be calculated iteratively by a procedure similar to
one used for the pump beam,

I n
probe~ in!5I n11

probe~out!5I n11~ in!e2~an11Dz!. ~16!

The difference in the slice order in this equation and in E
~8! for the pump beam reflects the fact that the probe co
terpropagates the pump. The % changes in the absorp
coefficient of the probe beam as a function of the position
the cell are calculated with respect to the absorption coe
cients just outside the narrow resonances. These are sho
Fig. 4. The probe propagation effects are similar~but not
exactly identical! to those found for the pump propagatio
At 120 °C, there is an overall probe depletion of 12% for t
LD1 and LD2 resonances and nearly 6.5% depletion for
LD3 and LD4 resonances. The corresponding figures
169 °C are approximately 99% and 90%, respectively. Th
are slightly higher than the corresponding figures for
pump depletion. As for the pump, the probe absorption
nearly uniform in the cell at 120°. However, the change
probe absorption coefficient at 169 °C approaches zero v
halfway in the cell for the LD1, LD2, and LD3 resonance
But the striking difference in probe absorption lies in the fa
that the probe absorption coefficient and its % changes
different for all the Lamb-dip resonances. The kind of deg
eracy noticed in the pump plots~Fig. 3! is absent here. This
is attributed to the fact that unlike for the pump, the pro
absorption is calculated under Doppler-free conditions
cause the pump and the probe beams interact with only
cial velocity groups of atoms for these resonances.

V. PROBE TRANSMISSION PROFILES

We have described in the preceding section how the pr
absorption coefficient at any setting of the laser freque
can be calculated in the presence of a counterpropaga
he
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pump. The presence of narrow Lorentzians in expressi
~14! and ~15! for the absorption coefficient suggests the e
istence of sharp line features riding over broad absorp
profiles. The FWHM of these sharp features is of the orde
the natural linewidthgH with some power broadening. Th
absorption coefficients can be calculated over the en
range of frequencies of theD1 transition. The spectral pro
file of a narrow resonance can be generated be subtrac
from the calculated probe intensities over the range of a n
row resonance the probe intensity in the immediate nei
borhood of this resonance. Since these resonances are
narrow, there is no difficulty in identifying the proper bac
ground transmission. However, in order to compare the
culated transmission profiles of the narrow resonances w

FIG. 4. Calculated profiles of changes in the probe absorp
coefficient across the cell length of 10 cm. The cell is divided in
50 and 200 slices for calculation at 120 and 169 °C, respectiv
The changes are calculated with respect to the unsaturated ab
tion coefficient.
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those observed experimentally, it is necessary to expres
vapor density (N0) in terms of the cell temperature—th
quantity actually at our disposal. For this purpose we h
used the following relation:

ln~N0!553.582
9.423103

T8
2 ln T8, ~17!

whereN0 is the number density or the population density
defined earlier andT8 is the temperature in K. The consis
tency of Eq.~17! with standard vapor density-temperatu
curves was checked.

A. Low-temperature profiles

We have chosen 120 °C to represent the low-tempera
limit. Recorded profiles at still lower temperatures had lo
signal-to-noise ratio. Figure 5~a! shows the recorded prob
profiles ~curve II! for all narrow resonances at 120 °C. F
comparison, we have also included the calculated profi
~curve I!. The two profiles are vertically displaced for bett
visual comparison. It is seen that there is excellent ove
agreement between the calculated profiles and those
served at 120 °C. However, some discrepancies can be
ticed. For example, the peak depth of the observed C
crossover resonance is nearly half as much as the obse
peak depth of the CR8 crossover resonance, whereas the
culated depths for these resonances are nearly equal. A
tain degree of power broadening can be noticed in the

FIG. 5. Theoretical~I! and experimental~II ! profiles of the
D1 transition of sodium. ~a! 120 °C ~corresponding to
N5131010 atoms/cm3!, ~b! 169 °C (N53.431011 atoms/cm3).
The vertical scales on the left are for the experimental profiles~II !
and those on right are for the theoretical profiles~I!.
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corded profiles. The presence of some pedestal in
experimentally observed profiles over which the narr
resonances ride can be noticed. This feature is not appa
in the calculated profiles because each resonance was c
lated independently and displayed next to the adjacent o
Table III shows a detailed comparison between the ca
lated and observed features of the profiles at this temp
ture. To facilitate comparison, we have taken the peak he
of the strongest transition, namely the CR5 resonance
having value 1 in the experimental and calculated profil
We see generally good agreement between the values o
corresponding quantities appearing in these tables. We
in passing that at this temperature, the narrow resonance
the first group consisting of the LD1, LD2, and CR5 res
nances are somewhat stronger than the corresponding
nances in the group consisting of the LD3, LD4, and C
resonances. In particular, the strongest line of the first gr
~CR5! is considerably stronger than LD4, which is the stro
gest resonance of the second group. We shall return to
observation later.

B. High-temperature profiles

The recorded profiles of the narrow resonances at 169
and calculated profiles atN053.431011 atoms/cm3 are
shown vertically displaced in Fig. 5~b!. Once again we find
good agreement between the two sets. However, the
served peak depths of the CR7 and CR8 crossover r
nances are less than half the values predicted by the
level model. At this point, we have no explanation for th
discrepancy. A more detailed comparison of the peak dep
and areas under the resonances can be seen in Table IV

Here, we have normalized the peak heights to the p
height of the LD4 resonance, which is the strongest re
nance at this temperature. As pointed out earlier, except
the central group of resonances~CR6, CR7, and CR8!, the
agreement between the observed and calculated peak he
and areas at 169 °C is nearly as good as for the lower t
perature~120 °C! profiles.

C. Spectral changes with temperature

Two intriguing aspects of probe transmission can be
ticed from Fig. 2. The probe transmission for any resona

TABLE III. Observed and calculated amplitudes and areas
narrow resonances at 120 °C. Calculated amplitudes and area
for N051010 atoms per cm3, which corresponds to the cell temper
ture of 120 °C. For normalization, the observed and calculated
plitudes of the crossover resonance CR5 are taken as unity.

Observed
amplitude

Calculated
amplitude

Observed
area

Calculated
area

LD1 0.53 0.40 3.7 2.7
LD2 0.57 0.67 4.1 5
LD3 0.08 0.05 0.44 0.31
LD4 0.55 0.64 5.8 4.9
CR5 1.0 1.0 7.8 7.6
CR6 0.09 0.08 0.64 0.47
CR7 0.29 0.37 2.1 2.4
CR8 0.56 0.42 3.5 2.8
CR9 0.40 0.36 3.4 2.7
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520 PRA 59R. S. GURJAR AND K. K. SHARMA
first increases and then decreases as the cell temperatu
increased from 110 to 169 °C. Further, the probe transm
sion for the CR9 and LD4 resonances is somewhat sma
than the transmission for the CR5 and LD2 resonances
spectively, at 120 °C, but at 169 °C the CR9 and LD4 re
nances are considerably stronger than any other resonan
the spectrum. Thus there is some sort of reversal of the r
tive strengths of the resonances at the higher tempera
Figure 6 shows the calculated probe transmission for the
row resonances for three atomic concentrations wh
roughly correspond to cell temperatures of 110, 147,
169 °C, respectively. We see that the calculated probe tr
mission profiles do show at least qualitatively all the featu
observed experimentally~Fig. 2!. To that extent our mode
correctly predicts the changes in the probe transmission
function of the temperature and perhaps nothing more ne
to be said about these aspects. However, we would lik
understand exactly what happens to bring out these ra
intriguing changes in the spectrum.

In order to appreciate better the nature of spectral chan
with temperature, we consider sodium cells of differe
lengths and calculate the probe transmission at various
peratures. For a cell of lengthL divided inton slices of equal
width, the recorded signal for probe transmission at a gi
frequency corresponds to

I signal5I ~first slice!2I 0e2a0L, ~18!

whereI ~first slice! is the probe intensity as it emerges out
the cell andI 0 is the probe intensity entering the cell. Th
second term in Eq.~18! represents the probe transmission
the absence of the pump. Since our experiment records
changes in probe transmission with respect to the unpum
condition, this term has to be subtracted. The calculated p
probe transmissions for LD2 and LD4 resonances as a fu
tion of the cell length are shown in Fig. 7 at 120 and 169
To calculate the peak probe transmission at a given temp
ture, the number density was kept constant as the cell le
was increased. Table V gives the ratio of the peak height
the LD2 and LD4 resonances at 120 and 169 °C for differ
cell lengths. In the absence of beam attenuation, this rat
expected to be close to the ratio of the degeneracies of le

TABLE IV. Observed and calculated amplitudes and areas
narrow resonances at 169 °C. Calculated amplitudes and area
for N053.431011 atoms per cm3, which corresponds to the ce
temperature of 169 °C. For normalization, the observed and ca
lated amplitudes of the Lamb-dip resonance LD4 are taken as u

Observed
amplitude

Calculated
amplitude

Observed
area

Calculated
area

LD1 0.03 0.03 0.34 0.28
LD2 0.05 0.06 0.26 0.53
LD3 0.04 0.07 0.64 0.56
LD4 1.0 1.0 6.5 9.6
CR5 0.08 0.09 0.52 0.82
CR6 0.03 0.05 0.26 0.45
CR7 0.12 0.32 1.29 3.0
CR8 0.16 0.5 1.94 4.8
CR9 0.4 0.28 3.1 2.5
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2 and 1 in the five-level model~see Fig. 1!. It is desirable at
this stage to state what we expect to learn from these ca
lations. We have already seen that at 120 °C the cell is ne
uniformly pumped because the pump beam absorption
rather low~about 12%!. In the absence of significant attenu
ation along the length of the cell, the relative transmission
the probe beam for different resonances should not cha
with the length of the cell. In particular, we should expect t
ratio of the LD2 to LD4 transmissions to remain unchang
when the cell length is increased. However, at higher te
peratures the cell length should play a crucial role becaus
severe attenuation of the pump beam as it propagates in
cell. If the pump attenuation is significantly different for di
ferent transitions, we can expect the reversal effects to be
at different lengths for different transitions for a particul
value of the cell temperature. From Fig. 7 we see tha
120 °C, the strength of any transition increases monoto
cally as the cell length is increased. The monotonic natur
this temperature arises because with increasing length m
and more atoms become available for pumping and the pu
beam remains strong enough throughout the cell length
create pumping in the absence of any significant attenuat
The ratio of the LD2 to LD4 strengths is close to the e
pected value of 1.33 and remains essentially unchange
the cell length is increased from 0.2 to 10 cm. The slig

f
are

u-
ty.

FIG. 6. Calculated profiles of theD1 transition of sodium for
N553109 atoms/cm3, N5831010 atoms/cm3, N53.431011

atoms/cm3, corresponding to temperatures near 110, 147,
169 °C, respectively. These plots should be compared with the
responding temperature plots in Fig. 2. All plots in this figure a
drawn to the same scale.
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PRA 59 521TEMPERATURE EFFECTS IN THE HYPERFINE . . .
change~about 7%! in this ratio with length is due to the
presence of a small amount of attenuation even at this t
perature. Similar calculations at higher temperatures re
that as the cell length is increased, the strength of any r
nance first increases and then begins to decrease. Bu
changeover takes place at different lengths for different tr
sitions. The LD2 resonance shows this effect at a m
smaller length as compared to the LD4 resonance. Bec
of severe attenuation at these temperatures, the pump i
able to efficiently pump the atoms, leading to a decreas
the strength of the signal. At 169 °C the ratio of the LD2
LD4 strengths decreases from a value of 1.21 to 0.07 as
cell length is increased from 2 mm to 10 cm. Thus at t
temperature, the reversal takes place just before the
length approaches 1 cm. Figure 7 shows that whereas
LD2 resonance begins to decrease in strength as the
length exceeds 1 cm, the LD4 resonance continues to
strength until the cell length approaches 3 cm and then
strength decreases rather abruptly. As a result the LD2 r
nance becomes quite weak by the time the probe beam
the cell of 10 cm. This is exactly what we find experime
tally. Let us now try to understand why the reversal in t
ratio of LD2 to LD4 strengths takes place in the presence

TABLE V. Ratio of peak heights of the LD2 and LD4 reso
nances for different cell lengths at 120 and 169 °C. LD2 to L
peak height ratio.

drag\ Cell length
~mm! 0.2 10 50 100

Temperature
~°C!

1.29 1.27 1.23 1.19 120
1.21 0.96 0.31 0.07 169

FIG. 7. Calculated peak heights of the Lamb-dip resonan
LD2 and LD4 at 120 and 169 °C for cells of varying lengths.
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significant beam attenuation. The LD1 and LD2 transitio
originate from level 2 and LD3 and LD4 transitions origina
from level 1 in the five-level scheme. Level 1 has a deg
eracy of 3 and level 2 has an effective degeneracy of 4
excitation with circularly polarized light. Thus a larger num
ber of atoms~in the ratio of 4:3! are available for interaction
when the laser is tuned to the LD1 and LD2 resonances
compared to the case when the laser is tuned to the LD3
LD4 resonances. At lower temperatures the available num
of atoms decides the relative strengths of the signals
hence the ratio of the peak heights of the LD2 to LD4 re
nances is close to the expected value of 1.33 while at hig
temperatures it is the beam attenuation which decides
strength of the signal. This is so because the higher num
of atoms available at higher temperatures drastically atte
ates the beam. This happens selectively for the LD1,LD2
LD3,LD4 resonances. The beam is attenuated much m
when the laser is tuned to the former pair of resonan
because of the more numerous atoms available for the
sorption at these transitions. This leads to a highly nonu
form spatial profile of optical pumping in the cell at 169 °
as revealed by Figs. 3 and 4. Thus although the basic c
of reversal of the relative strengths of these pairs of re
nances is the higher degeneracy of level 2, its effect is m
fested only in the presence of significant beam depletion
the cell. We have selected LD2 and LD4 resonances for
present discussion because the cross sections for these
sitions are nearly equal and the changes in the probe tr
mission for these resonances can be at least qualitatively
derstood in terms of the degeneracies of the levels. Howe
our quantitative results apply to all narrow resonances.
ferring to Fig. 2, we remark that the initial increase of t
signals for all resonances is due to the increasing numbe
atoms available for absorption with increasing temperatu
At still higher temperature, beam depletion becomes
strong that that it is hardly able to saturate the atoms. T
results in the decrease of the signal. It is therefore possib
understand in physical terms the changes in the probe tr
mittance as a function of temperature for all narrow re
nances.

D. Sum rules

In Ref. @1#, some relationships~23!–~27! between the in-
tegrated absorption coefficients of the crossover resona
and the Lamb-dip resonances were derived. Since thes
lations provide some internal checks for the predictions
the five-level model, we might treat them as some kind
sum rules. These relationships were obtained in the limi
weak beam absorption (a0L!1), wherea0 is the unsatur-
ated or low power absorption coefficient andL is the cell
length. This condition holds at lower temperatures n
120 °C. Now that we have discussed the beam depletion
fects in great detail, perhaps a second look at these relat
is warranted. In the earlier work all Gaussian factorsG(x)
appearing in the expression for the absorption coeffici
were replaced by unity. This is a reasonable approxima
for all Lamb dips and for the crossover resonances CR5
CR9, but this certainly does not hold for the central cro
over resonances CR6, CR7, and CR8. It is only these l
resonances for which the discrepancies were found.
modified sum rules obtained by using the appropriate val
of the Gaussian factors and their verification are shown

s
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TABLE VI. Verification of the predictions of the five-level model~at 120 °C!.

Measured areas of
the crossover resonances

~in arb. units!

Areas of the
crossover resonances

as obtained from
Lamb-dip areas~arb. units!

A5 A11A2

9.731025 9.731025

A6 (2
2

15A123A3)30.38
25.031026 27.631026

A7 (2
2
3A12

9
16A4)30.32( 16

75A223A3)30.46
22.231025 23.031025

A8 (2
16
15A22

9
16A4)30.38

23.831025 23.431025

A9 5A31
1
5A4

3.831025 4.031025
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Table VI. It is seen that the discrepancies for the cen
crossover resonances are resolved to a great extent. S
discrepancy remains for the crossover resonance CR6
this resonance is much weaker than the remaining cross
resonances. We have no explanation for this discrepanc
the present time. However, we feel that the assumption
the probe beam does not affect level population may
longer hold. How an inclusion of this effect will affect onl
the central crossover resonances is certainly not clear,
such a study is worth attempting in the future.

VI. SUMMARY

The Doppler-free spectrum of theD1 transition was stud-
ied as a function of temperature covering the range from
to 169 °C. A nonmonotonic behavior of the strengths of
narrow resonances as a function of temperature was fo
At 120 °C, the group of transitions comprising the LD
CR5, and LD2 resonances is somewhat stronger than
group comprising LD3, CR9, and LD4 resonances. Howev
a complete reversal of their strengths takes place at 169
In view of the high level of beam depletion~as much as 99%
for some of the resonances! in the cell, the beam propagatio
effects were considered by dividing the sodium cell into 2
subcells at 169 °C. This Beer-Lambert law was applied
each subcell in succession. This procedure fully accounts
the beam depletion effects. Numerical solutions were
tained for pump-and-probe transmission. It was possible
achieve excellent agreement between the calculated and
perimentally recorded line profiles of all narrow resonan
in the complete range of temperature used in our invest
tions. It was found that because of higher degeneracy of
upper ground level in the five-level model, the pump be
experiences considerably higher attenuation for transiti
starting from this level as compared to the transitions star
from the lowest ground level. This fact is responsible for t
peculiar changes in the probe transmission as a functio
temperature. Further it has been possible for us to prov
better experimental verification of the modified sum ru
representing relationships among the frequency integr
absorption coefficients of crossover and the Lamb-dip re
nances.
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