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Electron-momentum densities of singly charged ions
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Spherically averaged electron momentum densitiép) are constructed by the numerical Hartree-Fock
method for 54 singly charged atomic cations from*Hatomic numbeZ=2) to Cs" (Z=55) and 43 anions
from H™ (Z=1) to I” (Z=53) in their experimental ground state. As in the case of neutral atoms, the
Hartree-Fock momentum densities for all these ions can be classified into three types; 28 cations and 10 anions
have a unimodal density with a maximumgt 0, 22 cations and 21 anions have a unimodal density with a
maximum atp>0, and 4 cations and 12 anions have a bimodal density with a primary maximpmGand
a secondary maximum @t>0. [S1050-294{@9)04006-9

PACS numbsgps): 31.90+s, 32.80.Cy, 31.16:z

I. INTRODUCTION on the Roothaan-Hartree-Fock wave functions of Clementi
and Roetti[18] and McLean and McLeafl9], which are
In contrast to spherically averaged electron densjiie$ now known[21-24 to suffer from nontrivial errors and in-

in position spacg¢1-3], it is known[4-17] that spherically accuracies. To our knowledge, momentum densities of the
averaged electron densitid$(p) in momentum space for anionic species have not been reported in the literature. As in
neutral atoms are not always monotonically decreasing funcour previous wor17], we remove basis-set artifacts by us-
tions even in their ground state. As reviewed in RéfZ],  ing numerical Hartree-Fock wave functions to construct elec-
however, the literature classificatigd—16] of atoms with  tron momentum densities for all the atomic ions. The next
monotonic and nonmonotonic momentum densities has beedction outlines our computational procedures. In Sec. Il
contradictory for some cases, mainly due to inaccuracies Ghe results are presented and discussed. We will find that the

the Roothaan-Hartree-Fock or basis-set-expansion wav§iree-Fock momentum densities for the 97 ions again fall
functions employedi18,19. Very recently[17], precise mo- .

dalit . s of fum densities h b Agto the three distinct categories observed for the neutral at-
ality-assignments of momentum densities aye €€N MaGK,s. Hartree atomic units are used throughout this paper.
using numerical Hartree-Fock wave functions; the coexist-

ence of monotonic and nonmonotonic momentum densities

was confirmed for the ground states of the neutral atoms

from H (Z=1) to Lr (Z=103), whereZ denotes atomic ll. COMPUTATIONAL OUTLINE

number. The Hartree-Fock momentum densitigg) of the The theoretical background for the computation of atomic

103 _neutral a‘Foms were separated into three categories agy tree-Fock electron momentum densiti@gp) and their

cording to th?'r modalmeﬁl;,lﬂ. . subshell component!l,,(p), specified by the principah
Type | Unlmodglll]n(p) W't.hha mlaxwrum gtp=0. . and azimuthal quantum numbers, has been given in a pre-

ang);p;;(i%n:lmoapa ﬁ%) with a local minimum ap=0 vious papef17]. For the singly charged cations Héhrough
Type lll. Bimodarlnﬁx(p). with a primary maximum ap Cs" and anions H through r we perfc.Jr.med numerical

— 0, a secondary maximum pt.,>0, and a local minimum Hartree-Fock calculations using a modified and enhanced

at p’min With 0< Pyrin<Proas. e version of the McHF72 program [25]. The experimental

>ground state$26,27] (see Ref[28] for an explicit tabula-

Moreover, subshell analysis of the momentum density’ ) .
clarified [11,17] that the three modalities originate from ton) were considered for all the species except for two an-

competing contributions of the outermastp, and d sub- ions. For ST and Pd, the experimental ground states were
shells. The contribution fronfi subshells is not significant. reported27] to be[Ar]4s*3d4p, ‘D and[Kr]5s4d'’, *S,
The results were summarized by six simple ryl&s). respectively, but we could not obtain meaningful solutions
In the present paper, we study properties of the Hartreefor these states in numericédnd Roothaan-Hartree-Fock
Fock momentum densitidd (p) for the experimental ground ~calculations. Thus the second lowest statés]4s?3d?, 3F
states of 97 singly charged ions with fewer than 55 electronfor Sc and[Kr]5s?4d®, 2D for Pd", were examined in-
(N<55), i.e., 54 cations from He (Z=2) to Cs (Z stead in the present work. The details of our numerical pro-
=55) and 43 anions from H(Z=1) to I” (Z=53). The cedures were the same as those employed before for the neu-
corresponding position densitiggr) were shown20] nu-  tral atoms[17], except that the incremehtwas halved and
merically to be monotonically decreasing functions for allthe number of mesh points, was doubled, because anionic
these ions. The momentum densities of the cations were especies include very diffuse position-space orbitals com-
amined by Westgatet al.[11], but unfortunately they relied pared to neutral and cationic species.

1050-2947/99/5%)/48054)/$15.00 PRA 59 4805 ©1999 The American Physical Society



4806 BRIEF REPORTS PRA 59

Ill. MODALITIES OF MOMENTUM DENSITIES overwhelms the opposing contribution of the outermsst

Examination of the Hartree-Fock momentum densitiesSUbShe"’ a type-li momentu_m_densny appears.
The extremum characteristics of the type-Il momentum

I (p) for the 97 singly charged ions shows that the mOdaII'densities are summarized in Table I. For cations with regular

ties of thell(p) fall into one of the ”"?e categories found electronic configurations, both the local minimdit0) and
[11,17 for neutral atoms and summarized in the Introduc- . ) .
maximumII(py,) vValues decrease while the locatipp,.y

;[(I)onns. No new types of modality were observed even for an_of the maximum increases, when the number of outermost

. . or d electrons increases. The same is true for the type-II
Type | The 28 cations wittz=2-9, 12-16, 20-22, 25, g . . )
26, 32_34, 38-40, 43, 50—52 and the 10 anions ithl, momentum densities of anions. When two or more isoelec

; . tronic species have a type-Il momentum density, we invari-
i aillmjr?] ;;:203’ 37, 40, 41 have unimod&{p) with a .\ ohcerve inequalitiell * (x)<TT(x)<TT~ (x), in which
Type Il The 22 cations witlz=10, 11, 17-19, 23, 24, X is either 0 orp,,.y, and the superscripts, 0, and— refer

27-29, 35-37, 41 42, 44-47, 53-55 and the 21 anions witﬁo.tthhe cationic, ”f“tra" a”dl anon propertes reSTpeCt'Ve'y;
7=5-9, 13-17, 31-35, 39, 49-53 have unimoflip) '/t SOME exceptions, we alSo fitha<Prax=Pmax- TYPE-

with a local minimum ap=0 and a maximum ab,,,>0 Il momentum densities of the cations and anions obey the
max .

Type IIl. The four cations wittz =30, 31, 48, 49, and the 'Ul€ (Vi), and emerge whems=n,+1=ny+1, the outer-
12 anions withZ=24—29 and 42—47 have bimodHi(p) mostp subsh_ell is _fuIIy occupied, and t@contrlbutlon is
with a primary maximum ap=0, a secondary maximum at large. _For anions, flve_z or mokkelectrons induce th_e type-lll
Prac>0, and a local minimum ap,,, between the two Mmodality, but for cations tenl electrons are required. The
maxima: 0< Pin<Prmax- extremum characteristics of the 16 type-lll momentum den-

The present classification for the cations is the same aSities are given in Table Il. As we have seen in Table | for
that of Westgateet al. [11] except for two species V(Z  the type-Il momentum density, the five characteristic quanti-
=23) and Fé (Z=26). Westgatet al.[11] found that ties in Table Il show a definite trend according to the change
has a type-l, instead of type-1l, momentum density and Fe in the numbers of the outermoselectrons for the four cat-
has a type-Il, instead of type-l, momentum density, but thigons and of the outermost electrons for the 12 anions. For
is because they examined the Hartree-Fock ground statésoelectronic series, the extremum characteristic of the type-
whereas we examine the experimental ground states. Il momentum densities always satisfy the inequalities

Based on the analysis ®f(p) of neutral atoms, we have I1*(0)<II°(0)<II~(0), II*(x)<I°x)<II (x), and
previously proposefil7] three primary rulesfi) the overall  x~<x°<x™, for x=p, and Pmax.
behavior oflI(p) is essentially determined by the contribu-  The modality of the momentum densif§(p) depends
tions of the outermoss, p, d subshells{ii) the maximum at  strongly on the atomic numbé within an isoelectronic se-
p=0 in the type-l and -Ill modalities is essentially due to the ries. Smith and co-workerid3,29 observed that monotoni-
outermosts subshell;(ii ) the maximum away fronp=0 in  ¢|ly decreasing type-I densities become more comman as
:ohgr:gzes-lljlbirtlwgll-!'l ;:]%dtil:g‘éssggg':;:; ::E;“S)t\t‘vig#fr:?;%tincreases. For the Ne isoelectronic series, they reported that
the outermoss contribution is dominant, the type-l modality Eéfemaagég(?g;ﬂf,a&g?4r Eg}r/]rigﬁg%iﬁt?id;ﬁrsngl :tgely
results; (v) when the outermosp contribution s large replaced by type-lI monotonicity. This behavior can be un-
enough relaélve to the oute_rmor?tcorr\]trlbungrg a tyPk?'” derstood with the help of a Z/ perturbation expansion
E)%rzzr;éugnma(ﬁflfgéﬁvpg tec? rt(srgc\clyvnt?irl;ljtig?],agut w%oratgogp- [29,30. Smithet al.[29] showed that the momentum density

of any closed-shell atomic species is monotonically decreas-

eratively, the secondary maximum in a type-lll momentum>" ¢ g h
densityyappears. y ¥P ing if the bare Coulomb potential modé1] is assumed, and

These six rules are found to hold also for the 97 singlythis monotonic density constitutes the leading component of
charged ions with a small modification to rul®. Our study ~ the 1Z expansion.
of subshell momentum densitid$,,(p) has confirmed the The results of this study conform with the discussion of
validity of the rules(i)—(iii). Further, examination of the Smith and co-worker§13,30. The simplest case we met is
electronic configuration and the modality Bf(p) clarifies the N=6 isoelectronic systems with thes®2s*2p?® elec-
that common to the cations and anions, the type-I modalitgronic configuration: N and C have a type-I momentum
appears wheng>n,,nq [rule (iv)], wheren, is the principal  density, while B' has a type-Il density. In general, we ob-
quantum number of the highest occupied subshell with symserved a remarkable difference between anions and cations in
metry | (=s, p, or d). The type-ll modality arises ihs the relative frequency with which monotonitype I) versus
=n,>ny and there is a sufficierp contribution[rule (v)].  nonmonotonidtypes Il and II) momentum densities appear.
For cations, we need at least five electrons in the outermost About 50% of the 54 neutral atoms and 54 singly charged
subshell to have a type-Il momentum density, but for aniongations have monotonic densities as opposed to 23% of the
only two electrons are sufficient. For some cations of the43 anions. The relative frequency of type-lll momentum
transition atoms, a type-Il modality also appears wingn densities steadily decreases from 28% in anions, via 19% in
=n,=ng, as found for the neutral Pd atom. In these casespeutral atoms, to only 7% in singly charged cations.
both thep andd contributions are required to create a maxi- In summary, the present results for 97 singly charged ions
mum atp>0. Thus rule(v) should be modified as follows. and previous ones for neutral atoms with<103 [17]
(v') When the sum of the outermoptand d contributions  strongly suggest the general rule that, within the Hartree-
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TABLE |. Extremum characteristics of type-ll momentum densities of singly charged atoms.

Local Local
minimum Maximum minimum Maximum

Z  Cation 11(0) Pmax  H(Pmad ~ Z  Anion 11(0) Pmax  TI1(Pmad

10 Ne 0.2047 0.3906 0.2079 5 B 3.7572 0.1574 5.0207
11 Na 0.1537 0.5830 0.1632 6 T 1.8848 0.2203 2.2219
17 cIt 0.8529 0.2719 0.8686 7 N 1.0329 0.2882 1.4144
18 Art 0.6584 0.4017 0.7061 8 O 0.6357 0.3545 0.9409
19 K* 0.5205 0.4945 0.5909 9 F 0.4214 0.4249 0.6552
23 v 0.2221 0.8077 0.3180 13 Al 6.7901 0.1403 10.1140
24 crt 0.1888 0.8732 0.2747 14 Si 3.9222 0.1984 4.9219
27 Cao" 0.1212 1.0240 0.1990 15 P 2.4628 0.2467 3.4476
28 Ni* 0.1064 1.0737 0.1801 16 S 1.6804 0.2972 2.4715
29 Cu" 0.0940 1.1252 0.1632 17 Cl 1.2097 0.3504 1.8345
35 Brt 1.1190 0.2965 1.1627 31 Ga 5.7089 0.1419 9.7489
36 Kr* 0.9200 0.3922 1.0172 32 Ge 3.8206 0.2037 5.0625

37 Rb" 0.7687 0.4631 0.9047 33 As 2.6825 0.2442 3.9042
41 Nb* 0.3727 0.7388 0.5759 34 Se 2.0018 0.2878 3.0322
42 Mo* 0.3251 0.7994 0.5087 35 Br 1.5532 0.3333 2.4137
44 Ru 0.2526 0.8958 0.4213 39 Y 31.2602 0.0633  46.1702
45 Rh" 0.2253 0.9451 0.3841 49 n 8.0820 0.1377  11.4319

46 Pd 0.2022 0.9943 0.3514 50 Sn 5.5658 0.1823 6.7485
a7 Agt 0.1824 1.0449 0.3218 51 Sb 4.0496 0.2210 5.4218
53 I* 1.7920 0.2447 1.8431 52 Te 3.1154 0.2590 4.3815
54 Xe* 1.5109 0.3340 1.6474 53 ~ 2.4828 0.2978 3.6124
55 Cs 1.2913 0.3964 1.4971

Fock approximation, electron momentum densities fordal|t|es inII(p) of the neutral atoms and singly charged ions

. can be commonly explained by six rules obtained previously
ground-state atoms and atomic ions have exactly three tyPeS%Hm a subshell analysis of contributions E6(p). In the

of modalities. The physical origin of the three different mo- jiierature (see, e.g.[16] and references thergirthe mono-
tonicity of I1(p) and related functions has been successfully

TABLE Il. Extremum characteristics of type-lll momentum densities of singly charged atoms.

Primary
maximum Local minimum Secondary maximum
z Atom H(O) Prmin 1_I(pmin) Pmax H(pmax)
Cations
30 zZnt 2.1206 1.1360 0.1207 1.3095 0.1214
31 Ga 3.1872 1.2978 0.0942 1.5069 0.0951
48 cd 2.8709 0.9249 0.2506 1.1783 0.2579
49 In* 4.4403 1.0564 0.2078 1.3095 0.2137
Anions

24 Cr 85.1381 0.7545 0.2914 0.8077 0.2916
25 Mn~ 75.1373 0.7945 0.2621 0.8356 0.2621
26 Fe 68.6851 0.8055 0.2338 0.8955 0.2342
27 Co 63.4852 0.8211 0.2093 0.9498 0.2103
28 Ni™ 59.1569 0.8383 0.1881 1.0017 0.1898
29 Cu 56.0311 0.8522 0.1687 1.0583 0.1714
42 Mo~ 85.1414 0.6533 0.5422 0.7497 0.5448
43 Tc 76.9679 0.6678 0.4898 0.7975 0.4947
44 Ru 72.5273 0.6767 0.4375 0.8531 0.4471
45 Rh™ 69.2893 0.6872 0.3913 0.9066 0.4056
46 Pd 66.8099 0.6986 0.3507 0.9584 0.3694

47 Ag- 65.3879 0.7096 0.3137 1.0116 0.3368
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