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Weak-force detection using a double Bose-Einstein condensate
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A Bose-Einstein condensate may be used to make precise measurements of weak forces, utilizing the
macroscopic occupation of a single quantum state. We present a scheme which uses a condensate in a double-
well potential to do this. The required initial state of the condensate is discussed, and the limitations on the
sensitivity due to atom collisions and external coupling are analyf&i050-294{©9)05006-4

PACS numbsgs): 03.75—b, 03.75.Fi, 05.30.Jp, 39.20q

I. INTRODUCTION which has minima ak= *Xx, and a trap frequency ob,

=8b/mx,. In a two-mode approximation where the total

The experimental demonstration of Bose-Einstein conuiom numberN=N is conserved, the system Hamiltonian

densation in trapped quantum gases of alkali-metal atoms,, pe described in terms of angular momentum operators
[1-4] opens up great opportunities in atomic physics, conTg 1Q):

densed matter physics, and quantum optics. As a macro-
scopic quantum object, the physical properties of the Bose-
Einstein condensat¢BEC) have naturally attracted great
attention. While much experimental and theoretical work ha
already been done to investigate the basic properties of th
condensates, possible practical application is still an open P .
question. Very recently, experimentalists at JILA have at- [Ji . Jj]1=1 €k I 3
tempted to build an atomic clock, based on persistent tunnel-

ing oscillations between two coupled BE{Z-7]. Although ~ Wheree;;, allows cyclic permutations df,j ke {x,y,z}.

this type of atomic clock is still crude, the experiments have The operatof]x gives the condensate particle number dif-

stimulated the search for practical applications of an atomi?erence between the two welld corresponds to the mo-
BEC. y

In this paper, we propose a scheme to detect weak forcdgentum induced by tunneling, anlj is the difference in
by employing a BEC confined in a double-well potential.

The basic idea for this purpose is shown in Fig. 1. The con-

densate is prepared initially in a coherent superposition of - state preparation
the extremal eigenstates of the operator of particle number(@) W

difference between the two wells. The requirement for such a

H=%0J,+2fikI?. 2

he commutation relations for these operators are

state will be discussed below, but it should be noted that this
state is an entangled state and cannot be described by sem
classical mean field theory. Under the action of a weak force
for a time 7, the condensate will experience a phase shift. (b)
The phase shift can be detected by using the technique analo
gous to the Ramsey interference. The interference fringes
can be read out by performing a homodyne measurement ol
the optical phase shift due to the dispersive interaction of the
condensate localized in one well and an optical field mode. - tunneling
We have analyzed the limitations on the accuracy of the (c)

scheme and show that a high-precision measurement can b

achieved if the condensate contains a large number of coher:

ently condensed atoms. This result is due to the quantum

entanglemenit8] inherent in the initial superposition state of N\M
- homodyne measurement
BEC. )

Il. TWO-MODE SYSTEM

________ J_ - interaction with

hA Wweak force

-

FIG. 1. Schematic outline of proposed measurement scheme.
e stages aréa) preparation of the superposition state), inter-
action with the weak force for time, (c) a 77/2 rotation caused by

5 22 tunneling, andd) a homodyne measurement of the number of at-
V(X) =b(x“—x3)%, (D oms in one well.

We consider the case where a condensate has formed inT.@|
quartic double-well potential:
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occupation between the upper and lower energy eigenstates 1 N
of the potential. The splitting between these levels is given |W(7))y=—=(e27j,— )t e 7j,i)). (7)
by Q, which is the tunneling frequency, andcorresponds 2
to the strength of the interparticle hard-sphere interactions. . I
The two-mode approximation is valid in the regime where | € State now contains the phase shift induced by the weak
the overlap between the single-particle ground state modd8rce- This phase shift is “amplified” P times the single-
of each well is small and where the many-body effects do noparticle value due to the specially prepared initial state.

significantly affect the properties of these modes. These con- !N the next step we propose to use a technique analogous
ditions lead t[9,10] to Ramsey interferometry. In order to detect the induced

phase shift, we rotate the stdieq. (7)] around the Bloch
r sphere by 90°. Such a rotation can be achieved by turning on
— <1, N< _0, (4) the tunneling between the two wells of the trap for a time
®Wo al t o= /20Q). If the interatomic interaction is strong, the rota-
tion operation will be affected by the nonlinear term in Eq.
where a is the scattering length which determines the(2) which will distort the final state from thg axis on the
strength of the two-atom collisions and where,  Bloch sphere and affect the precision of the measurement. To
= Vfil2mw, characterizes the size of the wells. avoid this, we continue to use the Feshbach resonance to
suppress the collisions. The state is then rotated to

Ill. MEASUREMENT SCHEME

1 o
As is shown in Fig. 1, the detection of the weak force |‘I’(T+tﬁ/z)>:T(G'A”|J'-—J'>y+e_m”|i.j>y)- (8
proceeds in several stages. The first step is to prepare the 2
T e e g Finlly,  number meastrement can be perormed oncne
- . AR : of the condensates. This corresponds to a projection onto the
atomic parameters. With this in mind, we consider the weak Co o
tunneling limit Q< «N. In this case, the ground state of the J, eigenstates. The resultant probability distribution is

hamiltonian[Eq. (2)] for attractive interactions€<0) is a

~ i o
superposition of the extremal eigenstates of the opettor P (m)= §|e'A”x<j i, =)y e A G.mljL iR (9)
[11-13:
Now the inner product of th, andJ, eigenstates will be a
T - binomial function ofm peaked aroundh=0, with
|E>=E(|11_J>x+|lvl>x)- (5 '
Px<jimlj!_j>y:e_lmwx<jlm|j!j>y- (10)

We will see that with such an initial state the precision of theThis jeads to
measurement can be controlled by the total number of atoms

in the condensate. This state is easily represented on the P, (m)=2 co$(Ajr+ m7T/2)|x<j,m|j,j>y|2 (1D
Bloch sphergFig. 1(a)] by two diametrically opposed points

on the equator. In principle, such a state could be prepared 2cog A jrl(j,mlj,i)2 m even

by allowing the atoms to condense into the ground state of a :{ Co e s 2

double-well potential. By increasing the height or width of 2sirf Ajly(j.mlj.j)yl, m odd

the barrier, the tunneling rat@ could be adiabatically de- (12)

c_rgasec[l:%] until the ground state evolves into the SUPETPO-\yhich describes how the output fringes are shifted by the
sition state[Eq. (5)]. . .presence of the forcA. In the absence of the force, all the
The second step in the measurement process, after havi d fringes are absent, but far+0, the probability that a

achieved t-he ground state _descnbed by &), and before tparticular measurement will fall on an odd fringe is
the tunneling is turned on, is to allow the weak force to ac

for a certain timer. This force may be due to a varying Pr(odd) =sir? Aj 7=(Aj )2 (13
gravitational field, for example, and has the effect of adding
a linear ramp to the potential: for small A.

He=hAJ,, (6) IV. MEASUREMENT READOUT

where A is the frequency shift induced by the weak force The measurement of atom number is effected through a
[see Fig. 1b)] andj=N/2. To avoid the self-phase shift due homodyne schemglQ]. The condensate is placed in an op-

to interatomic collisiongnonlinear term in the Hamiltonian tical cavity, which at the time of the readout stage of the
Eq. (2)], a technique such as that using Feshbach resonancegasurement contains a light field which is highly driven
[14] may be used to tune the size of the interatomic interacand damped. The optical field is thus in a coherent state with
tion close to zero at this stage. As a result, the initial grouncdamplitude «y. The light field is detuned from any atomic
state[Eq. (5)] evolves into the superposition under the weakresonance and so the condensate merely imposes a phase
force: shift on the light. This can be detected by measuring the
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guadrature components of the field. For a dispersive interac-
tion which acts on a time scateover which the dynamics of
the condensate itself is negligible,

H,=yJa'a, (14)

wherey is the measurement strength aml a are the light
field creation and annihilation operators. The quadrature

componentX=a'+a andY=i(a'—a) then execute simple
harmonic motion: FIG. 2. The probability distribution resulting from the homo-
dyne measurement. The fringes corresponding to adjauealues

X(t)) :cog(thjx)f((O)+sin(Xt,:]X)§((o), (15) can be distinguished if the coherent amplitude of the light fiejd
is large enough.

y(0)sin yt(m-1) y(0)sin xt;m y(0)sin xt(m+1) X

Y(t)=cog xt,3,) Y(0) —sin(xt,J,)X(0).  (16) L

After time t;, the light field is rapidly damped out. If all N

the light is emptied from the cavity, then the integrated pho-

tocurrent for the measured quadratud® (s the true distri- !f the fringes close tan=0 only are needed, then this last
bution for the quadratur€l5,16. In terms of the Wigner condition may be relaxed considerably to a condition which

function W, this is given by the marginal distribution. merely prevents aliasing:
1 (= T
pOX)= ZJ dyWx,y), 17) XU<y- (23
wherex=a* + @ andy=i(a* — ). Nevertheless, there is a limit on the size of the induced phase

In general, the Wigner function will be a sum of Gauss-shift.
ians, weighted by the atom number distribution of the con- The analysis above assumes perfect detector efficiencies
densate: and an infinite time of integration so that all the light is
removed from the cavity. The results can be generalized to
5 1o hold when this is not the ca$é7]. For a detector efficiency
W(a,a*)== > P,(me 2l (18)  of 7. and a total integration time df, then the distribution
Tm==] for the integrated photocurrent is

where a/,= age” XM= 1[x(0)+iy(0)]e”X'™ For conve- J-

nience, we set the initial conditions of the light field such _ — (1/2)[x— ny(0)siryt,m] %/
X)= P (m)e 7 R,
thatx(0)=0. This gives P(x) 27y m;j M)
, (24)
Wx,y)=— m;_j Px(m) where 7= 17..(1—e ") and y is the damping rate of the

cavity. The lower bound on the atom-light coupling becomes
X @~ (U2)[x=y(0) sinxt;m|? - (1/2)[y~y(0)cosxtym]?

(19 t,> 4 = 2 . (25)
X Ty Valaol

j Thus the effects of detector inefficiencies and a low damping
p(x)= L 2 = (m)e*(1/2)[xfy(0)sinxt|m]2 (20 rate can be overcome by starting with a large coherent state
V27 me— ] X ’ amplitude in the cavity. For example, with detector effi-
ciency of 7,=0.5, Np=107 photons in the cavity, and a
Thus eachm value is mapped onto a Gaussian at positionmeasurement strength gf=10"2 s™*, then foryT>1, the
y(0)sinyt;m with width equal to one. This is illustrated in lower limit on the interaction time is
Fig. 2. To be able to distinguish without ambiguity different

After integrating, the marginal distribution is

m values in the output, there should be at least four standard t,>90 ms. (26)
deviations between the means of adjacent Gaussians. The
resultant condition on the atom-light coupling is then This value of y is calculated using a trap frequency of

wol2m=32 Hz, beam waistw=30 um, light detuning

4 2 8/27r=100 MHz, saturation intensity,=17 W/n?, optical

Xt'>|y(0)| N @Y frequency w/2m=3.8x 10 Hz, atomic linewidth I'y/27

=10’ Hz, and incident powerP=6 mW, in a cavity
and 10 cm long.
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V. PHASE ERRORS AND PHASE DIFFUSION essary to have the cavity on before the measurement begins.
This will mean that the decoherence is active during the de-
Interatomic collisions are necessary to produce the initiatection stage of the scheme, and so a random phase will be
superposition of condensates in the first stage of the schemigparted to the condensate superposition. The double com-
but their effect on subsequent stages of the measurememtutator in the master equation may be simulated by a sto-
scheme is unwanted. We have assumed that they can be surastic term in the Hamiltonian:
pressed using a Feshbach resonance. However, it may be

unfeasible to use this technique, so we now discuss briefly ~ _2)(|a| dW-
the effect of the nonlinearity on the different stages of the Hs= v W‘]x’ (29)
scheme. Y

In the second part of the measurement scheme, when thgnere dW is the Weiner increment. The resultant phase

may be comparable to that of the weak-force term. This willgot of time:

induce an extra self-phase change:

_ , 2x|al 2x|al
= —|xlj?r. (27 - V7= .
|x|j?r T4(7) 61 T w_TA<¢>(T)> (30)

However, since this self-phase change is the same for both
components of the superposition, there is no net effect on th€hus the relative error caused by this phase diffusion may be
output probability distributiofEq. (12)]. minimized by increasing the detection timeor decreasing

In the third stage, due to the constraints of the two-modehe strength of the interaction with the optical field. For typi-
approximations, there are limits to the size of the interwellcal parameteréas used aboyewith j =50 and7=160 ms,
coupling. If the atomic collisions are weak compared to thethe phase error isr,=0.08 rad, which could be a major
tunneling term, then the nonlinear term will cause a collapseestriction on the sensitivity of the measurement. Hence it
(through dephasingn any tunneling oscillations. However, may be better to switch on the cavity only when it is time to
this should not occur before there is time for at least oneuse the optical field.
guarter of an oscillatiofa 7/2 pulse to occur. If the self-
interactions are stronger, then they will induce a nonlinear VI. MEAN-FIELD LIMIT

rotation around théx axis and a diffusion of the distribution
on the Bloch sphere. The effect of the extra rotation may be

negated by adjusting the time of the pulse so that the flna‘(f)\’n the resulting entanglement. For comparison, we now

state lies in the),-J, plane. The effect of the diffusion can- present the mean-field analog to show what features of this
not be so removed, and may wash out the interferencgcheme remain in the absence of quantum entanglement.

fringes. . In the mean-field limit, the system may be described by a
Finally, there is the last stage of the measurement whegyoss-Pitaevskii equatioil9—21 (GPE:

the condensate interacts with the cavity field. If there is no
tunneling, the collisions will have no direct effect on the

state of the light field, since theJ2 term in the Hamiltonian
does not affect th& distribution. If theQ is not exactly zero
then, for a strong atom-light interaction, a back action may
develop over time which will induce, through momentum +Uo|®(x,1)]2
fluctuations, tunneling10]. This would directly affect the

gth oari?a?gr:] ?nf :r\ggigr? I?é ﬁ:\(\j,ét;isgfg 3y open a way for thewhereM is the atomic mass, the constdis the gradient of

The effect of the back action on the condensate may béhe single-particle potential due to the force, duglis the

seen in the master equation for the system in which the dyg,trength of the interparticle interactions. Suppose that the

namics of the optical field has been adiabatically eliminate nteratomic CO”'S'ODS are negligible. Then, when the ov_erlap
etween the wells is small, we may expand the mean field in

The scheme outlined above depended on starting in a state
hich was a quantum superposition of two condensates and

2 &2

— 57 — TRx+V(x)

ihd(x,t)= IM

D(x,1), (3D

18] terms of the local wave functions of each well:
T s I s "2 . 2 2
p=—iQ[J,,p]—i2«[ I3, p]+ix|al|*[Ix,p] D (x,1)=by(1)ug(X) +by(t)un(X), (32)
2% al? ~ .
2 el (2  where
The last term in this equation is the decoherence induced by ui(x)=e Eo/h 1 e[x—(—l)jx0]2/4rg’
the external couplingto the cavity fielg. Note that since it ! (274

only involvesJ, operators, if(} is zero then the decoherence

cannot affect the distribution and hence the induced light _ h

shift in the field. 0= VoMa, &9
To avoid the waiting time involved in switching on the

cavity field during the measurement process, it may be neand
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It may seem better to use this Bloch state as the initial
bj(t):j ui ()@ (x,t)dx. (34  state, since it may be easier to generate than the superposi-
tion state previously usddg. (5)] and the sign of the weak
The ground-state energy of each of the local modeB,is force may be determined from the measurementrof.
From the GPHEQq. (31)], the resultant equations of motion However, the size of the induced phase change given in Eq.

for the bj(t)’s are (39 is not amplified byj. In other words, the macroscopic
occupation of a single condensed state is not being fully
. —(—1)JiRxy iQ utilized.
bj(t):Tbj(t)"_?bC%—j(t)- (39 A comparison of the relative uncertainty in either case

clearly demonstrates this point. In the first case, where the

As before, to perform the weak-force measurement, wéUP€rposition state is used, the phase is inferred by the pro-
allow the force to act for a time and then the tunneling for Portion of detection events falling on odd fringksg. (13)].

a timet._,= /2 The gnce_rtqinty in this binomial distribution with probability
P=sirPAjris
—(=1ViRxn/% Qtﬂ'/Z
bj(7+1t,)=e ("D Ry, (0)cos—— P(1-P)
2 SP=— (41)
Np
i a— (1) LiRxg T/ Qo . . .
+ie 0 bsfj(o)s"'_z : where Np is the number of detection events. The relative

uncertainty in the phase is thus
(36)

S tart off with I tion i h 5¢ _1|dP/™ !
uppose we start off with an equal occupation in eac —=—|— =
well, such thatb,(0)=b,(0)=+/N/2. Then the mean popu- ¢ $ldé A7NNp

lation difference is shifted by the presence of the weak force\:Nhen the initial state is the Bloch coherent stte- }), the

uncertainty in the mean of the distribution is

Smy= A/ >N_D<m> . 43)

(42

1
<m>:§[|b2(7+tﬂ'/2)|2_|bl(7+t7'r/2)|2] (37

N 2RXyT 38

B ZSI f 38) This gives a relative uncertainty i of

_Nena 39 5¢  1|d(m)|~*

=— Esm T. (39 _ (44)

R AT T

Thus the precision of the measurement grows in propor-
tion to the number of condensed atoms when the entangled
state[Eq. (5)] is used, but only as the square root of the
pumber of atoms when the coherent sthte-j) is used.

This did not occur in the previous quantum treatment, in
which (m)=0. Even when the system is simply in a number
state(not a superpositionwith an equal number of atoms in
each well, i.e.]j,0),, the mean population difference is un-
affected by the presence of the force. This is a demonstratio

of the fact that, as a classical treatment, the mean field situ-l--his demonstrates the advantage of using quantum entangle-

ation cannot be regarded as the large number limit of a quar{pent of two macroscopically distinct states in order to make

tum number state. In quantum optics, it is the minimum un-2 Nighly sensitive force detector.

certainty coherent stafer) which is most like a mean field
with amplitudea. The analog in this case is the atomic co- VII. CONCLUSIONS

herent state, or Bloch state: If the weak force in question is gravity, then, with the

parameters quoted above, the size of the induced phase shift

5 2j Bt is
. 1], M), 40
B=2 | s (1+|B|2)]|J )2 (40)
¢ NM7xg o
where can be described in terms of the angular coordinates E_ 3 =2.4x10'rad pem, (49

of a point on the spherg=tange'”.

Consider the state given bg=0, which is symmetric wherex,=15 um andM =10 25 kg (for lithium). While
with respect to the two wells. This state is also the groundhis is small compared to the phase shift which atom inter-
state|j, —j), of the system whef)>|«|N, in other words, a ferometric techniquef22—-24 can obtain &3 X 10° rad per
state in which the coherence between the two condensatesd$, improvements can be made. The size of the phase shift
well established through tunneling. If the system begins irmay be increased using more atoms, separating the wells
this state, then after the measurement procedure, the diffefurther, or by allowing a longer time for the interaction.
ence in occupation between the two wells is as given abov&he number of atoms could be increased by up to ten times
in the mean field approadiiq. (39)]. without invalidating the two-mode approximation. The two
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wells need to remain close during the preparation of the ini- Hence using a double condensate in a scheme to make
tial state and during tunneling, but could be separated angensitive measurements, such as that presented here, may be
brought together again during the weak-force interactionfeasible. The experimental techniques currently being devel-
The time of the interaction is limited by mechanical vibra- oped to produce and manipulate BECs may allow such a
tion. scheme to be realized in the near future.
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