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Use of phase-locking in four-wave Raman mixing for generating ultrashort optical pulses

Hiroyuki Kawano, Tomonori Mori, Yasuyuki Hirakawa, and Totaro Imasaka*
Department of Chemical Science and Technology, Faculty of Engineering, Kyushu University, Hakozaki, Fukuoka 812, Jap

~Received 19 June 1998!

The intensities of high-order rotational Raman lines are calculated by computer simulation in the approxi-
mation of time-independent plane-wave pumping based on the currently accepted model used in studies of
four-wave Raman mixing~FWRM!. When the phases of the rotational lines are assumed to be slightly random,
the intensities are drastically decreased. Such reduction in intensity becomes more serious with increasing
phase distortion, indicating that the emission lines generated by FWRM requiring phase matching are coher-
ently phased. In other words, phase matching is equivalent to phase locking or mode locking in FWRM. These
results suggest that FWRM has potential for use in generating ultrashort optical pulses shorter than 1 fs.
@S1050-2947~99!03206-0#
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I. INTRODUCTION

The recently developed lasers which produce ultrash
optical pulses have a variety of basic and industrial appl
tions, such as studies of nonlinear spectroscopy and telec
munication. The generation of 6-fs pulses was reported
1987 @1#, in which a white light continuum produced b
self-phase modulation~SPM! in an optical fiber was com
pressed by grating and prism pairs with negative group
locity dispersions~GVDs! @2#. This approach, which is re
ferred to as a pulse compression technique, is freque
employed in the generation of femtosecond optical puls
No significant improvement has, however, been repor
since that time, although the generation of 5-fs pulses
reported by several groups in 1997@3,4#. There are two ma-
jor difficulties in the generation of yet shorter optical pulse
~1! A wide frequency domain is required for the generati
of ultrashort optical pulses, as is evident from the uncerta
principle. The expansion of the frequency domain by SP
however, has practical limitations.~2! It is difficult to com-
pletely compensate for high-order phase distortion indu
by optical elements by means of optics such as a prism
in the subfemtosecond regime.

Recently, several groups have proposed the use of h
order harmonics because of their wide frequency dom
which extends from the visible to the soft x ray@5–9#. Un-
fortunately, the conversion efficiency is rather small, es
cially for higher-order harmonics which form a plateau r
gion, and, as a result, it may be difficult to generate a str
ultrashort optical pulse by Fourier synthesis of the obtain
emission lines. One suggestion to overcome this prob
involves the removal of the fundamental and low-order h
monics by a metal filter. This approach, however, redu
the total pulse energy, making the generation of the hi
intensity optical pulse difficult. It has also been pointed o
that the phase difference between two harmonics is c
pletely random in the plateau region, which is related to
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ionization potential and the ponderomotive energy of the m
dium ~neon! used@9#.

An alternative method has been proposed@10#, which uti-
lizes the Fourier synthesis of multiple stimulated Ram
emission generated in hydrogen gas. It is known that num
ous Raman lines are simultaneously generated by stimul
Raman scattering~SRS! and the succeeding four-wave R
man mixing ~FWRM!. When vibrational lines (v50, J51
→v51, J51) generated in hydrogen are used as Fou
components under the assumptions that all the Raman c
ponents are properly phased and are forced to propagate
the same group velocity in the plane-wave approximati
highly repetitive pulses separated by 8 fs are produced
cause of a considerably large vibrational Raman shift f
quency~4155 cm21! @10#. It is also reported that multifre-
quency 2p solitons occurring in the cascade-stimulat
Raman scattering propagate with the same group velo
and are phase locked to each other@11,12#. The separation of
the pulses~8 fs! may, however, be too small for most pra
tical applications.

On the other hand, numerous rotational lines are gen
ated by using a two-color or elliptically polarized pum
beam@13–15#. The Raman shift frequency for the rotation
transition (v50, J51→v50, J53) is 587 cm21, thus pro-
ducing repetitive pulses separated by 57 fs. This value
more realistic for the generation of ultrashort optical puls
and for measurements of the pulse width. We have alre
reported that more than 40 rotational Raman lines are ge
ated by using a picosecond and femtosecond Ti:sapphire
ser @16–18# and a femtosecond KrF excimer laser@19# as a
pump source and hydrogen gas as the Raman medium.
pulse duration calculated by Fourier synthesis of the em
sion lines is reported to be 0.4 fs.

For the generation of ultrashort optical pulses by Four
synthesis, all the emission lines are assumed to be p
locked. It is well known that the emission lines generated
FWRM are ‘‘phase matched’’ as written by

2npumpkpump5nseedkseed1nsignalksignal, ~1!

wherekpump, kseed, andksignal are the wave vectors for th
pump beam, the seed~Stokes! beam, and the signal beam
4703 ©1999 The American Physical Society
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4704 PRA 59KAWANO, MORI, HIRAKAWA, AND IMASAKA
~e.g., the anti-Stokes or the second Stokes generated!, respec-
tively, andnpump, nseed, andnsignal are the refractive indices
of the Raman medium at the wavelengths of the pump, s
and signal beams, respectively. This equation predicts
the time for traveling a specified distance for 2kpump, i.e., the
sum of the wave vectors for the pump beams would be id
tical to that forkseed1ksignal, i.e., the sum of the wave vec
tors for the seed and the signal beams. This phase-matc
requirement has already been experimentally verified: a r
shaped pattern has been observed for the anti-Stokes b
due to a small phase mismatching@20–22#. The speeds of
light are different for these emissions, since the refract
indices are different at the respective emission lines. A
result, Eq. ~1! is valid only when the refractive inde
changes in a linear manner against the frequency of ligh
the Raman medium. Hydrogen gas is almost~but not com-
pletely! the case and explains why a ring shape is obser
for the anti-Stokes beam. Thus this phenomenon stron
suggests that all the ‘‘phases’’ of the waves would
‘‘matched.’’ However, it provides no further explicit evi
dence concerning the relationship between the phases o
emissions generated by FWRM.

When numerous equally spaced emission lines are ge
ated by FWRM and are exactly phase locked, a subfem
second optical pulse can be generated. Since a wide
quency domain, i.e., from the far-ultraviolet to the ne
infrared region, is involved in the generation of
subfemtosecond pulse, GVD may not always be negligi
even for the case of hydrogen gas used as a Raman med
Thus, phase distortion must be correctly compensated in
der to generate ultrashort pulses. The magnitude of the p
distortion in hydrogen, however, has not yet been discus
in detail.

In this paper, we report on two subjects.~1! The emis-
sions generated by FWRM are phase locked. This is veri
by computer simulation based on the model currently use
studies of FWRM for the generation of high-order Ram
lines. In other words, phase matching is equivalent to ph

FIG. 1. Spectral profile used in Fourier synthesis of multif
quency laser emission. The emission lines are assumed to
equal intensities~amplitude!, and a frequency separation of 58
cm21 which corresponds to the energy of rotational transition fr
v50, J51 to v50, J53 for hydrogen.
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locking or mode locking in FWRM.~2! Ultrashort optical
pulses can be generated by compensating the second-
dispersion in hydrogen because of the low density~small
dispersion!, which is in contrast to the case of solid optic
with high densities~large dispersion!. Since the wavelength
region of the rotational lines already generated by FWR
extends over a range of more than 700 nm~239–993 nm!,
which is capable of generating laser pulses of 0.4 fs@17,18#,
these results strongly suggest the potential advantage
FWRM in the generation of ultrashort optical pulses whi
might break the 1-fs barrier.

-
ve

FIG. 2. Laser pulse train calculated by Fourier synthesis of
Raman lines indicated in Fig. 1. All Raman emissions are assu
to be phase locked at the focal point (z50) and to travel 3 m prior
to detection. Phase distortion compensation;~a! none,~b! first order
only, ~c!first to second orders,~d! first to third orders,~e! total
distortions.
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PRA 59 4705USE OF PHASE-LOCKING IN FOUR-WAVE RAMAN . . .
II. THEORY

The total electric field consisting of all the frequen
components generated by SRS and FWRM,E(z), can be
expressed by

E~z!5(
j

Ej~z!exp@2 i ~kjz2v j t !#

3exp$2 i @n~v j !21#kjz%, ~2!

where Ej (z) is the electric field for thej th component at
distancez ( j 521,22, . . . for theStokes, 0 for the funda
mental, 11, 12, . . . for the anti-Stokes components!, kj
5v j /c is the wave vector wherev j is the angular frequency

FIG. 3. Magnified views of the laser pulse train indicated in F
2~a!. ~b! and~c! are expanded views of the baseline and peak p
in ~a!, respectively. Ten waves~fundamental and nine Raman com
ponents! are drawn below the synthesized wave.
andc is the velocity of light in the vacuum,t is the time, and
n(v j ) is the refractive index of the medium wherev j5v f
1 j vR :v f and vR are the angular frequency of the fund
mental beam and the Raman shift frequency, respectiv
The first exponential term represents the propagation of
wave in the vacuum and the second term originates from
phase shift induced by the dispersion of the medium. In t
study, a series of coupled complex differential equations
assumed to describe the respective SRS or FWRM emiss
propagating in thez direction as@21,22#

]Ej

]z
5(

m
v jgm, j 11Cj ,mEj 11Em* Em21 exp~ iDm, j 11z!

2(
m

v jgm, jCj 21,mEj 21EmEm21* exp~2Dm, j z!,

~3!

where g is the gain, and the superscript ‘‘* ’’ denotes the
complex conjugate. In this study, a time-independent tre
ment is used to simplify the calculation by assuming that
pulse width of the fundamental beam is sufficiently long~es-
sentially a continuous wave!. Therefore, temporal separatio
of the pump and generated pulses arising from a be
walkoff induced by dispersion of a Raman medium is n
glected. This assumption is valid for long pulses~.1 ps!. In
other words, this walkoff effect is no longer negligible fo
pulses shorter than 1 ps. For such short pulses, the efficie
for the generation of the rotational lines is much less th
that predicted from the theory. This point is not discussed
detail in this study, because the discussion of the abso
efficiency is not the subject of this study. In the above eq
tion, the collisional term, i.e., exp$2(t2t8)/T2%, in the origi-
nal paper is neglected, since the time domain concerne
this study ~less than several picoseconds! is much shorter
than the dephasing timeT2 ~several hundred picoseconds f
10 atm of hydrogen!. The effect of dispersion is taken int
account in the exponential terms. The parameterD is given
by

Dm, j5Dm2D j , ~4a!

.
ts
com-
mpen-
TABLE I. Phase delay of stimulated Raman emission. S: Stokes component. AS: Anti-Stokes
ponent. d: Phase delay; the delay for wave transmission in hydrogen from that in vacuum. c.d.: Co
sated phase delay. r.d.: Residual phase delay (r.d.5d-c.d.). Unit: radian.

Raman
emission

First order Second order Third order

d c.d. r.d. c.d. r.d. c.d. r.d.

S4 884.3 882.0 2.1450 884.4 20.1025 884.4 20.0092
S3 936.9 936.0 0.8674 936.9 0.0148 936.9 20.0103
S2 989.7 989.9 20.1650 989.7 0.0694 989.7 20.0105
S1 1043.0 1044.0 20.9376 1043.0 0.0758 1043.0 20.0103
F 1096.0 1098.0 21.4360 1096.0 0.0489 1096.0 20.0103
AS1 1150.0 1152.0 21.6440 1150.0 0.0035 1150.0 20.0109
AS2 1204.0 1205.0 21.1310 1204.0 20.0450 1204.0 20.0120
AS3 1258.0 1259.0 20.3779 1258.0 20.0813 1258.0 20.0137
AS4 1313.0 1313.0 0.7267 1313.0 20.0896 1313.0 20.0154
AS5 1368.0 1367.0 2.1990 1368.0 0.0541 1368.0 20.0167
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D i[kin~v i !2ki 21n~v i 21!. ~4b!

The parameterCj ,m is determined by geometry and is give
by the following equation:

Cj ,m5
~v jv j 11vmvm21!1/2

pz0c~11z2/z0
2!~v j1vm!

, ~5!

wherez0 is the confocal distance. In this work, the laser
assumed to be a plane wave to simplify the calculation, a
as a result, the dispersion to a radial direction is neglec
Gain reduction by beam expansion is taken into accoun
the confocal parameter shown in Eq.~5!. The laser beam is
assumed to be focused atz50, at which the gain is maxi-
mum. The first term in Eq.~3! represents the evolution ofEj
from Ej 11 , in which all the pairs of terms which affec
FWRM are summarized. The second term in Eq.~3! repre-
sents the transfer of energy toEj 21 . These energy transfer
decrease with an increase in phase mismatching, whic
determined by Eq.~4!. In this study, ten rotational Rama
lines are assumed to be generated, i.e.,j 524 –15. Thus, a
series of nine coupled complex differential equations requ
solving; the additional one is for the fundamental bea
These equations are capable of describing the complete
lution of the emission lines generated by FWRM.

III. NUMERICAL CONDITIONS

The parameters used in the numerical calculation are
sumed to be similar to those obtained experimentally inso
as is possible: the pump laser wavelength is 800 nmv f
52.3531015rad/s) which corresponds to the gain maximu
of a Ti:sapphire laser; the rotational Raman shift freque
of hydrogen is 587 cm21 (vR51.1131014rad/s); the pres-

FIG. 4. Schematic explanation of energy flow in FWRM. Pha
difference between the emissions interacting with each other;~a!
02p/2, ~b! p/22p. ~1! First term,~2! second term in Eq.~3!.
d,
d.
y

is

e
.
o-

s-
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y

sure of hydrogen is 1 atm; the confocal parameterz0 is 0.6
m; the length of the Raman cell is 3 m; the initial fie
amplitudes of the fundamental beam and the backgro
emission are assumed to be 1.031021 and 1.0310230, re-
spectively; the gaing is 3.0310218, which has been deter
mined to give an intensity distribution of the Raman lin
similar to that obtained experimentally@16,17#. The refrac-
tive index of 1-atm hydrogen is given by@23#

n~v j !215
0.919 9731027

1.013 05310312~v j /2p!

1
0.753 7931027

1.668 13310312~v j /2p!
. ~6!

The evolutions of the high-order Stokes and anti-Stokes
man lines were calculated by computer simulation using
Runge-Kutta-Fehlberg algorithm. In this paper, the disp
sion of the cell window is neglected.

IV. RESULTS AND DISCUSSION

A. Fourier synthesis for the generation of ultrashort pulses

In the first step, high-order rotational lines are assumed
have equal intensities, i.e., a flat intensity distribution,
shown in Fig. 1; nine emission lines are assumed to be g
erated by passing the beam through a 3-m Raman cell
recognized from Eqs.~2! and ~3!, emissions are coherentl
phased atz50. The temporal shape of the pulse~a pulse
train! is calculated by Fourier synthesis of the emission lin
The dispersion of hydrogen is taken into account, as in
cated in Eqs.~3! and~4!. When the dispersion was neglecte
the pulse train consisted of 5-fs pulses which were repeti
at an interval of 57 fs. Due to dispersion in hydrogen,
trashort pulses are stretched to 23 fs, as shown in Fig. 2~a!.
When the first-order dispersion is compensated, only
pulse train is phase shifted, while the pulse widths rem
unchanged, as shown in Fig. 2~b!. On the other hand, a
shown in Fig. 2~c!, the pulse widths can be reduced to 5 fs

e

FIG. 5. Evolution of rotational Raman lines. Bold solid line
fundamental beam; dashed lines: Stokes beams; light solid li
anti-Stokes beams. In both the cases of the Stokes and anti-S
beams, low-order emission lines are more efficiently enhanced
high-order ones. The sharp structures which appear at 2 m may be
artifacts of computer simulation.
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FIG. 6. Generation of ultrashort laser pulses.~a!–~c! Temporal shape,~d!, ~e! spectral shape; distance~z!: ~a!, ~d! 1 m; ~b!, ~e! 2 m; ~c!,
~f! 3 m. All the Raman waves are assumed to be phase locked at the focal point (z50).
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compensating the second-order dispersion. No further p
shortening is observed even when higher-order dispers
are compensated, as shown in Figs. 2~d! and 2~e!. In this
case, the pulse width is apparently determined by the
quency domain of the emission lines (587 cm2139
55283 cm21), and thus further pulse shortening becom
difficult without increasing the number of rotational line
generated.

Figure 3~a! shows an expanded view of Fig. 2~a!; each
wave of the Raman component is drawn at the bottom of
figure. Figures 3~b! and 3~c! are further expanded views o
the parts corresponding to the baseline and the peak in
3~a!, respectively. At the baseline, the phase of the emiss
lines is nearly random, and, as a result, the intensity is c
celed to nearly zero. On the other hand, the waves are ra
in phased in the vicinity of the peak. These results indic
that the regularity of the phases remains, even at a dista
of 3 m from the beam waist.

B. Effect of dispersion

Table I shows the total phase shifts which occur when
beam travels 3 m in theRaman cell. It should be noted tha
the dispersion is much larger than 2p. Even the nonlinear
se
ns

e-

s

e

ig.
n

n-
er
e
ce

e

portion of the phase shift, which is obtained by subtract
the linear portion of the dispersion, is not negligibly sma
These results suggest that the phase shifts of the emis
lines may be completely random and that no sharp pu
train is produced. This speculation apparently disagrees w
the calculated result, i.e., a pulse train consisting of 23
pulses is obtained in Fig. 2~a!. Therefore, an explanation i
required for why a sharp pulse train is observable. In ot
words, it is necessary to explain~1! why the rotational lines
are increased even when the phase is drastically change~or
frequently flipped from 0 top!; ~2! why the phases of the
emission lines are locked even though they appear to be
dom. A qualitative explanation is given in Fig. 4. From E
~3!, it is possible to extract four major terms for respecti
summations, in which the (j 11) component is assumed t
be the pump beam, since the other terms provide only m
contributions in the generation of the~j! component, i.e., the
Stokes beam, in the initial stage of the process becaus
their small intensities. For the first summation

Ej 11Ej 11* Ej ~m5 j 11!, Ej 11Ej 12* Ej 11 ~m5 j 12!.
~7!

For the second summation
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FIG. 7. Compression of the laser pulse calculated from the data shown in Fig. 6~c!. Phase distortion compensation;~a! none,~c! first to
second orders.~b! and ~d! are the expanded views of~a! and ~c!, respectively.

FIG. 8. Effect of laser wavelength on the evolution of rotational Raman lines. Evolution:~a! 800 nm,~b! 248 nm; dispersion:~c! 800 nm,
~d! 248 nm; gain:~a! 3.0310218, ~b! 3.6310219. In order to adjust the dispersion, the gain, e.g., the hydrogen pressure, is changed
the difficulty of compensating for phase distortion is determined by the magnitude of the dispersion.
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FIG. 9. Fourier synthesis of rotational Raman lines.~c! and~d! are expanded views of~a! and~b!, respectively. Wavelength:~a! 811 nm,
~b! 800 nm. In this calculation, 11 rotational lines are assumed to be generated simultaneously. See the caption of Table I for de
phase delay.
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Ej 21Ej 11* Ej ~m5 j 11!, Ej 21Ej 12* Ej 11 ~m5 j 12!.
~8!

In the time domain from 0 top/2 @Fig. 4~a!#, the energy is
transferred to the first Stokes beam mainly from the pu
beam but also from the first anti-Stokes beam (j 12). At the
same time, the energy moves away from the first Sto
beam mainly to the fundamental~pump! beam and also to
the second Stokes (j 21) and the first anti-Stokes beam.
the succeeding time period which ranges fromp/2 to 3p/2
@Fig. 4~b!#, the energy moves back from the first Stok
beam mainly to the fundamental beam and also to the
anti-Stokes beam. At the same time, the energy is transfe
into the first Stokes beam mainly from the pump beam
also from the second Stokes and the first anti-Stokes be
The enhancement of the first Stokes beam occurs again
3p/2 to 2p. As a result, the energy flows from the pum
beam to high-order Stokes and anti-Stokes beams, which
be attributed to the high intensity of the pump beam and
low intensity ~noise level! of the other beams. This cycle o
energy transfer is repeated several hundred times over
3-m path. It is noted that the in-phase components
strongly enhanced in the vicinity ofz50, and the phase shif
becomes distinctive atz.0. The energy transfer is efficien
at z,z0 , but the gain is still larger than unity even atz
p

s

st
ed
t
s.
m

an
e

he
re

.z0. These considerations explain why the energy contin
to flow to high-order rotational lines even at 3 m from the
beam waist, although the phase shift is much larger thanp/2.

It should be noted that a phase shift of 2p does not induce
any appreciable effect in the amplification of the rotation
line, so long as the dispersion is linear against the frequen
the next~2p-shifted! pump wave is used to amplify the Ra
man wave. Thus strong enhancement may occur periodic
at phase shifts of22np, 0, 2np, 4np,... ~n, integer! for
the first Stokes, the fundamental, the first anti-Stokes,
second anti-Stokes beams, . . . , respectively. Thus the in-
phase components of the rotational lines are amplified e
ciently even at many cycles from the beam waist so long
the dispersion is linear. It should also be noted that the lin
part of the dispersion induces no appreciable effect in pu
broadening and gives only phase shifts. This explains w
the pulse width cannot be compressed by compensating
first-order~linear part of! dispersion, as shown in Fig. 2~b!.
When the nonlinear part of the dispersion is not negligib
such a completely periodic change is not expected and
amplification then becomes nonspecific to the in-pha
components and inefficient. In this case, the phases are
torted, and, as a result, the laser pulse is considerably br
ened. When the nonlinear part of the dispersion is comp
sated, e.g., using a chirped mirror, it is possible to compr
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FIG. 10. Fourier synthesis of vibrational emission lines.~c! and~d! are expanded views of~a! and~b!, respectively. Wavelength:~a! 802
nm, ~b! 800 nm. In this calculation, 11 vibrational lines are assumed to be generated.
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the laser pulse, as shown in Fig. 2~c!. The pulse width is
transform limited and is determined by the spectral ba
width of the laser, i.e., the number of rotational lines. As
result, further shortening of the pulse width is difficult, u
less the spectral bandwidth is expanded by increasing
number of rotational lines. Thus the capability of generat
ultrashort pulses by FWRM can be attributed to a small n
linearity of dispersion in hydrogen in the spectral regi
from 648 nm~fifth anti-Stokes! to 985 nm~fourth Stokes!.

C. Evolution of rotational lines and generation
of ultrashort pulses

In practice, it is difficult to obtain high-order rotationa
Raman lines with a flat intensity distribution as indicated
Fig. 1. By solving Eq.~3!, it is possible to calculate the
intensity distribution of the high-order Stokes and an
Stokes lines at a specified distance from the beam waist
example is shown in Fig. 5. All the Raman components gr
rapidly within the confocal distance (z0,0.6 m) and moder-
ately at the end of the Raman cell. This tendency can
attributed to the consumption of the pump energy result
from the growth of the Raman lines, to the geometry of
gradually expanding pump beam, and to the high-order~.2!
distortion of the phases for the Raman lines.

The pulse shortening process is presented in Fig. 6, w
also shows the spectral shapes obtained. A bell-shaped in
sity distribution is obtained at the end of the Raman cell.
the Raman lines are enhanced by FWRM, the pulse t
becomes sharp. In addition, the background level is redu
to zero. The dispersion also increases as the pulse
-

he
g
-

-
n

e
g
e

h
en-
s
in
ed
in

propagates 3 m inhydrogen, causing a temporal shift in th
pulse train.

Because of the small nonlinear dispersion of hydrog
the nonlinear phase shift can be easily compensated to f
a transform-limited pulse using optics with small negati
nonlinear dispersion. Figure 7 shows the calculated res
The pulse width is 13 fs when the dispersion is not comp
sated. This value remained unchanged, even when the
order dispersion was compensated, as described. The
pulse is compressed to 10 fs by compensating the sec
order dispersion. Significant pulse shortening was not
served, even when the higher-order nonlinear dispersion
compensated. The limited capability in pulse shortening
be attributed to the nonflat intensity distribution of the R
man components, i.e., the limited spectral bandwidth of
emission lines.

D. Effect of spectral region

Two types of femtosecond lasers, i.e., a Ti:sapphire la
~800 nm! and a KrF excimer laser~248 nm!, are commer-
cially available and are used in many applications. The g
of Raman scattering is proportional to the frequency of
emission line generated. Therefore, an ultraviolet pump la
is generally useful for more efficient generation and ampl
cation of the Raman emission. This characteristic is es
cially important when the other nonlinear optical phenome
such as self-focusing~SF! and SPM are competitive to th
Raman and FWRM processes@17,18,24#. Moreover, a wider
frequency domain is available in the ultraviolet, which
essential for the generation of several tens of attosec
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FIG. 11. Evolution of rotational Raman lines obtained by using a two-color pump beam. The gain is reduced to~a!, ~b! 2.4310220; ~c!,
~d! 1.0310221. Scales of abscissa:~a!, ~c! 3 m; ~b!, ~d! 0.1 m.
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pulses. However, the dispersion is substantially increase
shorter wavelengths, especially below 300 nm, which
creases the phase mismatching and reduces the amplific
gain. At the same time, a large dispersion makes compe
tion of the phase distortion difficult. Figure 8 shows the ev
lution of the Raman lines, in which the gain, e.g., pressure
hydrogen, is adjusted to give similar values for phase de
In both the cases, the Raman lines are sufficiently enhan
indicating that both approaches can be used for the gen
tion of ultrashort pulses. In the calculation, competition w
other phenomena, such as the generation of the vibrati
lines, which is more efficient in the ultraviolet, has not be
taken into account. Moreover, the beam quality of the ex
mer laser is generally poor, which substantially increases
other nonlinear effects such as SF/SPM and suppresse
SRS/FWRM processes. For these reasons, a Ti:sapphire
appears to be the laser of choice, although detailed exp
mental studies will be required to verify this conclusion.

E. Optimum laser wavelengths

For the efficient amplification of Raman lines, the phas
of the pump beam and the Raman beam should be prec
superimposed at 56.82-fs (51/587.03 cm2132.9979
31010cm/s) intervals. For example, ther waves of the
Stokes beam should travel the same distance as the (r 21)
waves of the fundamental beam. Since the Raman shift
quency is 587.03 cm21, the frequencies are given by
at
-
ion
a-
-
f

y.
d,

ra-

al
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e

the
ser
ri-

s
ely

e-

~q2587.03!/q5~r 21!/r , ~9!

whereq is the frequency of the laser beam andr is an inte-
ger. In the spectral region of the Ti:sapphire laser, the pu
beam ~811.2 nm! and the Stokes beam~851.9 nm! travel
17.04mm every 21 and 20 waves, respectively. It should
noted that an ArF excimer laser emitting at 193.5 nm c
also be used for the present purpose because of coincid
with the optimum wavelength~193.6 nm!. A similar calcu-
lation is performed using Eq.~10! for parahydrogen whose
Raman shift frequency is 354.37 cm21.

~q2354.37!/q5~r 21!/r . ~10!

In this case, the wavelength of the Ti:sapphire laser requ
adjusting to 806.3 nm. The emitting wavelength of the A
laser again coincides with the optimum wavelength~193.3
nm!.

The effect of wavelength mismatching is shown in Fig.
When the wavelength is exactly adjusted to 811.2 nm, all
Raman waves are in phased at the maximum of the peak
the other hand, when the wavelength is shifted to 800 nm
Raman waves are in phased at a time slightly different fr
the peak, i.e., the phase-locked point. The effect of wa
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FIG. 12. Evolution of rotational Raman lines. Phase shift:~a! 0sp, ~b! 0.03sp, ~c! 0.07sp, ~d! 0.1sp (s525, 24, 23, 22, 21 for
anti-Stokes,s50 for fundamental, ands51, 2, 3, 4 for Stokes lines!.
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length mismatching is small, when the pulse consists of s
eral cycles of waves. However, this effect becomes ser
when a shorter pulse, e.g., monocycle pulse, is genera
Figure 10 shows the calculated result, in which the gene
tion of 11 vibrational lines is assumed. Since the wavelen
range extends from the far-UV to the mid-IR, a monocy
pulse can be generated. A symmetrical monocycle puls
obtained only when the wavelength is exactly adjusted to
optimum wavelength of 802.2 nm. When the wavelength
not optimized~800 nm!, two cycles of waves appear, thu
providing a stretched pulse. This wavelength matching
probably an important consideration in transient SRS
FWRM in the femtosecond regime but is less important
the nanosecond SRS and FWRM processes because o
lecular collisions.

F. A two-color pump beam for the enhancement
of four-wave Raman mixing

High-order rotational lines are enhanced from a no
level. A large gain~e.g., high hydrogen pressure! and a long
interaction length are desirable for evolution of the rotatio
line, but these factors also increase the nonlinear phase
in hydrogen. Such problems can be solved by employin
two-color pump beam to enhance FWRM. Figure 11 sho
the evolution of the rotational lines obtained using a tw
color pump beam whose frequencies are separated by
cm21. Even when the gain and the interaction length
assumed to be smaller by a factor of about 100, the inte
v-
s
d.
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ties of the rotational lines are very rapidly and strongly e
hanced fromz50, which is in contrast to the case of a on
color pump beam~Fig. 5!. Thus a two-color pump beam i
desirable, in order to minimize the hydrogen pressure and
interaction length for reduction of phase distortion, whi
might be especially important for the generation of ultrash
pulses less than 1 fs.

G. Phase locking in four-wave Raman mixing

A pulse train is obtained by Fourier synthesis of hig
order rotational Raman emissions, whose phases are init
locked atz50, as is evident from Eqs.~2! and~3!. Although
this model is currently used in studies of SRS and FWRM
is necessary to investigate the validity of this assumpt
~phase locking atz50). Figures 12 and 13 show the evolu
tion of the rotational lines calculated by slightly changing t
phases of the rotational lines atz50. The efficiency in the
amplification of the rotational lines is apparently reduced
increasing the phase shifts. In other words, only the no
components which are coherently phased with the fundam
tal beam at z50 can be drastically amplified throug
FWRM. Such an efficient amplification of the in-phase co
ponents may be explained by the fact that the noise wh
phase is exactly identical to the pump beam atz50 is most
efficiently enhanced exclusively as the first Stokes bea
Once the first Stokes beam is generated, the waves of
pump and the first Stokes beams have maxima at 17.0-~10
mm/587 cm21! mm intervals. Therefore, other Stokes an
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FIG. 13. Evolution of rotational Raman lines. The phase shift between the fundamental and Stokes beams is assumed to bez
50. The phase shifts between the fundamental and other emission lines are assumed to be~a! 0p, ~b! 0.38p, ~c! 0.40p, ~d! 0.50p.
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anti-Stokes Raman components with maxima at these po
are efficiently amplified. However, the wave having maxim
at slightly different positions from these phase-locked poi
is only inefficiently amplified. This provides an explanatio
for why in-phase components are exclusively enhanced.

A similar calculation is performed for the experiment u
ing a two-color pump beam and the result is shown in F
14. In this case, phase-locked points are determined by
phases of the two pump waves beforehand. When no p
shift exists between the two pump beams and the gener
beams, the intensities of the rotational lines are very rap
increased, reaching nearly the same values, especially
Stokes beams. With an increase in phase shift, the rotati
lines grow more inefficiently~N.B., the logarithmic scale for
the ordinate!. This tendency becomes more distinct wh
competition between the amplifications of the in-phased
nonphased components is taken into account. These co
erations again indicate that Raman waves generated
FWRM are exactly phase locked at the above perio
points.

As described in the Introduction, the requirement of ph
matching is well known in FWRM but phase locking~or
mode locking! in FWRM is not very clear. The calculation
performed in this study indicate that phase matching
equivalent to phase locking or mode locking in FWRM.
other words, the pump and generated beams are in pha
otherwise the efficiency in the generation of the Ram
emission through FWRM becomes very low. This situati
ts
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may be identical even in other coherent nonlinear proces
such as second harmonic generation@5# and sum/difference
frequency mixing.

V. CONCLUSION

In this study, high-order rotational Raman lines a
strongly enhanced by FWRM and coherently phased in
drogen, producing an ultrashort pulse train separated by
fs. The pulse is broadened by the phase shift which occur
a result of nonlinear dispersion in hydrogen. The pulse
compressed by compensating the second-order term for
linearity, e.g., by the optics with a small negative dispersi
since the nonlinear part of the dispersion is small for gase
hydrogen, especially in the near-infrared region.

For the generation of subfemtosecond pulses by Fou
synthesis of the Raman components, a wider frequency
main is required, which is accomplished by increasing
number of rotational lines. In fact, high-order rotational R
man lines ranging from the fourth-order Stokes~985 nm! to
40th-order anti-Stokes~278 nm! lines have already been gen
erated experimentally even by using a chirped~non-
transform-limited! 800-fs pulse in our previous research, i
dicating the potential generation of 0.4-fs pulses@17#. Thus
the gain assumed in this study is rather conservative;~1! a
low gain was, in practice, chosen in order to reduce the nu
ber of rotational lines in the calculation to reduce the tim
required for computer simulation;~2! a low gain, which re-
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FIG. 14. Evolution of rotational Raman lines obtained by using a two-color pump beam. Gain: 2.4310220; phase shift:~a! 0p, ~b! 0.3p,
~c! 0.6p, ~d! 0.9p.
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quires high hydrogen pressure for sufficient amplificatio
and a long path length are also used to enhance the effe
dispersion in hydrogen and to discuss the problems ari
from these limitations. Thus, it may be possible to gener
subfemtosecond laser pulses by straightforward extensio
this approach, based on FWRM.

There are, however, several problems which need to
addressed in order to generate subfemtosecond op
pulses. First, the effect of dispersions induced by the Ram
cell windows and even by ambient air is very serious a
,
of
g

te
of

e
al
n

d

should be completely removed. In order to overcome t
problem, injection of the hydrogen gas into a windowless g
channel placed in a vacuum chamber may be required. In
case, all experiments, including the measurements of the
ser pulse width, should be performed in a vacuum cham
Another problem may be the appreciable~not completely
negligible! dispersion of pressurized hydrogen. When a
cosecond pulse~e.g., 1 ps! is used as a pump beam, a com
shaped pulse train would be observable. When a femto
ond pulse~e.g.,,100-fs pulse! is used to generate a sing
: 800
s.

rogen
TABLE II. First, second, and third derivatives of phase for various optical media. Wavelength
nm. The data for calculations were obtained from Ref.@25# for sapphire and fused silica and from Ref
@26# and @27# for H2 and air, respectively.

Medium
Phase
~rad!

First
~rad fs!

Second
~rad fs2!

Third
~rad fs3!

Sapphirea 26.9123104 22.9713104 2290.2 2210.6
Sapphireb 26.8813104 22.9583104 2283.1 2207.0
Fused silicac 25.7073104 22.4473104 2180.8 2137.5
H2

d 22.3563107 21.0013107 24.315 21.998
Aire 22.3563107 21.0013107 264.04 229.71

a5 mm; ordinary wave.
b5 mm; extraordinary wave.
c5 mm.
d0.1 atm~the gain increases by a factor of about 100 using a two-color pump beam, allowing the hyd
pressure to be reduced to 0.1 atm!, 3 m.
e1 atm ~atmospheric pressure!, 3 m.
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ultrashort pulse, a walkoff between the pump and genera
beams may reduce the interaction length and then decr
the efficiency for the generation of rotational emission. Th
low hydrogen pressure and short Raman medium~e.g., by
using a gas injection technique! are preferential, as long a
many rotational lines can be generated. Therefore, us
efficient FWRM rather than SRS is generally preferab
This problem might also be solved by the generation of R
man solitons in a periodic nonlinear optical field for qua
phase-matching, which may be induced by periodic pha
locked points in the propagating beam. But, in any case,
effects of residual dispersion require careful correction
the use of optics with negative group velocity dispersion.
long as the dispersion is small, it can be properly comp
sated, e.g., by a chirped mirror. When the dispersion is la
k,

a
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it is very difficult to completely compensate the nonline
part. Generally speaking, nonlinearity may increase with
creasing magnitude of dispersion. The dispersion of hyd
gen is two orders of magnitude smaller than those of so
optics such as a quartz glass, thus allowing more accu
compensation of the nonlinear dispersion~see Table II!.
These considerations point out the potential advantage o
present method based on FWRM in hydrogen for the gen
tion of subfemtosecond optical pulses.
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