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Reply to ‘‘Comment on ‘Relativistic correction of the generalized oscillator strength sum rules’ ’’
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~Received 21 September 1998!

We have recently calculated corrections to theS1 and S2 generalized oscillator strength sum rules@Phys.
Rev. A 57, 2212 ~1998!#. In a recent Comment, Cohen and Leung have pointed out the need of taking into
account the normalization of the large component of Dirac wave functions. We agree on that and, although this
will change the final results presented in the original paper, it is shown that, by including the normalization for
the large components in a general way, the method of analysis remains valid and general.
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In their Comment@1# on our paper@2#, Cohen and Leung
make the objection that our use of the closure relat
(nunL&^nLu512uxL&^xLu for large components of Dirac
eigenstates is wrong. The summation which runs over b
occupiedux& and vacantun& states is equal to unity only fo
normalized large components. The authors also claim t
‘‘We have not found a way to do this calculation explicit
@to correct the closure relation# in the general case.’’ We
agree that this lack of normalization does change some p
of the calculation involving theS1

LL term @the others remain
unchanged because of their order (v/c)2# and, hence, the
final results of@2#. However, we would like to point ou
that the method of calculation remains both rigorous a
general and that the normalization of large components
be addressed in a quite general way.

As is well known, there exist several methods for obta
ing semirelativistic, up-to-order (v/c)2 approximations to
the Dirac equation. One of them, the elimination of sm
components, is the one used in@2#. Another possibility is to
use Hamiltonians obtained from the Dirac Hamiltonian,
which the odd terms~those connecting large and small com
ponents! are removed by applying unitary transformation
e.g., the Foldy-Wouthuysen transformation. This is the
proach used by Cohen and Leung in a recent paper@3#. All of
these approaches are equivalent up to order (v/c)2, but not
all of them are suitable for generalization to calculate high
order corrections. Given this equivalence, it is interesting
investigate possible discrepancies between results obta
through different approaches.

The normalization of large components can be introdu
through an operatorN defined@4# by introducing the normal-
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ized two-component spinoru ĩ &5Nu i L&, where N5@1
1(s•p)K2(s•p)#1/2511p2/8m2c21O(a4). Then, a cor-
rected closure relation for large components can be rec
ered:

(
n

u i L&^ i Lu5(
n

N21u ĩ &^ ĩ uN215N22512p2/4m2c2

1O~a4!, ~1!

where the sum runs over both occupied and vacant la
componentsu i L&. Hence the sum over the vacant states u
in @2# can be replaced by

(
n

unL&^nLu512p2/4m2c22uxL&^xLu1O~a4!, ~2!

x denoting the only occupied orbital. Finally, the expectati
values of the various operators have to be calculated u
the non-normalized wave function,

uxL&5N21ux̃&5~12p2/8m2c2!ux̃&. ~3!

Inserting these replacements into our formulas for the o
electron case makes our results coincide with Cohen
Leung’s @1#, and the correction for the sum rules become

DS152
5

3mc2 K xU p2

2mUx L . ~4!
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