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Scaling of hydrogenic atoms and ions interacting with laser fields: Positronium in a laser field
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Scaling laws are derived for hydrogenlike atoms and ions interacting with laser fields. In particular, the
scaling of~appearance! intensities is derived. This scaling is independent of the physical mechanism respon-
sible for the ionization process, be it tunneling or multiphoton ionization. It provides a firm basis and expla-
nation for the validity of earlier models for the estimation of appearance intensities and of the extrapolation
into the tunneling regime of scaling laws obtained through lowest-order perturbation theory. As an example of
the applicability of the scaling laws, we calculate two-, three-, and six-photon generalized cross sections and
ionization rates for positronium at laser frequencies of current experimental interest.@S1050-2947~99!04806-4#

PACS number~s!: 32.80.Rm, 36.10.Dr, 32.80.2t
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I. INTRODUCTION

Recent experimental advances at the Aarhus negative
@1# and positronium beam-lines suggest that studies of
photobreakup, excitation, and even strong field driving
positronium~Ps! by intense laser radiation will be feasib
shortly. Initial test experiments have in fact already be
carried out@2#. This may well be the beginning of the explo
ration of the interaction of lasers with exotic atoms, althou
for the moment given the wavelength range of available
sers, the only exotic atom amenable to photobreakup stu
by pulsed electromagnetic radiation is Ps, and of course
muonium atom which is for all practical purposes identical
hydrogen. It is, however, conceivable that future devel
ments in coherent short wavelength and x-ray sources
render feasible similar studies in other exotic atoms. The
and energy scales of some of these exotic atoms differ
nificantly from those of ordinary atoms owing to the diffe
ent relation between the masses of the bound particles, w
alters one of the basic features of atoms, namely the he
nucleus to which the electron is bound. Positronium, for
ample, made up of an electron and a positron bound to e
other, represents the lightest leptonic hydrogenlike at
Thus in a photobreakup process, both particles fly aw
which implies kinematical behavior much different from th
usual process of atomic photon ionization where the li
electron flies away from a practically stationary@in the
center-of-mass~CM! system# nucleus.

These are only the obvious differences. Others, more
found, originate from the change of the reduced mass. W
me being the mass of the electron, the reduced mass of P
m5me/2 instead of almostme as for H or any other ordinary
atom. Since nonrelativistic theory will be sufficient for o
purpose here, the energy levels of Ps are given byEn(m,Z)
5(m/me)Z

2En
(H) , where En

(H) denotes the correspondin
level of H. Form5me/2 andZ51 this means that the energ
differences are half those of H. Butm also affects the radius
am of the ground and all other states becauseam
5\2/(me2)52a0 with a0 being the Bohr radius. Thus th
energy levels are lowered by a factor of 2 while the size
increased by the same factor. An even more profound ef
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on
e
f

n

h
-

ies
he

-
ay
e

g-

ch
vy
-
ch
.

y,

t

o-
th
is

s
ct

of the reduced mass will be the magnitude of the ma
elements coupling the system to radiation. An immedi
consequence is easily recognized in the doubling of
quiver radius and the ponderomotive potential with resp
to those of hydrogen, for fixed frequency and intensity of t
laser. But what about the cross sections, the yield of non
ear processes, and in particular their dependence on the o
of nonlinearity?

This led us to the consideration of scaling laws whi
took us well beyond our initial aim, namely Ps. In short, w
have found scaling laws for strong-field ionization—
perturbative or otherwise—in any hydrogenlike system. W
have shown, moreover, that scaling in the perturbative~mul-
tiphoton! regime carries over into the nonperturbative regim
where tunneling takes over as the principal mechanism.
hydrogenlike systems, this is a rigorous result emerging fr
the scaling properties. By extension, it follows that scali
laws in the perturbative regime for any atom should be va
in the tunneling regime as well, which sheds light on a
confirms the validity and usefulness of semiempirical scal
laws for any atom obtained some time ago@3#.

Returning to Ps, we show that its behavior can be
scribed in terms of parameters obtained from the appropr
scaling of those for H. There are of course fundamental
ferences between H and Ps since the latter is metast
against annihilation—a feature of all particle-antipartic
bound systems. There is a difference in lifetime between
singlet and the triplet ground states. The triplet state ann
lating predominantly by three-photon emission lives long
than the singlet state whose annihilation is dominated
two-photon emission, with respective lifetimest trip51.4
31027 s andtsing51.25310210s @4#. Thus the lifetime of
the triplet state is orders of magnitude longer than the pu
duration of essentially any laser. A laser pulse of nanosec
duration ~such as the one employed in the Aarhus expe
ment! will then for all practical purposes interact only wit
the triplet. In any case, since the electric dipole interact
does not mix the singlet and triplet manifolds, calculatio
for either of the two carry over to the other.

To the best of our knowledge, this is the first theoretic
treatment of the photobreakup and related multiphoton p
4574 ©1999 The American Physical Society
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cesses of Ps in a strong pulsed laser of optical freque
Previous work@5–7# that we are aware of has been main
concerned with the possibility of the delay of annihilatio
through laser excitation. As we shall see below, nonper
bative behavior sets in at an intensity 16 times smaller t
in H at the appropriately scaled frequency. By contrast, n
perturbative behavior in aZe ion sets in at an intensityZ6

times larger than in H, again at the appropriately scaled
quency.

The paper is organized as follows. In the next section
outline the kinematical differences in ionization from ord
nary as opposed to exotic atoms, e.g., positronium. In S
III we derive general scaling relations directly from the tim
dependent Schro¨dinger equation, while in Sec. IV we firs
summarize formulas describing multiphoton ionization
perturbation theory and then we discuss scaling in the
turbative regime. Finally, in Sec. V the results are discuss

II. KINEMATICAL CONSIDERATIONS

A hydrogenic system is made up of two charged partic
interacting through the Coulomb potential. The problem is
general solved by introducing two fictitious particles: t
center-of-mass~CM! particle of massM5m11m2 and the
reduced mass particlem5m1m2/(m11m2). The charged
particles may have very different masses as in hydroge
they may have equal masses as in positronium. It is noa
priori obvious that the approximations made for hydrog
also apply for the much lighter system of Ps. Do we,
example, have to take into account recoil and Doppler en
gies when considering ionization? Does the angular distr
tion of ionization products look different in the laborato
and CM frames? For anN-photon process it is easily verifie
for typical optical wave numbersk and total massM5m1
1m2 that the recoil energy\2N2k2/(2M ) can be neglected
even for positronium,M52me . Similarly, it can be shown
that the Doppler energy is negligible. Therefore, the ene
relationEf5Ei1N\v, for the reduced mass particle, is fu
filled to an excellent approximation.

The momentum is absorbed by the CM particle. To obt
the ~angular, partial! rate of, for example, ionization of th
reduced mass particle, we have to sum over the final state
this unresolved CM momentum. One can thus use stan
methods to obtain cross sections and rates of the red
mass particle. How these quantities relate to those of the
particles depends on the mass relation between them. A
example, we may consider the photoelectron spectrum,
cluding above threshold ionization~ATI !. In hydrogen, the
proton is much heavier than the electron, which as a re
carries all of the photon energy, and the photoelectron pe
are, accordingly, separated by\v. For positronium, on the
other hand, the photon energy is equally shared between
electron and the positron. This gives rise to photoelect
peaks separated by\v/2. The spectrum of the true particle
thus obtained from that of the reduced particle at half
energy.

Finally, we note that CM angular differential ionizatio
rates and cross sections at (u,f) have to be multiplied by a
standard kinematical factor to transform into the correspo
ing quantities in the laboratory system at angles (uL ,fL).
Assuming light linearly polarized and letting thez axis be
y.
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along the laser polarization and the atomic beam direc
~crossed beam experiment!, this factor reads @8# (1
12q cosu1q2)3/2/u11q cosuu, whereq5VL /v is the ratio
between the velocity of the atomic beam particle with resp
to the CM system and the velocity of the electron in the C
frame. For ordinary atomic targets of thermal velocities, t
factor is very close to 1~sinceq!1) due to the large mass o
the atoms and is therefore not considered in discussion
photoelectron angular distributions. For thermal positroniu
however, this factor may deviate substantially from uni
due to the equal masses of the electron and the positron,
it is thus essential to include when comparing theory to
perimental data. Note that the kinematical factor enhan
the fragment emission in the direction of the polarization
the laser by (11q2), which would make the angular distri
bution in Ps more peaked than, for example, in hydrogen
one is interested only in angle-integrated quantities, ther
of course no difference between results in the laboratory
CM system when first the transformation from the reduc
mass particle to the physical particle has been made.

The quantities presented in the following refer solely
the reduced particle. Accordingly, the appropriate kinem
cal factors described above have to be considered for a d
comparison with angle-resolved experimental data.

III. SCALING OF THE SCHRO¨ DINGER EQUATION

Submitting a particle with reduced massm and charge
(2e) moving in the field of a nucleus of chargeZe to an
electric field

E~v,t !5
1

2
@E~ t !e2 ivte1E !~ t !eivte!# ~1!

of amplitudeE(t), angular frequencyv, and polarizatione
introduces the couplinger•E(v,t) in the Schro¨dinger equa-
tion

i\] tC~r,t !5S 2
\2

2m
¹ r

22
Ze2

r
1er•E~v,t ! DC~r,t !.

~2!

Equation~2! is based upon a few approximations. First, w
have made the dipole approximations. Second, we have
sumed that the ionic case (ZÞ1) in practice only occurs in
systems where the nucleus is much heavier than the elec
in which casem;me irrespective of corrections due to th
charge and the interaction of the CM motion with the las
field (}1/M ) can be neglected. With scaling length and tim
according to

x5S m

me
DZr, t5S m

me
DZ2t, ~3!

we are led to the following equation:
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i\]tC~x,t!5S 2
\2

2me
¹x

22
e2

x
1ex•E8~v8,t! DC~x,t!,

~4!

describing hydrogen subject to the scaled field

E8~v8,t!5S m

me
D 22

Z23E~v8,t! ~5!

with the scaled frequency

v85S m

me
D 21

Z22v. ~6!

In deriving Eqs.~4! and~5!, we have used the fact that typ
cal forms of pulse evolution,E(t), depend on time through
t/T, where T is a parameter related to the temporal pu
width and slope, and we have accordingly scaledT in Eqs.
~4! and ~5! as

T~m,Z!5S m

me
D 21

Z22T~me ,Z51!, ~7!

which ensures that the number of laser field cycles is
same in Eqs.~2! and ~4!.

We have thus shown that the Schro¨dinger equation for
hydrogen in a laser field is regained by using the sca
relations in Eq.~3! for length and time, scaling the fiel
amplitude as

E0~m,Z!5S m

me
D 2

Z3E0~me ,Z51!, ~8!

and the frequency and the temporal width as in Eqs.~6! and
~7!, respectively.

If the Floquet ansatz is valid, we can easily show that

C~m,Z,E0 ,v,r,t !

5constCXme ,Z51,E0S m

me
D 22

Z23,vS m

me
D 21

Z22,x,tC.
~9!

If we introduce the complex quasienergyE, we have thatE
→(m/me)

21Z22E from the Floquet-Fourier ansatz so th
the ionization rate should be scaled by this factor. Thus
we wish to know the ionization rate of the 1s ground state of
the (m,Z) system at a frequencyv and peak intensityE0, we
can find it from

G~m,Z!5223S m

me
DZ2 Im~E!, ~10!
e

e

g

if

whereE is the quasienergy of the ground state of hydrog
subjected to light of frequencyv8 and peak field strength
E0(m/me)

22Z23. The ionization rate in Eq.~10! is the total
rate summed over all channels and integrated over all ang
If the rate of a (m,Z) system is known, Eq.~10! may be
inverted to obtain the hydrogenic rate. Equation~10! is of
course only valid when the concept of a rate is meaning
i.e., away from avoided crossings where several Floq
states mix and only when the pulse is sufficiently long a
adiabatic to allow for the single Floquet state approach.

The scaling in Eq.~10! is obvious if one considers th
scaling of time in Eq.~3! and remember that the rate
measured in 1/s. Using this argument for the partial rat
corresponding toN-photon ionization, we get

G (N)~m,Z,E0,v!5S m

me
DZ2

3G (N)Sme,Z51,
E0

~m/me!
2Z3

,
v

~m/me!Z
2D ,

~11!

which is consistent with Eq.~10!, as the partial rates add u
to the total rate. The scaling relations for the total and par
rates do of course also apply for the correspondingangular
quantities. Additional factors of kinematical origin onl
come into play when one wants to transform to the labo
tory frame as discussed in Sec. II.

In Sec. IV we derive results in lowest-order perturbati
theory which are consistent with the above results.

IV. SCALING IN THE PERTURBATIVE REGIME

In this section we first summarize relations of relevance
a discussion of scaling in the perturbative regime. In lowe
order perturbation theory, theN-photon transition amplitude
has the form

M f g
(N)5(

s
•••(

n
(
m

^ f uerus&
@Es2Eg2~N21!\v#

•••

3
^nuerum&

~En2Eg22\v!

^muerug&
~Em2Eg2\v!

, ~12!

where the (N–1)-fold sum runs over complete sets of atom
states and atomic energy levels, and whereug& and u f & are
the initial and final atomic state, respectively.

The corresponding generalizedN-photon cross section is
@9#

ŝN5
~2pa!N

4p2

mK

\
vNE dVKuM f g

(N)u2, ~13!

where it is assumed that the continuum wave functions
normalized so thatr(K)5(2p)23. The generalized cros
section is measured in units of cm2NsN21. The transition
probability per unit time~the ionization rate! is given by
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G (N)5ŝNFN, ~14!

whereF is the photon flux, i.e., the number of photons p
square centimeter per second which is again related to
intensity measured in W/cm2 by

F50.62431019I /\v ~eV!. ~15!

The probability of ionizationPN ~ion yield at the end of the
pulse! is given by the integral

PN5E
0

`

ŝNFN~ t !dt, ~16!

whereF(t)5F0f (t) describes the photon flux having a pe
value ofF0, and f (t) depends on the particular pulse shap
Although ultimately we must calculate integrals such
those in Eq.~16!, we may gain insight into the basic featur
by considering

PN.ŝNF0
NtL , ~17!

as an approximation which would be exact for a square p
of durationtL . One can in fact always write an exact rel
tion of the form~16! if tL is replaced by an effective dura
tion which is equal to*0

` f N(t)dt5 t̂ (N), where the super-
script N is intended to indicate the dependence of
effective duration on the order of the process. In cros
beam experiments, it is often the time of flight of the targ
atoms through the laser focus,t f , which determines the in
teraction time. The saturation flux~and therefore the satura
tion intensity! is defined byPN51.

In the perturbative regime, it is possible to follow th
scaling in detail as a function of photon flux or intensit
From the definition of the generalized cross section~13! and
from the scaling of length and time~3! it follows immedi-
ately that the generalized cross section scales according

ŝN~m,Z,v!5S m

me
D 23N11

Z24N12

3ŝNS me ,Z51,
v

~m/me!Z
2D . ~18!

This result may also be obtained by scaling the individ
quantities of Eq.~13!. Such a procedure was followed in@3#
in an investigation of theZ scaling. There the correct scalin
of the final electron wave number was not considered. F
thermore, the difference in the scaling of bound-bound a
bound-free matrix elements was not taken into account.
final result is, however, very similar,ŝN}1/Z4N24. In the
limit N@1 this Z scaling coincides with the above result.

From Eq. ~14! we obtain the relation between th
N-photon transition rates in terms of photon flux
r
he

.
s

e

e
d
t

o

l

r-
d
e

G (N)~m,Z,v!5S m

me
D 23N11

Z24N12S F

F (H)D N

3G (N)S me ,Z51,
v

~m/me!Z
2D ~19!

or in terms of intensity

G (N)~m,Z,v!5S m

me
D 24N11

Z26N12S I

I ~H!D N

3G (N)S me ,Z51,
v

~m/me!Z
2D . ~20!

In these equations the superscript ‘‘H’’ corresponds to h
drogen. ForN52, equal intensities, and nonexotic atom
the result in Eq.~20! reduces to a formula which was give
by Zernick many years ago@10# and which was recently use
by Lambrechtet al. @11#. We also note that for intensitie
scaled as in Eqs.~10! and ~11! we regain Eq.~11! for the
relation between partial rates at appropriately scaled la
and energy parameters. Finally, we mention that Eqs.~19!
and ~20! also apply, with the same scaling factors, for t
angular differential rates. Similarly, Eq.~18! translates sim-
ply to the differential generalized cross section.

V. RESULTS AND DISCUSSION

A. The scaling of intensities

One immediate consequence of the scaling of the fi
strengths discussed in Sec. III is the scaling of the intensi

I 5S m

me
D 4

Z6I (H), ~21!

which implies that the behavior of a hydrogenlike system
chargeZ and reduced massm under intensityI is exactly the
same as that of hydrogen placed in an electromagnetic
of intensity I (H), at appropriately scaled frequency~6! and
pulse duration~7!. This relation also holds, of course, for th
relation between appearance intensities. It is based only
scaling and does therefore apply irrespective of the phys
mechanisms responsible for the considered process, i.e
holds across tunneling, intermediate, and multiphoton
gimes. This explains why the correct scaling for the appe
ance intensity can be obtained from the scaling of gene
ized cross sections in lowest-order perturbation theory. A
since for largeN, which corresponds to tunneling, the exa
scaling obtained above coincides with the approximate
obtained some time ago@3# for arbitrary atoms and ions, i
also explains why that scaling gave correct predictions
high-order cross sections and appearance intensities w
ever it was tested@12,13#. It finally provides a firm proof for
the validity of a simple model@4,14,15# often used for the
prediction of appearance intensities on the basis of over
barrier ionization~tunneling!. In this tunneling model the
atomic system ionizes at the appearance intensity, wh
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forces the combined potential of the Coulomb and electr
field interaction to match the ionization potential,Ep ,

I 5cEp
4/128pe6Z2, ~22!

and for hydrogenic systems we therefore have the follow
scaling of the appearance intensities:

I ~m,Z!5S m

me
D 4

Z6I (H), ~23!

which is identical to the scaling obtained in Eq.~21! by
considering the Schro¨dinger equation.~Indeed, a quality
check of any theoretical model may be to see whethe
satisfies the above intensity scaling or not.!

B. The special case of positronium

We now turn to the specific case of Ps where the sca
relations of Eqs.~18! and ~20! simply read

ŝN~me/2,v!523N21ŝN
(H)~me ,2v!, ~24!

G (N)~me/2,v!524N21S I

I (H)D N

G (H)
(N)~me ,2v!. ~25!

The six-photon ionization cross section, for example, is t
;217 times larger for positronium than for hydrogen. Th
implies by Eq.~25! that equal rates for H and Ps are obtain
with an intensity;24 times smaller in the case of Ps.

The relevant wavelengths for the ongoing experimen
work arel51064, 532, and 355 nm corresponding to si
three-, and two-photon ionization, respectively@2#. In Table I
we show the generalized six-, three-, and two- photon cr
sections at these wavelengths. The values for hydrogen
taken from the existing literature@16,17#. The generalized
cross sections for positronium have been obtained by
scaling law of Eq.~24!. Even though the generalized cro
sections for Ps are significantly larger than the hydroge
ones of the corresponding order — especially for high
order processes — this effect does not change the fact
the yield decreases rapidly as a function of the order of
process.

We can estimate the saturation intensities for hydro
and positronium. The atomic beam and laser beam will cr
at right angles. A typical velocity of the thermal positroniu

TABLE I. Generalized cross sections for the six-, three-, a
two-photon ionization for hydrogen and positronium.

N l (H) ~nm! l (Ps) ~nm! ŝN
(H) (cm2N sN21) ŝN

(Ps) (cm2N sN21)

6 532 1064 33102180 43102175

3 266 532 5310283 1310280

2 177.5 355 1310250 3310249
-

g

it

g
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l
,

ss
re

e
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atoms is 105 m/s @2,18#. Taking the diameter of the lase
focus to be 20mm, we get an interaction timet f50.2 ns.
We use the same value for hydrogen. Equation~17! with t f
instead oftL gives the estimates of the saturation intensit
for, e.g., six-photon ionization. We findI S.1.331013 and
I S.931011 W/cm2 for hydrogen and positronium, respe
tively. The corresponding rates are;53109 s21 in both
cases, leading to a lifetime against breakup much sho
than the lifetime of the triplet against annihilation, which
important for the comfortable observability of the process
is interesting to calculate the value of the ponderomot
potential,Up5I /(4mv2) ~a.u.!, to see if one may expect an
channel closing at the saturation intensities. We findUp(H)
50.34 eV andUp(Ps)50.19 eV which are both very clos
to the energy of the six-photon ionized electron 0.38 a
0.19 eV for hydrogen and positronium, respectively. Th
estimate, accordingly, shows that the ionization will mo
likely be influenced by channel closing at the saturation
tensities at this wavelength. The values ofUp and the excess
energies are, on the other hand, so close that this conclu
depends critically on the experimental uncertainty of the
ser intensity and the value of the generalized cross sec
Note that in the case of Ps, the ponderomotive energy is
sum of the quiver energy of the electron and the positr
Each particle, however, carries only half of the excess ene
~0.09 eV! but also has to overcome only half of the ponde
motive energy.

As an example for calibration by comparison with ava
able experience we consider the experiment of Wolffet al.
@19#, who studied multiphoton ionization of hydrogen with
10 ns pulsed laser of a wavelength of 532 nm operated a
intensity of ;1.631013 W/cm2. From the above estimat
we see that this intensity is above the saturation intens
For hydrogen we obtain the rateGN(H).231010 s21,
which means that a large fraction of the hydrogen atoms
ionize during their way through the laser focus. According
only low-order ATI peaks are expected to be measured. T
is in accordance with the experimental findings@19#. Similar
experimental findings should be possible in positronium
one scales the quantities as discussed in Secs. III and
doubling the wavelength leads to the six-photon ionizat
regime of positronium. Furthermore, the laser intens
should be decreased by a factor of 16 to;1.0
31012 W/cm2. A pulse of much shorter duration, say su
picosecond, would produce a more extended photoelec
energy spectrum~ATI !. Notice that the quiver radiis of P
and H are equal at scaled field and frequency, while
ponderomotive shift of Ps is half that of H in accordan
with the overall energy scaling.

VI. CONCLUSIONS AND OUTLOOK

We have presented a detailed study of the scaling of
hydrogenic system. The scaling laws make it possible to
culate ionization rates and generalized cross sections for
hydrogenic system using ionization rates of hydrogen at
propriately scaled variables. Since the theoretical literat
on hydrogen in laser fields covers a large span of intens
and frequencies, much of that information can be carr
over to ionic or exotic systems after proper scaling.

As an example of the applicability of the scaling laws, w

d
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have explicitly calculated generalized two-, three-, and s
photon cross sections for Ps, based on accurate value
hydrogen. These cross sections are of interest in ong
experiments@2#. As discussed above, the scaling laws in
cate that at scaled frequencies, Ps breaks up at lower in
sity than H does. That information in itself, however, do
not reveal the expected behavior of nonlinear processes
for example, one examines the rate of decrease ofN-photon
processes with increasingN in Ps, it turns out that their val
ues fall off much more slowly than in H. Thus, in an expe
ment with properly scaled frequency but fixed intensity, o
should expect an early plateau in the ATI spectrum as c
pared to that of H. This would be consistent with the onse
-

-
for
ng
-
n-

s
If,

e
-
f

saturation for Ps at lower intensity as noted above, and
pears to have some resemblance to recent data by DiM
et al. @20# on potassium under strong infrared radiation. T
two systems are rather different and it would be interest
to eventually explore the underlying reasons for that simil
ity.
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