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Modification of Planck blackbody radiation by photonic band-gap structures

Christopher M. Cornelius and Jonathan P. Dowling*
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We discuss a simple one-dimensional~1D! model of the modification of Planck blackbody radiation by
photonic band-gap materials~PBG’s!. The model gives qualitative predictions for the thermal power spectrum
of 2D and 3D PBG structures, and quantitative results for 1D, distributed Bragg reflecting PBG thin films.
@S1050-2947~99!04206-7#

PACS number~s!: 42.50.Ct, 42.70.Qs, 78.20.Ci, 78.66.2w
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I. INTRODUCTION

One of the most interesting subfields of quantum optic
cavity QED—where microcavities impose nontrivial boun
ary conditions on the quantized electromagnetic field a
alter the matter-light interactions of quantum electrodyna
ics. One of the first predictions of this theory was the mo
fication of atomic spontaneous-emission rates, through
use of microcavities to alter the optical density of mod
from its free-space value. This phenomenon is often kno
as the Purcell effect@1#. Since this prediction, many theore
ical analyses@2# as well as experimental confirmations@3# of
this effect have been performed.~In particular, relevant to
this work, the recent paper in Ref.@3# by Lai and Hinds
studies experimentally the alteration ofstimulatedemission
rates due to cavity-confined blackbody radiation.! Since the
imposition of nontrivial boundary conditions modifies th
electromagnetic Green’s function, the Feynman diagrams
anyQED process must be altered in a cavity, giving physi
results that differ from those in free space. Some example
these cavity QED effects are cavity-induced changes in
Lamb shift @4# and the electron’s gyromagnetic ratio~g-2!
@5#, Rutherford scattering near mirrors@6#, and Raman scat
tering between mirrors@7#.

Initially, most of these developments were discussed
the context of simple geometric structures, such as para
plane conducting cavities or one-dimensional~1D! Fabry-
Pérot resonators composed from two distributed Brag
reflecting mirrors. However, in the late 1980s and ea
1990s the existence was demonstrated, both theoretically
experimentally, of 2D and 3D periodic dielectric and met
lodielectric structures that exhibit full, omnidirectional ph
tonic stop bands~or band gaps! for both degrees of photon
polarization@8,9#. Initially, the primary interest in these ma
terials was to alter atomic spontaneous-emission rates—
instance, to suppress them in order to produce a threshold
microlaser@8,9#. Several theoretical and experimental@10–
19# studies of the emission process in PBG’s have appea
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but usually the emitters are considered to be pumped ele
cally or optically—not thermally.

In Sec. II, we will review some of the theory related to th
calculation of the thermal power spectrum. In Sec. III, w
will discuss how a finite 2D or 3D PBG structure can
qualitatively studied using a 1D formalism, following
model originally developed by John and Wang@10#. In the
context of this model, we compute the thermal power sp
trum of a PBG filter in front of an emitting hot surface, a
well as that of a heated PBG structure. In Sec. IV, we p
duce a quantitative theory for studying the off-axis spectr
of 1D PBG structures of the DBR type. Finally, in Sec. V w
summarize and conclude.

II. BLACKBODY RADIATION, EMITTANCE,
AND NORMAL MODES

A. Blackbody radiation

Thermal radiation is just spontaneous emission tha
thermally pumped and that has a blackbody spectrum, wh
is in thermal equilibrium with its surroundings. From th
foundations of quantum mechanics, it is well known th
atomic oscillators in thermal equilibrium with a photon he
bath at temperatureT have an average energy« at frequency
v given by the Planck expression@20#

«~v,b!5
\v

e\vb21
, ~1!

where

b[
1

kBT
, ~2!

as usual, withkB the Boltzmann constant. The energy dens
per unit frequencyu can be written as

u~v,b!5r~v!«~v,b!, ~3!

wherer~v! is the electromagnetic density of modes. Cruc
to our discussion here is that the modification of the den
of modesr, by introduction of a cavity or PBG structure
say, will alter the energy density and hence the radi
power,p, given by@20#

p~v,b!5 1
4 cu~v,b!, ~4!
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where c is the vacuum speed of light. Here,p~v! is the
radiant power per unit area emitted by the surface of a p
fect blackbody. For free-space boundary conditions, the d
sity of modesrFS has the well-known form

rFS~v!5
2v2

pc3 , ~5!

from which the blackbody powerpBB takes its usual form of
the Planck law@19#

p~v,b!5
v2

2c2

\v

e\vb21
. ~6!

B. The direct method of cavity QED

As noted above, thermal emission is just a form of sp
taneous emission—and in the quantum optics and ca
QED community, the modification of spontaneous emiss
by cavities or PBG structures is a well-known effect@10–
19#. Theoretically, in the weak-coupling regime, th
spontaneous-emission ratewk into a wave modek is given
by Fermi’s golden rule@21#,

wk~r ,v!52pr~vk!z^ i uHku f & z2, ~7!

where

Hk5m•Ek~r ,vk! ~8!

is the interaction Hamiltonian for a radiating dipole of m
mentm, ui& and uf & are the initial and final atomic states, an
r is the dipole location. The electromagnetic mode den
r~v!, as well as the spatially dependent modal functio
E~r ,v!, must be computed to generate a result—and
amounts to solving the Helmholtz wave eigenvalue equa
in an inhomogeneous media@12#. This solution is extremely
hard to come by in 2D and 3D calculations@15#, and is not
exactly a simple matter even in finite 1D structures@14#.

The transition ratewk , Eq. ~7!, is the time-averaged rat
at which a radiating dipole located at a positionr emits elec-
tromagnetic energy of frequencyvk into a spatial modek.
For a collection of such emitters, with some known fr
quency spectrum of emission, the ratew(r ,vk) can be aver-
aged over positionr , spherical angle elementdVk , and mul-
tiplied by the emitter power spectrump~v! to obtain the
thermal power output into a particular element of solid an
dVk . This approach has been used successfully in stud
the spontaneous emission of light-emitting GaAs semic
ductor material embedded in a 1D, thin-film, PBG structu
@16#. The power spectrump~v! in this case is just that of the
spontaneous emission of the electrically pumped semic
ductor material. To calculate the thermal spectrum by t
‘‘direct’’ method, one simply uses the blackbody therm
spectrump~v,b!, Eq. ~6!, instead. However, because of th
numerical and theoretical difficulties involved in solving th
Helmholtz eigenvalue equation for a general PBG structu
the thin-film, thermal emissivity community has indepe
dently developed a simpler ‘‘indirect’’ method based onKir-
choff’s lawof detailed balance for thermal equilibrium. Th
indirect method works well for 1D thin-film structures, an
agrees with the more computationally intensive direct cal
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lation in all cases of interest@22#. This indirect method of
emission calculation is apparently not well known in the ca
ity QED community, where the direct method is used alm
exclusively @2,11–19#. For that reason, we review it her
briefly.

C. The indirect method from Kirchoff’s law

Let us consider a multilayered, thin-film structure and,
simplicity, concern ourselves with the discussion of optic
radiation transmission and reflection on-axis, normal to
surfaces, as shown in Fig. 1. LetT andR be the real trans-
mittance and reflectance for the film—representing the ra
of transmitted and reflected optical power~Poynting’s vec-
tor! with respect to an incident flux from the left, normalize
to unity. If no absorption~or gain! is present, then conserva
tion of energy requires thatT1R51. However, if absorption
is present in the layers, then we may define a real abs
tance byA512R2T, which is again a statement of con
servation of energy. However, fromKirchoff’s second law,
we know that the ratio of the thermal emittanceE to the
absorptanceA is a constant, independent of the nature of t
material—and that that constant is unity when the source
perfect blackbody@20,22,23#. Hence, in this caseE5A and
we may write the fundamental equation for calculating t
thermal spectral power of a 1D thin-film structure, fromKir-
choff’s law, as

Ek~v!5Ak~v!512Rk~v!2Tk~v!, ~9!

whereE~v! has the interpretation as the ratio of the therm
optical power ~Poynting’s vector! emitted at frequencyv
into a spherical-angle elementdVk ~by a unit surface area o
the thin film!, to the power emitted per unit area by a blac
body at the same temperatureT.

This analysis is quite well suited for 1D PBG structure
where Ek(v) may be computed rapidly by matrix transfe
techniques. Some care must be taken to account for the c
plex indices of refraction used to model the presence of
sorbing dielectric layers—which will emit upon thermal e
citation @24,25#. In principle, there is no reason that th
method could not be extended to 2D and 3D PBG structu
using the higher-dimensional matrix techniques develo
by Pendry and co-workers@26#. It would be a simple matter
to include absorption in a 2D or 3D matrix transfer code a
hence model the directional power emission of an act
higher-dimensional PBG.

FIG. 1. We indicate the basic photonic band-gap, thin-film co
ing under investigation for emissivity control. AnN-period quarter-
wave stack of alternating indices of refractionn1 and n2 coats a
many-wavelength-thick substrate of indexn3 . The entire structure
is embedded in a medium, taken to be air,n051.
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Once the emittanceEk(v), Eq. ~9!, is obtained, then mul-
tiplication by the Planck power spectrum, Eq.~6!, gives the
power spectrum of the thin-film emitterpTF in terms of the
thin-film emittanceEk

TF(v), and the blackbody spectrum
pBB(v),

pk
TF~v,b!5Ek

TF~v!pBB~v!, ~10!

which can then be compared directly to experiment.
In the next section, we show how matrix transfer tec

niques can be used to compute the on-axis, thin-film, P
power spectrum, appropriate for the qualitative predictio
of a 2D or 3D structure in the John-Wang approximation

III. ON-AXIS EMITTANCE AND THE JOHN-WANG
MODEL

One of the difficulties in dealing with the theory of 2
and 3D PBG structures is the computational complexity
sociated with solving the full, vector, Maxwell-wave, eige
value problem in a 2D or 3D inhomogeneous dielectric@9#.
Certain Fourier techniques can be used to establish the
genvalue~dispersion! curves forinfinite 2D or 3D periodic
structures, which possess a high degree of symmetry.
finite structures, some success has been achieved usin
and 3D matrix transfer@26# and finite-difference technique
@27#. However, these methods are all computationally int
sive, and hence the results lack a certain qualitative leve
physical understanding.

A. The John-Wang model

Early on, John and Wang proposed a simple qualita
model for an infinite 2D or 3D photonic band-gap structu
@10#. This model was extended later by our group to stu
dispersion, spontaneous emission, and nonlinear effect
finite PBG structures@12–14,28–34#. The basic idea of the
model is to assume that there exists a 3D PBG struc
whose Brillouin zone~BZ! is perfectly spherical and th
same for both degrees of polarization. In fact, it was t
search for a nearly spherical BZ that motivated the ea
experimental work of Yablonovitch@8,9#. The analogous
model in 2D is a structure whose BZ is circular and the sa
for both polarization degrees of freedom. In both cases,
approximation is essentially equivalent to saying that
electromagnetic wave ‘‘sees’’ the same periodic potentia
regardless of its polarization or direction of propagati
through the PBG. This approximation means that the sa
1D periodic potential is seen by all propagating modes,
so the problem reduces to solving the 1D wave equat
This 1D problem may be attacked by analytical methods
simple 1D matrix transfer techniques. In either case,
quantitative on-axis emission spectra of finite, 1D, PBG th
film stacks corresponds qualitatively to the 2D or 3D hom
geneous emission of the hypothetical John-Wang struct
The approximation is equivalent to assuming that the b
structure does not change much for differing orientations
the photonic crystal.

To begin then, we calculate the on-axis emittance a
thermal spectrum of a 1D, thin-film stack, Fig. 1. The resu
should give a qualitative indication of the omnidirection
thermal power spectrum properties of 2D and 3D structu
-
G
s

-

ei-

or
2D

-
of

e

y
in

re

s
y

e
is
e

e
d

n.
r
e
-
-
e.
d
f

d
s
l
s

which have on the order of the same lattice spacing and
cell size as the 1D stack.

B. Thermal power spectrum from matrix transfer

The basic model we shall use is illustrated in Fig. 1. W
consider light incident from the left in air~index of refraction
n051! onto a 1D, periodic, quarter-wave stack, distribut
Bragg reflector~DBR! composed of alternating quarter-wav
layers of~possibly! complex indicesn1 andn2 , and of thick-
nessesa and b, respectively. This DBR photonic band-ga
stack is then assumed to be mounted flush on a diele
substrate of complex indexn3 of thicknessd, which is many
wavelengths thick at the quarter-wave reference frequen
v05k0c52pc/l0 , wherel0 is the quarter-wave referenc
~midgap! wavelength andc is the vacuum speed of light
Finally, the substrate terminates at the right in air, with ind
n051.

In this section, we will consider only the on-axis therm
emission process, leaving angular effects to the next sec
Consider again in Fig. 1 that light of unit amplitude is inc
dent from the left. We wish to use matrix transfer techniqu
@13,14,28–32# to compute the complex transmission and
flection coefficients,t andr, and the associated transmittan
and reflectance,T[ut u2 andR5uru2, respectively. The left-
hand fields 1 andr are linearly related to the right-hand ele
tric fields 0 andt by

F1r G5M̂ F t

0G , ~11!

where M̂ is the two-by-two transfer matrix. From linearit
alone, we can conclude thatM̂ must have the form@32#

M̂5FM11

M21

M12

M22
G5F 1/t

r /t
M12

M22
G . ~12!

~In the absence of absorption, we can apply time-reve
symmetry to obtainM125M21* andM225M11* , but that sym-
metry does not hold in the present work where absorptio
an integral part of the problem@32#.! Hence, once the trans
fer matrix M̂ is known, then the electric field transmissio
and reflection coefficients can be extracted from the elem
t51/M11 and r5tM215M21/M11. The Poynting-vector
transmittance and reflectanceT and R, describing power
flow, are then@23#

T[ut u25
1

uM11u2
, ~13a!

R[ur u25UM21

M11
U2

, ~13b!

with T1R51 only if n0 , n1 , n2 , andn3 are all real~loss-
less!. When absorption is present, and hencen1 , n2 , or n3
are complex,T andR can be used to give the absorptanceA
and emittanceE, as per the fundamental equation~9!.

For a piecewise constant index profile, such as in Fig
the transfer matrix of the entire stackM̂ can be decompose
into the product of two elementary matricesD̂i j andP̂(pi).
The discontinuity matrixD̂i j describes the boundary cond
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tions for the transfer of the electric field from left to righ
across a discontinuousni→nj interface, accounting for the
Fresnel reflection and transmission coefficients. The pro
gation matrixP̂(pi) describes free propagation between tw
interfaces a distanceai apart in a region of constant inde
ni , where

pi[niaiv/c. ~14!

These two matrices can be written@13,14,32#

D̂i j 5Fd i j
1d i j

2

d i j
2d i j

1G , ~15a!

P̂~pi !5Fe2 ipi

0
0

eipi G , ~15b!

where

d i j
6[

1

2 S 16
nj

ni
D ~16!

are the Fresnel discontinuity coefficients at anni to nj inter-
face. If we now consider the stack of Fig. 1, we can consi
the DBR PBG thin-film coating as a repeated unit cell who
transfer matrix is

T̂5P̂~p!D̂12P̂~q!D̂21, ~17!

where we definep[n1av/c and q5n2bv/c. If the PBG
coating isN periods thick, then the transfer matrix for th
entire stack, Fig. 1, is

M̂5D̂01T̂
ND̂23P̂~s!D̂30, ~18!

wheres[n3dv/c, for a substrate of thicknessd. If n0 , n1 ,
n2 , andn3 are real, then relatively simple analytical expre
sions for the matrix elementsMi j , Eq. ~12!, can be given
@13,14,32#. However, since we are only interested in t
cases where at least one of these indices is complex, we
carry out the matrix multiplication numerically, to obtainM̂
as a function ofn0 , n1 , n2 , n3 , a, b, d, N, andv. Then the
transmittance and reflectance coefficientsT andR are given
by Eq. ~13!, with the emittanceE obtained therefrom by the
fundamental equation~9!.

C. Simple quarter-wave stack

We now compute and plot the emittanceE~v!, Eq. ~9!, by
the indirect method outlined above for the quarter-wa
stack of Fig. 1. The first set of plots in Fig. 2~discussed in
the next section! shows the emittance when only the su
strate contains absorbers, so we taken051, n15&, n252,
andn35310.03i . The substrate is very thick, withd@l0 .
Recall that at a given frequencyv52pc/l, a complex in-
dex n5n81 in9 implies an absorption per unit length of

a5
4pn9

l
5

2n9v

c
, ~19!

so that the intensity falls to 1/e in the Beer’s lawdistance
1/a. Note that the absorptance, therefore, increases line
a-

r
e

-

ill

e

rly

with increasing frequency. For the rest of this work we ma
the quarter-wave assumption for the thin-film layers, nam
n18a5n28b5l0/4, wherev052pc/l0 is the midgap refer-
ence frequency of the PBG, for which reflection is ma
mum. We definen185Re$n1% andn285Re$n2%. Hence, the real
phase factors become Re$p%5n18av/c5Re$q%5n28bv/c
5pv/(2v0), showing that a quarter-wave of phasep/2 is
accumulated wheneverv5v0 . We take the substrate thick
nessd to be many optical wavelengths,d5100l0 /n38 , to
model a very thick substrate.

1. PBG as a passive filter

In Fig. 2, we show the emissivityE as a function of the
scaled frequencyv/v0 . With only the substrate indexn3
5310.03i complex, this models the situation where a los
less 3D PBG sits atop a heated hotplate~substrate!. In this
case, the PBG coating acts as a passive filter—blocking
radiation emitted by the substrate at band-gap frequen
from reaching the leftmostn0 region. We illustrate the effec
with N51, 3, and 5 periods in the PBG in Figs. 2~a!, 2~b!,
and 2~c!, respectively. The dotted line atE51 corresponds to
the emittance of a perfect blackbody. However, the th

FIG. 2. The emissivity of an absorbing substrate (n353
10.03i ) coated by a lossless, PBG thin film (n15& andn252!.
The solid line is the on-axis emittanceE~v!, Eq.~9!. The dotted line
is the emittance of a perfect blackbody substrate, while the das
line is the actual gray-body emittance of a substrate of indexn3

5310.03i . We see that the emittance is suppressed in the band
as a function of the number of periods,N. In the pass bands, th
emittance is enhanced all the way to unity at the transmission r
nances, where the PBG acts as an antireflective coating.
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4740 PRA 59CHRISTOPHER M. CORNELIUS AND JONATHAN P. DOWLING
substrate of relatively high indexn3853 is not a true black-
body. Even though the substrate is highly absorptive, no
radiation incident from the left—in the absence of the PB
thin film—would be absorbed. This is because then0→n3
interface is highly reflective, with a reflection coefficie
given by

R035Un02n3

n01n3
U2

, ~20!

which is R03>0.25 forn051 andn35310.03i . Hence, the
uncoated, absorptive substrate alone, when heated, doe
emit as efficiently as a perfect blackbody—but only 75%
efficiently. This so-called ‘‘gray-body’’ emittance ofE
>0.75 is plotted as a dashed line in Fig. 2.

So now we see some interesting effects. The PBG-coa
heated substrate emits poorly in the band gap, as was
pected, and as is clearly shown in Figs. 2~b! and 2~c!. The
emission inhibition or filtering becomes more pronounced
the number of periodsN is increased and the gap there
deepens. What is a bit surprising is that, at the photo
pass-band transmission resonances@13,32#, the substrate’s
emission is enhanced from the gray-body level all the w
up to the perfect blackbody rate. This occurs because
transmission resonances correspond to frequencies at w
the PBG thin-film stack acts as anantireflectivecoating—
eliminating then0 to n3 impedance mismatch seen by th
substrate alone. Since all incident radiation from the lef
these select frequencies ‘‘tunnels’’ through the PBG into
substrate—all of the power is consequently absorbed and
entire structure behaves then as a blackbody—which is
course, defined as an object that absorbs all incident ra
tion.

So, in summary, the results of Fig. 2 illustrate that a p
sive, lossless PBG coating can inhibit the thermal emitta
of a substrate at band-gap frequencies—but enhance
band-edge transmission resonance frequencies. This r
applies quantitatively to the on-axis emissivity of an act
1D thin-film structure. However, as per the John-Wa
model—this result tells usqualitativelywhat to expect at all
angles for a 3D PBG mounted on a heated substrate.

2. PBG as active emitter

In Fig. 2, all of the absorbers~emitters! were placed in the
substrate, as indicated by the shaded region of the inset,
the PBG coating acted as a passive filter. In the next se
plots, Figs. 3 and 4, we move the emitters from the subst
into the PBG itself, where active enhancement and supp
sion of the thermal emission process occurs, due to the P
altered electromagnetic mode structure@12–16#. We expect
different effects, depending on whether the emitters are
calized in the low-indexn1 or high-indexn2 regions, Figs. 3
and 4, respectively. In particular, it is well known that low
frequency band-edge resonance—at aboutv/v0>0.75
here—occurs when the normal-mode field at that freque
has intensity antinodes localized in only the high-indexn2
layers. The situation is reversed at the high-frequency b
edge, here atv/v0>1.25, where the field-mode intensit
maxima are localized in the low-indexn1 layers@9#.

This band-edge enhancement phenomenon manifes
self in the emission process. If emitters are doped into
ll
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low-index n1 layers, then they will couple maximally to th
high-frequency band-edge resonance modes, as perFermi’s
golden rule, Eq.~7!. Thermal emission will thus be enhance
most at this high-frequency band edge, as seen in Fig. 3.
opposite occurs when the emitters are switched over to
high-index n2 layers, where now emission enhancement
expected to be most pronounced at the low-frequency ba
edge resonance, as seen in Fig. 4. These effects have
seen before experimentally by our group in an electrica
pumped emitting region within a 1D quarter-wave stack@16#.
In that case, the emittance was computed theoretically by
direct method, involving explicit calculation of the eigen
modes forFermi’s golden rule, Eq. ~7!. In this current work,
we use the indirect method—appropriate for emitters in th
mal equilibrium—and we see the same type of results.

In Fig. 3, we taken051, n15&1 i&/100, n252, and
n351, so that only the low-indexn1 layers, in the free-
standing PBG thin film, are emissive. The plots of Fig.
show that, as we increase the number of periodsN
P$1,3,5%, the active emission is enhanced at the ba
edges—with the most pronounced enhancement at the h
frequency band edge, as was predicted.

FIG. 3. Here, the substrate is lossless,n351, and the absorbers
are in the absorbingn15&1 i&/100 region, withn252 lossless.
The curve increases linearly overall withv/v0 , since a complex
n15n181 in19 implies a loss-per-unit length that increases linea
with frequency. The emission enhancement is highest at the h
frequency band edge, where the electric field modes overlap p
erentially with the low-indexn1 layers.
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The curves slope upward to the right due to the fact t
the assumed dispersionless imaginary indexni9 , from Eq.
~19!, implies an absorption per unit length that increases
early with increasing frequency.~This slope did not appea
in the emittance curves for the complexn3 , with absorbers
only in the substrate, Fig. 2, because there the substra
taken so thick that all incident radiation entering it is eve
tually absorbed, regardless of frequency.!

The plot in Fig. 4 shows the emission when the absorb
are swapped from the low- to high-index layers, withn1
5&, n25210.02i , and n351. The emission experience
the most pronounced enhancement at the low-freque
band-edge, as expected.

In summary then, we expect a passive PBG filter or co
ing to suppress and enhance the thermal power spectru
an object in the band gap, as illustrated in Fig. 2. This re
applies qualitatively at all angles to the emission filteri
with a 3D PBG coating and gives exact quantitative pred
tors for on-axis emittance measurements using a 1D
film. In Figs. 3 and 4, we show how the emittance is e
hanced by placing the thermal emitters inside the PBG.

D. Absolute thermal power spectrum

The emittanceEk(v) we have computed so far gives th
relative power emitted at each frequency with respect t

FIG. 4. The absorbers are in the high-indexn25210.02i lay-
ers, withn15& andn351 lossless. Emission enhancement is n
strongest at the low-frequency band edge, where the field mo
overlap predominantly with the high-indexn2 layers.
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perfect blackbody emitter. To find the absolute thin-film~TF!
power spectrum emitted,pk

TF as measured by a distant dete
tor, we need to multiply the thin-film emissivityEk

TF by the
Planck blackbody~BB! power spectrumpBB(v,T), as per
Eqs.~6! and ~10!.

1. Properties of the Planck spectrum

The Planck spectrumpBB(v,T), Eq. ~6!, can be differen-
tiated to find the location of the thermal maximumvmax(T),
which is

vmax~T!5
@31W~23e23!#kBT

\
>

2.82kBT

\
, ~21!

whereW(z) is theproduct log function@35#, which gives the
solution forw as a function ofz in the transcendental equa
tion z5wew. Then the actual maximum value taken on
the Planck spectrum at this frequency is

pmax
BB ~T!5pBB~vmax!>

0.71

\c
~kBT!3, ~22!

which illustrates the well-known fact that the maximu
power increases cubically with temperature. To scale
absolute maximum out, we normalize by this peak power
get the scaled blackbody spectrum

pmax
BB ~v,T!5

pBB~v,T!

pmax~T!
>S \v

kBTD 3 0.70

expS \v

kBTD21

, ~23!

which, of course, now always has a maximum of unity,
design. The thin-film, normalized power spectrum is eas
seen to be the productpTF5ETFpBB.

2. Thin-film thermal spectrum

Now we take the emittance curves, Eq.~9!, for the five-
period passive PBG coating with a pronounced gap, F
2~c!, and multiply by the normalized thermal power spe
trum, Eq.~23!, as per Eq.~10!. This gives us the set of plot
in Fig. 5. Depending on the temperatureT, the maximum of
the Planck spectrum can be made coincident with the lo
frequency band edge, the high-frequency band edge, or
midgap, as illustrated in Figs. 5~a!, 5~b!, and 5~c!, respec-
tively. The blackbody temperature is, of course, scaled to
midgap frequencyv0 , via Eq. ~21!. For example, if the
Planck spectrum peaks at midgap, then from Eq.~21! we
have the condition on the midgap~MG! temperatureTMG,

\v0>2.82kBTMG, ~24!

which allows us to relate the figures to an absolute temp
ture scale,T, and the geometric lattice parameters,a, b, n18,
andn28 , as per the quarter-wave stack condition

n18a5n28b5
l0

4
5

pc

2v0
, ~25!

whereni8[Re$ni%, as before.
In Fig. 5, we use the same passive filter parameters

before, namely,n051, n15&, n252, and n35310.03i .
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The solid curves are the normalized power spectrap(v,T),
Eq. ~23!. The dotted lines are the spectra of a perfect bla
body, while the dashed lines are the spectra of the uncoa
high-index (n3853) substrate~graybody!. We see in Figs.
5~a! and 5~b! that the power radiated by the substrate is
hanced when the temperatureT is such that the Planck pea
aligns with either the low- or high-frequency band edg
respectively. In Fig. 5~c!, we see thermal emission suppre
sion when the temperature choice aligns the Planck p
with the midgap frequency,v0 .

In Figs. 6 and 7, we again move the emitters from
substrate into the PBG coating and taken351, leaving a
free-standing absorbing~emitting! DBR grating. In Fig. 6,
we haven051, n15&1 i&/100, n252, and n351. The
Planck peaks are located at the low, high, and midgap
quencies in Figs. 6~a!, 6~b!, and 6~c!, respectively. Since the
emitters are in the low-index layers, there is a prefere
toward emission enhancement at the high-frequency ba
edge frequency. The reverse occurs in Fig. 7, wheren051,
n15&, n25210.02i , andn351.

IV. OFF-AXIS SPECTRUM

In this section, we calculate the off-axis spectrum of o
1D PBG thin film as a function of incident angleu0 . We

FIG. 5. The absolute thermal power spectrum with losslessn0

51, n15&, n252, and absorbingn35310.03i . The temperature
is chosen so that the blackbody peak aligns with the low-freque
band edge~a!, the high-frequency band edge~b!, and midgap~c!.
~The dotted line is the spectrum of a perfect blackbody substr
while the dashed line is the gray-body spectrum of a substrat
index n35310.03i .!
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begin with a review of an off-axis matrix transfer formalis
suitable for complex indices of refraction.

A. Off-axis matrix transfer for absorbing media

The generalization of matrix transfer to include off-ax
propagation in absorptionless media can be found in m
texts @36–38#. However, when the indices of refraction a
complex, some technical subtleties appear@24,25#. For that
reason, we review the method carefully here.

The off-axis boundary conditions and propagation pha
can be accounted for by simple modifications to the on-a
discontinuity and propagation matrices,D̂i j and P̂(pi), re-
spectively, Eq.~15!. As shown in Fig. 8, there are two inde
pendent polarization modes to consider, thes-polarized TE
mode and thep-polarized TM mode. For boths andp polar-
ization, the phasepi , accumulated as the ray traverses
index ni slab of thicknessai , needs to be adjusted by
factor of cosui , which projects out the on-axis component
the wave vectork i . Hence, Eq.~14! becomes

pi5niaiv cos~u i ! /c, ~26!

whereu i is the anglek i makes with the normal of the slabs
as shown in Fig. 8. Hence, the propagation matrixP̂(pi),
Eq. ~15b!, remains the same with the identificationpi

→pi cosui . However, the discontinuity matrixD̂i j , Eq.

y

e,
of

FIG. 6. Same as Fig. 5, but withn051, n15&1 i&/100, and
n351. The thermal peak is at the low and high band edges
midgap, ~a!, ~b!, and ~c!, respectively. Enhancement is most pr
nounced at the high-frequency band edge because absorbers
the low-indexn1 layers.
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~15a!, takes on two different forms for thes andp polariza-
tions, reflecting the different boundary conditions on TE v
sus TM modes at theni→nj interface. The form of Eq.~15a!
remains the same, with the identification thatd i j

6→d i j
s6 or

d i j
p6 , for TE ~s-polarized! or TM ~p-polarized! modes, re-

spectively, where we define

d i j
s6[

1

2 S 16
nj cosu j

ni cosu i
D , ~27a!

FIG. 7. Same as Fig. 6, but with absorbers in high-indexn2

layers. Emission is therefore most pronounced at the low-freque
band edge.

FIG. 8. Ray propagation through a multilayer stack. The in
dent angleu0 from the air on the left is a tunable parameter. Boun
ary conditions differ for TM waves~p-polarized! and TE waves
~s-polarized, out of page!.
-

d i j
p6[

1

2 S 16
ni cosu j

nj cosu i
D . ~27b!

All that remains is to establish a relationship between
angle of incidenceu i in an arbitrary layer,ni , with the mea-
sured angle of incidenceu0 from the leftmost semi-infinite
medium of indexn0 , Fig. 8. This is just given implicitly in
the i th layer by Snell’s law@25#,

n0 sinu05ni sinu i . ~28!

Hence, Eqs.~15!, ~26!, and ~27! provide a complete set o
matrices for the off-axis problem. The same formalis
holds, independent of whether theni are complex or not
@24,25#. However, in general, whenni is complex, then the
associated quantityu i is also complex, and it can no longe
be interpreted as the physical angle. In this case, which
are concerned with here, the formalism becomes mere
bookkeeping device that tracks the angular dependenc
the power flow from left to right across the structure.

cy

-
-

FIG. 9. EmittanceE(v,u0) as a function of stack incident angl
u0 and scaled frequencyv/v0 . TE-mode~s-polarized! emittanceEs

is plotted in ~a!, TM-mode ~p-polarized! emittanceEp in ~b!, and
unpolarizedEu5

1
2 (Es1Ep) in ~c!. Here, the substrate is emissiv

n35310.03i , while the PBG coating isN55 periods thick and
lossless,n15&, n252. Note how thes andp gaps shift to higher
frequency with increasingu0 .
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B. Off-axis spectrum for standard 1D thin films

In this section, we compute the off-axis emittance for t
thin-film parameters considered in the previous sectio
First, let us consider the case when the substrate indexn3 is
complex, butn1 and n2 are real, so that the PBG thin-film
coating in Fig. 1 acts as a passive filter. We taken051, n1
5&, n252, andn35310.03i . It is instructive to plot the
emittance E(v,u0) as a three-dimensional surface plo
which shows how the band gap shifts for changingu0 . We
do this in Fig. 9, where we plot thes-polarized,p-polarized,
and unpolarized emittancesEs(v,u0), Ep(v,u0), and
Eu(v,u0), respectively, in~a!, ~b!, and ~c!. Here, Eu[(Es

1Ep)/2, since for unpolarized emitters either polarizati
mode is equally likely to be occupied. We see in Fig. 9 t
thes gap andp gap both shift from the same gap to differe
higher-frequency gaps as the incident angleu0 ranges from 0
to p/2. Thes gap remains deep and wide, whereas thep gap
tends to narrow and fill in. In particular, thep midgap at
u0>0 shifts to the low-frequencyp-band-edge resonance
nearu0>p/2, Fig. 9~b!. This means that the thin film has
very low emittance on-axis, but a high value at large ang
off-axis. The width of the gapDv0 at u050 is determined
solely by the material parametersn18[Re$n1% and n28
[Re$n2%, via @32,36,37#

FIG. 10. Thes, p, and unpolarized angular emittanceE(v,u0)
for an n15&1 i&/100 emissive PBG coating withn051, n252,
andn351 lossless.
e
s.

t

s

Dv

v0
5

4

p
arcsinS n282n18

n281n18
D >

2

p

Dn

n̄
, ~29!

whereDn5n282n18 and n̄5(n181n28)/2. ~The approximation
holds forDn/n̄!1.!

Note in Fig. 9 that both thes and p emittance drops to
zero at all frequencies asu0→p/2. This is because the PBG
coating can only modulate the basic Lambertian emiss
angular dependence, which is proportional to cos2 u0. Hence
the emittance vanishes asu0→p/2, regardless of frequency

For completeness, we now consider the case of a f
standing PBG with absorbers~emitters! in the n1 or n2 lay-
ers, with n35n0 . In Fig. 10, we taken05n351, n15&
1 i&/100, and n252. We see that thes-polarized and
p-polarized emittances are modulated slightly differently,
Figs. 10~a! and 10~b!, respectively. Both curves show
marked emittance resonances at the high-frequency b
edge and relatively large angles off-axis. The unpolariz
angular spectrum is shown in Fig. 10~c!. Similarly, in Fig. 11
we take n05n351, n15&, and n25210.02i . We see
similar effects as in Fig. 10, but now with the emission res
nances at the low-frequency side of the gap enhanced
respect to those found in Fig. 10.

FIG. 11. Angular emittanceE(v,u0), same as Fig. 1, but with
absorbers in the high-indexn25210.02i , with n051, n15&, and
n351.
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V. SUMMARY AND CONCLUSIONS

In this paper, we have tried to give a general discussio
the theory of thermal power-spectrum modification in 1
periodic, photonic band-gap structures. The theory app
qualitatively to 2D and 3D photonic band-gap materia
within the John-Wang approximation. The 1D thermal sp
trum calculations should easily be extendable to the 2D
3D matrix transfer method of Pendry@26#, applicable to
higher-dimensional PBG structures. We also present a
.

.
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to-
d
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of
,
s
,
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d

r-

malism for computing the off-axis thermal spectrum, whi
gives quantitative results which are directly comparable
experiment.

ACKNOWLEDGMENTS

We would like to acknowledge interesting and useful d
cussions with M. J. Bloemer, H. O. Everitt, M. Scalora,
M. Steinberg, P. A. M. Steinberg, and J. E. Sipe.
. E

.

.

,

-

c.
.

ag.

r,

-

@1# E. M. Purcell, Phys. Rev.69, 681 ~1947!.
@2# G. Barton, Proc. R. Soc. London, Ser. A320, 251 ~1970!; P.

W. Milonni and P. L. Knight, Opt. Commun.9, 119~1973!; G.
S. Agarwal, Phys. Rev. A24, 2889~1981!; A. O. Barut and J.
P. Dowling, ibid. 36, 649 ~1987!; W. Jheet al., Phys. Rev.
Lett. 58, 666 ~1987!; W. Jhe, Phys. Rev. A44, 5932~1991!.

@3# D. Meschede, H. Walther, and G. Mu¨ller, Phys. Rev. Lett.54,
551 ~1985!; R. G. Hulet, E. S. Hilfer, and D. Kleppner,ibid.
55, 2137 ~1985!; W. Jheet al., ibid. 58, 666 ~1987!; F. De-
Martini et al., ibid. 59, 2955 ~1987!; H. Yokoyama et al.,
Appl. Phys. Lett.57, 2814~1990!; D. G. Deppe and C. Lei, J
Appl. Phys.70, 3443~1991!; G. Björk et al., Phys. Rev. A44,
669 ~1991!; D. L. Huffaker et al., Appl. Phys. Lett.60, 3203
~1992!; K. S. Lai and E. A. Hinds, Phys. Rev. Lett.81, 2671
~1998!.

@4# H. G. B. Casimir and D. Polder, Phys. Rev.73, 360~1948!; G.
Barton, J. Phys. B7, 2134 ~1974!; G. Barton, Proc. R. Soc
London, Ser. A410, 141 ~1987!; A. O. Barut and J. P. Dowl-
ing, Phys. Rev. A36, 2550~1987!; D. Meschede, W. Jhe, an
E. A. Hinds, ibid. 41, 1587 ~1990!; E. A. Hinds and V. San-
doghdar,ibid. 43, 398 ~1991!; C. I. Sukeniket al., Phys. Rev.
Lett. 70, 560 ~1993!.

@5# G. Barton and H. Grotch, J. Phys. A10, 1201 ~1977!; E.
Fischbach and N. Nakagawa, Phys. Rev. D30, 2356 ~1984!;
M. Kreuzer and K. Svozil,ibid. 34, 1429~1986!; L. S. Brown
and G. Gabrielse, Rev. Mod. Phys.58, 233~1986!; A. O. Barut
and J. P. Dowling, Phys. Rev. A39, 2796~1989!.

@6# J. P. Dowling, Phys. Rev. A45, 3121~1992!.
@7# F. De Martiniet al., Phys. Rev. A53, 471 ~1996!.
@8# E. Yablonovitch, Phys. Rev. Lett.58, 2059 ~1987!; S. John,

ibid. 58, 2486~1987!.
@9# Development and Applications of Materials Exhibiting Pho

nic Band Gaps, edited by C. M. Bowden, J. P. Dowling, an
H. O. Everitt@J. Opt. Soc. Am. B10, ~2! ~1993!, special issue#;
Photonic Band Structures, edited by G. Kurizki and J. W.
Haus@J. Mod. Opt.41, ~2! ~1994!, special issue#; J. D. Joan-
nopoulos, R. D. Meade, and J. N. Winn,Photonic Crystals:
Molding the Flow of Light~Princeton University Press, Princ
eton, 1995!; Photonic Band Gap Materials, edited by C. M.
Soukoulis, NATO Advanced Study Institute Series~Kluwer
Academic, Dordrecht, 1996!; Microcavities and Photonic
Bandgaps: Physics and Applications, edited by J. Rarity and
C. Weisbuch, NATO Advanced Study Institute Series~Kluwer
Academic, Dordrecht, 1996!.

@10# S. John and J. Wang, Phys. Rev. Lett.64, 2418~1990!; Phys.
Rev. B43, 12 772~1991!.
@11# R. J. Glauber and M. Lewenstein, Phys. Rev. A43, 467
~1991!.

@12# J. P. Dowling and C. M. Bowden, Phys. Rev. A46, 612
~1992!.

@13# J. M. Bendickson, J. P. Dowling, and M. Scalora, Phys. Rev
53, 4107~1996!.

@14# I. S. Fogel, J. M. Bendickson, M. D. Tocci, M. J. Bloemer, M
Scalora, C. M. Bowden, and J. P. Dowling, Pure Appl. Opt.7,
393 ~1998!.

@15# T. Suzuki and P. K. L. Yu, J. Opt. Soc. Am. B12, 570~1995!;
T. Suzukiet al., J. Appl. Phys.79, 582 ~1996!.

@16# M. Scalora, J. P. Dowling, M. Tocci, M. J. Bloemer, C. M
Bowden, and J. W. Haus, Appl. Phys. B: Lasers Opt.60, Sup-
pls. 2–3, S57~1995!; M. D. Tocci, M. Scalora, M. J. Bloemer
J. P. Dowling, and C. M. Bowden, Phys. Rev. A53, 2799
~1996!.

@17# J. P. Dowling and C. M. Bowden, J. Opt. Soc. Am. B10, 353
~1993!; S. John and T. Quang, Phys. Rev. A50, 1764~1994!;
S.-Y. Zhu, H. Chen, and H. Huang, Phys. Rev. Lett.79, 205
~1997!.

@18# J. Martorell and N. M. Lawandy, Phys. Rev. Lett.65, 1877
~1990!; R. Sprik, B. A. Van Tiggelen, and A. Lagendijk, Eu
rophys. Lett.35, 265 ~1996!; S. C. Kitson, W. L. Barnes, and
J. R. Sambles, Phys. Rev. Lett.77, 2670~1996!; S. Fan, P. R.
Villeneuve, and J. D. Joannopoulos,ibid. 78, 3294~1997!; A.
Kamli et al., Phys. Rev. A55, 1454~1997!; F. Wijnandset al.,
Opt. Quantum Electron.29, 199 ~1997!.

@19# E. R. Brown, C. D. Parker, and E. Yablonovitch, J. Opt. So
Am. B 10, 404 ~1993!; E. R. Brown, C. D. Parker, and O. B
McMahon, Appl. Phys. Lett.64, 3345 ~1994!; K. Agi et al.,
Electron. Lett.30, 2166 ~1994!; S. D. Chenget al., Appl.
Phys. Lett.67, 3399 ~1995!; M. P. Kesleret al., Microwave
Opt. Technol. Lett.11, 169 ~1996!; M. M. Sigalas, R. Biswas,
and K.-M. Ho, ibid. 13, 205 ~1996!; E. R. Brown and O. B.
McMahon, Appl. Phys. Lett.68, 1300 ~1996!; M. M. Sigalas
et al., Microwave Opt. Technol. Lett.15, 153 ~1997!; G. Poil-
asneet al., ibid. 15, 384 ~1997!; H.-Y. D. Yang, N. G. Alex-
opoulos, and E. Yablonovitch, IEEE Trans. Antennas Prop
45, 185 ~1997!; W. Y. Leung, R. Biswas, and K.-M. Ho,ibid.
45, 1569~1997!.

@20# M. Planck,The Theory of Heat Radiation~Dover, New York,
1959!; F. K. Richtmyer, E. H. Kennard, and J. N. Coope
Introduction to Modern Physics, 6th ed.~McGraw-Hill, New
York, 1969!; T. S. Kuhn,Black-Body Theory and the Quantum
Discontinuity, 1894–1912 ~University of Chicago Press, Chi
cago, 1987!.



.

la
-

ys
c.

n
In

.

er

n,

s.

.

.
.

es,

P.

J.

4746 PRA 59CHRISTOPHER M. CORNELIUS AND JONATHAN P. DOWLING
@21# E. Merzbacher,Quantum Mechanics, 2nd ed. ~Wiley, New
York, 1970!, Chap. 18, Sec. 8.

@22# P. Pigeat, D. Rouzel, and B. Weber, Phys. Rev. B57, 9293
~1998!.

@23# J. B. Marion,Classical Electromagnetic Radiation~Academic
Press, New York, 1965!, Sec. 6.5.

@24# M. A. Dupertuis, M. Proctor, and B. Acklin, J. Opt. Soc. Am
A 11, 1159~1994!; M. A. Dupertuis, B. Acklin, and M. Proc-
tor, ibid. 11, 1167~1994!.

@25# K. Yamamoto and H. Ishida, Vib. Spectrosc.8, 1 ~1994!; K.
Yamamoto and H. Ishida, Appl. Spectrosc.48, 775 ~1994!; K.
Yamamoto, A. Masui, and H. Ishida, Appl. Opt.33, 6285
~1994!.

@26# J. B. Pendry, J. Mod. Opt.41, 209 ~1994!; M. M. Sigalas
et al., in Proceedings of the 1994 SPIE Modeling and Simu
tion of Laser Systems III~Society of Photo-Optical Instrumen
tation Engineers, Bellingham, WA, 1994!, Vol. 2117, pp. 23–
31; P. M. Bell, J. B. Pendry, and A. J. Ward, Comput. Ph
Commun.85, 306~1995!; J. M. Elson and P. Tran, J. Opt. So
Am. A 12, 1765 ~1995!; Phys. Rev. B54, 1711 ~1996!; J.
Chongjun, Q. Bai, and Q. Ruhu, Opt. Commun.142, 179
~1997!.

@27# P. K. Kelly, J. G. Maloney, B. L. Shirley, and R. L. Moore, i
Proceedings of the 1994 IEEE Antennas and Propagation
ternational Symposium~IEEE, Seattle, 1994!, Vol. 2, pp. 718–
721; A. Reineix and B. Jecko, Ann. Telecommun.51, 656
~1996!; G. Tayeb and D. Maystre, J. Opt. Soc. Am. A14, 3323
~1997!; H. Y. D. Yang, IEEE Trans. Microwave Theory Tech
44, 2688~1996!.

@28# M. Scalora, J. P. Dowling, C. M. Bowden, and M. J. Bloem
-

.

-

,

Phys. Rev. Lett.73, 1368~1994!.
@29# M. Scalora, J. P. Dowling, M. J. Bloemer, and C. M. Bowde

J. Appl. Phys.76, 2023 ~1994!; M. D. Tocci, M. J. Bloemer,
M. Scalora, J. P. Dowling, and C. M. Bowden, Appl. Phy
Lett. 66, 2324~1995!.

@30# M. Scalora, M. J. Bloemer, A. S. Manka, J. P. Dowling, C. M
Bowden, R. Viswanathan, and J. W. Haus, Phys. Rev. A56,
3166 ~1997!.

@31# M. Scalora, R. J. Flynn, S. B. Reinhardt, R. L. Fork, M. D
Tocci, M. J. Bloemer, C. M. Bowden, H. S. Ledbetter, J. M
Bendickson, J. P. Dowling, and R. P. Leavitt, Phys. Rev. E54,
R1078~1996!.

@32# J. P. Dowling, IEE Proc.: Optoelectron.145, 420 ~1998!, spe-
cial issue on photonic crystals and photonic microstructur
edited by T. Krauss.

@33# M. Scalora, M. J. Bloemer, A. S. Manka, S. D. Pethel, J.
Dowling, and C. M. Bowden, J. Appl. Phys.84, 2377~1998!;
M. J. Bloemer and M. Scalora, Appl. Phys. Lett.72, 1676
~1998!.

@34# B. Eggleton, R. E. Slusher, C. M. de Sterke, P. A. Krug, and
E. Sipe, Phys. Rev. Lett.76, 1627~1996!.

@35# Stephen Wolfram,The Mathematica Book, 3rd ed.~Wolfram
Media, Cambridge University Press, Cambridge, 1996!, Sec.
3.2.10.

@36# A. Yariv and P. Yeh,Optical Waves in Crystals~Wiley, New
York, 1984!.

@37# P. Yeh,Optical Waves in Layered Media~Wiley, New York,
1988!.

@38# W. C. Chew,Waves and Fields in Inhomogeneous Media~Van
Nostrand Reinhold, New York, 1990!.


