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Zeeman frequency shifts in an optical dipole trap used to search for an electric-dipole moment

M. V. Romalis and E. N. Fortson
Department of Physics, University of Washington, Seattle, Washington 98195

~Received 12 October 1998!

We calculate the Zeeman frequency shifts due to interactions with the light in a far-off-resonance optical
dipole trap. These shifts are important for potential use of such a trap to search for an atomic permanent
electric-dipole moment~EDM!. We present numerical results for Cs and Hg, as examples of paramagnetic and
diamagnetic atoms. The vector and tensor light shifts are calculated for a large range of trap optical frequen-
cies, for both red-detuned and blue-detuned traps. We also consider frequency shifts resulting from magnetic
dipole and electric quadrupole transitions mixed in by a static electric field. These shifts are particularly
important for EDM experiments since they are linear in the electric field. The Zeeman frequency shifts
represent a substantial problem for EDM experiments in a dipole trap and must be controlled with care to
achieve theoretical sensitivity.@S1050-2947~99!02806-1#

PACS number~s!: 32.80.Pj, 32.60.1i, 32.10.Dk, 11.30.Er
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I. INTRODUCTION

The search for a permanent electric-dipole mom
~EDM! is an effective method of probing for physics beyo
the standard model@1#. A nonzero value of the EDM re
quires violation ofT andP invariance. If theCPTsymmetry
is not violated, it also impliesCP violation. Within the stan-
dard model the EDMs are unmeasurably small, but m
extensions of the standard model predict EDMs well with
experimental reach. Techniques of laser cooling and trapp
of neutral atoms open new possibilities for EDM expe
ments @2,3#. In one of the more promising methods, co
atoms are held between high-voltage electrodes in an op
dipole trap, and the coupling between the static electric fi
and the atomic EDM produces a shift of the Zeeman lev
of the atoms. However, the Zeeman levels would also
shifted by the interactions with the trapping laser fields.
this paper we present a systematic analysis of the var
Zeeman energy shifts due to the laser fields in an opt
dipole trap, and discuss how they might limit the sensitiv
of an EDM experiment. We find that such shifts will impo
tight constraints on the design of the experiment.

An atom with a permanent electric-dipole momentd and a
magnetic dipole momentm interacts with electric and mag
netic fieldsE andB according to the following Hamiltonian

H52~dE1mB!•
F

F
, ~1!

whereF is the total atomic angular momentum. To detect
EDM the Zeeman precession frequency is measured in
allel electric and magnetic fields. A change of the Zeem
frequency correlated with the reversal ofE relative to B
would indicate the presence of a permanent EDM. A f
quency measurement performed on a classical ensembleN
atoms with Zeeman coherence timet has a shot-noise lim
ited uncertaintydv5t21N21/2. If the measurement is don
repeatedly for a timeT@t, the resulting uncertainty in EDM
is given by
PRA 591050-2947/99/59~6!/4547~12!/$15.00
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, ~2!

omitting a factor of order unity, which depends on the sp
cific experimental arrangement. EDM measurements so
have been performed in an atomic beam@4# or in a cell
@5–8#. Each type of experiment has its advantages and li
tations. Beam experiments allow application of a larger el
tric field, while cell experiments have the advantage
longer coherence times. In beam experiments the system
errors due tov3E magnetic fields often limit achievabl
sensitivity, while in cell experiments the leakage currents c
produce systematic errors, which are difficult to estimate

Using cold atoms it may be possible to combine the
vantages of beam and cell experiments, having both l
coherence times and largeE fields, while eliminating the
systematic errors due to both thev3E fields and the leakage
currents. EDM measurements with laser-cooled atoms
trap or a fountain have been proposed@2,3#. In this paper we
concentrate on neutral atom traps. Since EDM experime
rely on a measurement of the Zeeman precession freque
the atom trap cannot rely on inhomogeneous magnetic fie
Among various neutral atom traps the most promising
pears to be an optical dipole trap@3,9#. In this trap the po-
larizability of the atoms provides the trapping force in a lig
beam. If the frequency of the light is tuned below~above! the
resonance frequency of the atoms, they are attracted to
maximum~minimum! of the light intensity. The optical di-
pole trap creates a conservative force, i.e., it does not c
the atoms. They are heated due to scattering of photons f
the trapping beam. However, the heating rate can be redu
by detuning the frequency of the trapping laser very far fro
the atomic resonances@10–12#. The spin relaxation due to
light scattering can also be made negligible@12#.

In this paper we consider the effects of the trapping be
and the static electric field, which result in frequency shi
of the Zeeman transitions. These shifts can be divided
three classes. Residual circular polarization of the trapp
beam produces a vector light shift of the Zeeman levels@13#.
This shift is linear inm, the projection of the total angula
4547 ©1999 The American Physical Society
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4548 PRA 59M. V. ROMALIS AND E. N. FORTSON
momentumF onto the quantization axis. Hyperfine intera
tions in the excited state cause tensor shifts due to the t
ping light @13# and the static electric field@14,15#, which are
quadratic inm. Finally, in the presence of the static electr
field the atomic levels acquire a small admixture of oppos
parity states, allowing an interference of the electric-dip
amplitude with the magnetic dipole and electric quadrup
amplitudes@16,17#; the resulting shifts of the Zeeman leve
are proportional to the electric field, and, to that extent, h
the same signature as an EDM.

Most of the calculations are performed for a single tra
ping beam, detuned to the red of all atomic resonance li
A separate section is devoted to the calculation of the a
age Zeeman shifts in a blue-detuned trap, which is part
larly suitable for EDM experiments in paramagnetic atom
We consider the trapping beam frequencies from dc up
within tens of GHz of the atomic resonance lines. Thus,
include the counter-rotating components of the oscillat
fields and the contribution of the hyperfine mixing betwe
different excited states. We assume that the detuning of
trapping beam is much larger than the excited state hype
structure, which is treated as a perturbation. The vector
tensor light shifts of the Zeeman levels have been calcula
previously near the resonance@13#. The tensor light shift due
to a static electric field has been calculated in@14,15#. Hy-
perfine light shifts for Cs in an optical dipole trap have be
studied in @3#. To our knowledge, the Zeeman frequen
shifts due to multipole interference in an electric field ha
not been calculated before.

The searches for an EDM are usually done in heavy
oms, since the sensitivity toT-violating interactions in-
creases rapidly withZ. Atoms with and without unbalance
electron spin ~paramagnetic and diamagnetic! should be
treated separately since they are sensitive to different ty
of fundamentalT-violating interactions@1#. Paramagnetic at
oms are sensitive to an electron EDM, while diamagne
atoms with a nuclear spin are sensitive to hadronic source
T violation. Both types of atoms are sensitive to semilepto
T-violating interactions. Among paramagnetic atoms, Cs
prime candidate for initial experiments in a trap, because
moderately heavy (Z555), and laser cooling and trappin
techniques for Cs are well developed. For future experime
Fr (Z587) is also a possible candidate@18#. Its sensitivity to
an electron EDM is a factor of 10 larger than Cs@19#, but it
has a half-life of only 20 min. Among paramagnetic atom
we choose Cs for our calculations.

Among diamagnetic atoms, Hg (Z580) has been used s
far to set the best limits on an atomic EDM originating fro
nuclear interactions@5#. However, laser cooling and trappin
of Hg is difficult because its resonance lines are far in
UV ~254 and 185 nm!. Yb (Z570) offers a good compro
mise for initial experiments. Its sensitivity toP,T-odd inter-
actions is smaller by about a factor of 3 than Hg@20,21#, but
it is much easier to cool using resonance lines at 556 and
nm. Like Hg, it has an isotope withI 51/2, for which the
tensor shifts of the Zeeman levels are absent. For future
periments Ra (Z588) offers an interesting possibility. Re
cent calculations@22# show that due to close lying opposi
parity nuclear states, theP,T-odd interactions in Ra are en
hanced by a factor of 500 compared with Hg. We perform
the calculations for Hg, since it has a relatively simp
p-
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atomic structure, and the shifts for other diamagnetic ato
should have the same order of magnitude.

To ascertain the significance of the Zeeman freque
shifts calculated below, we estimate, using Eq.~2!, the re-
quired frequency sensitivity necessary to be competitive w
present limits on EDMs. We assume that the experime
can be performed with an electric field of 100 kV/cm. To
competitive with the present limit on the electron EDM s
by the Tl experiment@4#, the Zeeman frequency shift in C
has to be measured with a precision of about 5mHz. To be
competitive with the present limit set on Hg EDM@5#, the
Zeeman frequency shift in Hg has to be measured wit
precision of 10 nHz. In proposed experiments with Cs@2#
and Yb @21# it has been assumed that one can trapN5108

atoms with a coherence timet510 s. These numbers hav
already been achieved, although not in the same experim
@23,24#. They result in a shot-noise limited frequency unce
tainty of 5 mHz/AHz. If one can achieve this sensitivity
then the Cs experiment can improve the limit on the elect
EDM by a factor of 100 with an integration time on the ord
of one day.

For experiments with diamagnetic atoms, much longer
tegration times are required. However, fermionic atoms w
1S0 ground state offer a number of advantages, which m
allow one to substantially increase the number of trapp
atoms and the coherence time. For two identical fermion
the same spin state thes-wave scattering cross section va
ishes, whilep and higher scattering cross sections go to z
at sufficiently low temperatures. Thus, in spin-polarized f
mionic atoms most of the effects that might limit the dens
of atoms and the coherence time, such as elastic collisi
three-body recombination rates, collisional frequency shi
and collisional spin relaxation, are greatly reduced. Sp
polarized fermionic atoms held in a conservative trap wo
give the closest approximation yet to an interaction-fr
sample of atoms. For atoms with1S0 ground state, such a
Hg or Yb, these effects may also be suppressed compare
alkali atoms even in the absence of perfect spin polarizat
Therefore, we believe thatN5109 and t5100 sec are rea
sonable goals for fermionic species with1S0 ground state.
This gives a shot-noise sensitivity of 500 nHz/AHz. To im-
prove the present limit on the Hg EDM by a factor of 10
would require an integration time of 300 days. This diffe
ence in the integration time required for paramagnetic a
diamagnetic atoms already exists in the present experime
The Tl EDM experiment@4# achieves its statistical precisio
in 6 days, while the Hg experiment@5# takes 300 days.

This paper is organized as follows. In Sec. II we introdu
our notation and approximations. The photon scattering
and the spin relaxation rate due to Raman scattering
red-detuned trap are also calculated. Sec. III is devoted to
vector and tensor light shifts in a red-detuned trap, while
Sec. IV we calculate the vector and tensor shifts for Cs i
blue-detuned trap. In Sec. V we calculate the shifts due to
magnetic dipole and electric quadrupole transitions in
presence of a static electric field, and discuss how one
design an EDM experiment to minimize the size of the Ze
man shifts.

II. TRAPPING POTENTIAL AND PHOTON SCATTERING
RATE

We begin by calculating the depth and the photon scat
ing rate for a far-off-resonance red-detuned dipole tr
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Similar calculations have been done in Refs.@10,11#. We
include these results here for completeness and to introd
the notation and the approximations used throughout the
per.

The electric field of the trapping beam near the cente
the trap is given by

E5
E0

2
~ «̂e2 ivt1«̂* eivt!. ~3!

For a Gaussian beam focused to a spot sizew0, the total
power isP5cE0

2w0
2/16. In the regime when the populatio

of the excited state is small, the depth of the trap is given
@25#

U52
e2E0

2

4m F(
e

f e

ve
22v2

1E
v I

` ~d f /dv8!dv8

~v82ve!
22v2G , ~4!

where\ve is the energy of the excited states with respec
the ground state andf e is the oscillator strength. The firs
term is a sum over the discrete excited states of the at
while the second term gives the contribution of the co
tinuum above the ionization energy. Forv much less than
the lowest atomic resonance frequencyv1 the depth of the
trap is given by the static atomic polarizabilityas,

U52 1
4 asE0

2 . ~5!

To estimate how many excited states need to be taken
account, we compare the static polarizability calculated fr
Eq. ~4! with the measured atomic polarizability. For Cs t
6P1/2 and 6P3/2 states~with f 1/250.35 andf 3/250.72) give a
static polarizability ofas55.7310223 cm3, while the mea-
sured atomic polarizability isas56.0310223 cm3. For Hg
the first two excited states (1P1 with f 51.2 and 3P1 with
f 50.025) contribute about 60% of the static polarizabili
All of the frequency shifts considered in this paper depe
on the fine or hyperfine interactions in the excited sta
which rapidly decrease for higher excited states. Theref
for a red-detuned trap we only consider the effect of the fi
two excited states for Cs and Hg. This approximation is

FIG. 1. Laser power required to achieve a trap depth of 100mK
with beam spot size of 100mm. v1 is the lowest atomic resonanc
frequency, 6P1/2 for Cs ~solid line plotted against the left axis! and
63P1 for Hg ~broken line plotted against the right axis!.
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curate to a few percent for Cs and about 30% for Hg. We
the empirical values of the energy levels and the oscilla
strengths.

The calculations are performed for a large range of
dipole trap frequencyv. As the frequency is varied, the in
tensity of the light is adjusted to keep the depth of the t
constant. All Zeeman frequency shifts are proportional to
depth of the trap. We choose a depth ofU5100 mK. This
trap depth has been achieved in a CO2 laser trap operating a
l510 mm @12#. Using sub-Doppler cooling techniques, C
can be cooled to temperatures on the order of 122 mK @26#;
however at such low temperatures spin relaxation rates
frequency shifts due to atomic collisions become very la
@2,32#. A temperature on the order of 10mK may be optimal.
The requirement to have a trap with large volume, which c
support atoms against gravity, also limits the minimum tr
depth. Figure 1 shows the power required to achieve a
depth of 100mK with a Gaussian beam focused to a sp
size w05100 mm. The power is plotted vs a scaled fre
quency (v/v1), wherev1 is the lowest resonance frequenc
of the atom (6P1/2 state for Cs, 63P1 state for Hg!. For very
large detuning,v,0.5v1, a substantial amount of lase
power is required. However, this amount of power can
readily obtained from a commercial CO2 laser.

For small population of the excited states the photon s
tering rate is given by the Kramers-Heisenberg formula@27#,

g i→ f5
a2v3E0

2

3\c

3U(
e,«r

^ f u«r* •rue&^eu«•ru i &
ve2v

1
^ f u«* •rue&^eu«r•ru i &

ve1v U2

, ~6!

where«r is the polarization of the radiated light. This ra
can be divided into the Rayleigh scattering rategh5g i→ i ,
which results in heating of the atoms, and the Raman s
tering rategR5( iÞ fg i→ f , which results in spin relaxation.

We perform all calculations using the formalism
spherical tensors@28,29#. For example,

FIG. 2. Rayleigh scattering rate for Cs~solid line! and Hg~bro-
ken line! for linearly polarized light.v1 is the lowest resonance
frequency of the atom.
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^J8IF 8m8 u«•ruJIFm&5(
r

~21!r«r^J8IF 8m8 ur 2ruJIFm&

5(
r

~21!r1F82m81J81I 1F11«r^J8 uur uuJ&A~2F11!~2F811!

3S F8 1 F

2m8 2r mD H J8 F8 I

F J 1J . ~7!
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When possible, the reduced radial matrix elements are
pressed in terms of the oscillator strengths,

u^J8 uur uuJ&u25
3\~2J11!

2mvJJ8

f J→J8 . ~8!

Figure 2 shows the Rayleigh scattering rate for Cs and
while Fig. 3 shows the Raman scattering rate for Cs. For
the Raman scattering rate far from the resonance is
pressed compared to the Rayleigh rate by a factor
(vD f s /v1

2)2 @10#, where D f s5v3/22v1/2 is the fine-
structure splitting of the 6P state. Already forv,0.8v1 the
relaxation rate is quite negligible. For Hg the Raman scat
ing rate is suppressed by (vDh f s /v1

2)2, whereDh f s is the
hyperfine splitting of the excited state. The relaxation rate
Hg ranges from 1026 sec21 for v50.99v1 to 10220 sec21

for the CO2 frequency, and is totally negligible.
Thus heating and spin relaxation due to light scatter

can be virtually eliminated by using a dipole trap with suf
ciently low frequency@10#. In practice, other sources of hea
ing and relaxation have to be considered. The most obv
source of atom loss is due to collision with the backgrou
gas. Relaxation and frequency shifts due to cold gas c
sions have been considered in@2#. Savardet al. @30# have
considered the heating of atoms due to vibrations and fl
tuations of the laser intensity. Finally, since the ato
sample a distribution of laser intensities in the trap@3#, the
Zeeman frequency shifts considered below can reduce
transverse spin relaxation time.
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III. LIGHT SHIFTS OF THE ZEEMAN LEVELS
IN A RED-DETUNED TRAP

The calculations are done using time-dependent pertu
tion theory. The interaction with the electric field of the tra
ping beam is given by

H5eE•r, ~9!

with E given by Eq.~3!. Throughout the papere denotes the
magnitude of the electron charge. The energy shifts of
Zeeman levels due to interactions with the trapping light c
be separated into vector and tensor shifts and expresse
terms of effective operators@13#,

DE52m•dB2 1
6 Qa :d“E, ~10!

wherem andQa are the atomic magnetic dipole and elect
quadrupole operators, whiledB and d“E are the effective
magnetic-field and effective electric-field gradient induc
by the trapping light.

A. Cesium

1. Vector light shift

The dominant contribution to the vector shift for Cs
given by
DE52
e2E0

2

4\ (
J8,F8,m8

F ^J8,I ,F8m8u«•ruJ,I ,F,m&^J,I ,F,mu«* •ruJ8,I ,F8,m8&

vJ82v

1
^J8,I ,F8m8u«* •ruJ,I ,F,m&^J,I ,F,mu«•ruJ8,I ,F8,m8&

vJ81v
G , ~11!
ng
of

ight
where the sum is taken over the 6P1/2 and 6P3/2 states~see
discussion after Eq. 5!, and\vJ8 is the energy of the excited
state relative to the ground state.

The resulting frequency shift can be expressed in term
the effective magnetic field,

dB5BV~ u«Lu22u«Ru2!k̂, ~12!
of

wherek̂ denotes the direction of propagation of the trappi
beam. The polarization of the light is expressed in terms
spherical basis vectors, corresponding to the left and r
circular polarizations,

«5«L

2 x̂82 i ŷ8

A2
1«R

x̂82 i ŷ8

A2
, ~13!
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in the right-handed coordinate system with thez8 axis paral-
lel to k̂. Thus, the effective magnetic field is proportional
the degree of circular polarization of the trapping light. T
frequency shift due to this field is given by

DnF5I 61/256
gsmBdB

2I 11
m56nV~ u«Lu22u«Ru2!m cosu,

~14!

where u is the angle betweendB and the static magneti
field BS , which defines the quantization axis. It is assum
that BS@dB. Depending on the value ofBS , the frequency
shift due to the addition ofdB andBS in quadrature may also
be significant. Figure 4 shows the dependence ofnV on the
frequency of the trapping beam. For low trapping beam f
quency the asymptotic form of the shift is approximate
given by

nV5
2U

~2I 11!h S D f sv

v1
2 D . ~15!

For the trapping beam frequency near the resonance ou
sults are in agreement with@13#.

The vector frequency shift does not depend on the st
electric field and, therefore, does not cause a direct sys
atic error. However, the intensity noise of the trapping la
can limit the achievable sensitivity. In addition, since t
atoms sample a distribution of laser intensities, it can re
in the reduction of the transverse spin relaxation time.

FIG. 3. Raman scattering rategR for Cs for linearly polarized
trapping light.

FIG. 4. Vector light shiftnV in Cs for circularly polarized trap-
ping light.
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The vector frequency shift can be substantially reduced
using a linearly polarized trapping beam and by aligningdB
perpendicular toBS ; in other words, directing the trappin
beam perpendicular to the static magnetic field. It is reas
able to assume that the helicity of the trapping beam can
reduced to 1024 and the projection ofdB on BS to 1023,
reducing the frequency shift by seven orders of magnitud

Nevertheless, even after such reduction, the vector
quency shift can lead to some problems. For example,
100-nm detuning to the red of theD1 line in Cs, the fre-
quency shift isDn5m37 mHz, while for the CO2 laser
(l510 mm), Dn5m3170 mHz. To avoid the degradation
of the short-term sensitivity due to laser intensity fluctuatio
the intensity noise has to be reduced to less than 0.01%/AHz
in the first case and less than 0.4%/AHz in the second case
assuming that the energy interval betweenm54 and m5
24 states is being measured directly. It is challenging
achieve these requirements. Using a blue-detuned trap
discussed in Sec. IV, it is possible to reduce the vector li
shift by another factor of 100, assuming that the alignm
can be controlled at the same level in a more complica
geometry of a blue-detuned trap.

Another possible problem caused by the vector light s
is a reduction of the transverse relaxation time due to
inhomogeneous frequency shift. Assuming that the trap
harmonic potential near its bottom, the Hamiltonian is giv
by

H5
p2

2M
1

1

2
M(

i 51

3

v i
2r i

21
gsmBBS

2I 11
Fz , ~16!

wherev i are the normal frequencies of the trap. For a Gau
ian beam focused to a spot sizew0 and confocal paramete
b52pw0

2/l the normal frequency in the radial direction
v r

254U/w0
2M and in the axial direction isva

258U/b2M ,
whereM is the mass of the atom. Typically, the radial fr
quency is on the order of 104 sec21 and the axial frequency
on the order of 102 sec21 @30#. Since the frequency shift is
proportional to the light intensity it can be represented b
spin-dependent perturbation of the trap frequency,

H5
p2

2M
1

1

2
M(

i
v i

2S 11
hDn

U
FzD r i

21
gsmBBS

2I 11
Fz .

~17!

Thus, an atom, which is in an eigenstate of the Hamilton
~16!, is also in an eigenstate of the Hamiltonian~17!. The
energy of the eigenstates is given by

E5(
i

\v i S 11
hDn

2U
FzD ~ni11/2!1

gsmBBS

2I 11
Fz .

~18!

Elastic collisions between Cs atoms cause transitions
tween different levels of the harmonic oscillator potenti
which changes the value of the frequency shift. The cr
section for Cs-Cs elastic collisions at 10mK is on the order
of s510211 cm2, and it rapidly increases for lower temper
tures@31#. Assuming atomic densityn51010 cm3 we obtain
an elastic collision rategc5ns v̄50.5 s21. Since the colli-
sion rate is much smaller than the normal frequencies of
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4552 PRA 59M. V. ROMALIS AND E. N. FORTSON
trap, we are justified in assuming that the atoms are in
eigenstates of the trap Hamiltonian~17! and occasionally
make transitions between different eigenstates.

The transverse spin relaxation due to an inhomogene
frequency shift in the trap is analogous to the problem
spin relaxation due to field inhomogeneities in a gas@32#,
with gc playing the role of the diffusion rate. Since the co
lision rategc is much smaller than the typical Larmor pr
cession frequency in the fieldBS , our conditions are analo
gous to the high-pressure limit of relaxation in a gas@32#. In
this limit only the fluctuations of the longitudinal field caus
the relaxation, as was already implicitly assumed in Eq.~17!.
Thus, the transverse spin relaxation rate is on the order

1

T2
;

~DvL!2

gc
, ~19!

whereDvL is a measure of the spread of the Larmor f
quencies in the trap. This equation is only valid in the regi
of motional narrowing, i.e., forDvL,gc . If DvL>gc , then
T2

21;DvL @32#.
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If the atoms have a temperatureT, then the spread in thei
energies is on the order ofT and the spread in the Larmo
frequencies is

DvL5pDn
T

U
. ~20!

Thus, for 100-nm red detuning of the trapping beam andT
510 mK, DvL5231022 sec21 and the dephasing time be
tween them54 andm524 states isT2;1000 sec, longer
than the expected lifetime of atoms in the trap. However
the vector frequency shift cannot be reduced by seven or
of magnitude as described above, or if the elastic collis
rate is insufficient to satisfy the motional narrowing cond
tion, transverse relaxation due to an inhomogeneous l
shift can become a problem.

2. Tensor light shift

To calculate the tensor light shift we take into account
hyperfine structure of the excited states. For large detun
of the trapping beam the hyperfine interaction can be con
ered as a perturbation,
DE5
e2E0

2

4\ (
J8,J9
F8,m8

F ^J8,I ,F8m8u«•ruJ,I ,F,m&^J9,I ,F8m8uWuJ8,I ,F8m8&^J,I ,F,mu«* •ruJ9,I ,F8,m8&

~vJ82v!~vJ92v!
1c.r.G , ~21!
ess
r

re-
tic
t of

ilar
nal
uc-
ous
ble,
one
where c.r. indicates the contribution of the counterrotat
component of the electric field. The hyperfine interaction h
the following form:

W52pal$ l•I2@s23~s• r̂! r̂#•I %12pqC2:Qn , ~22!

whereC2 andQn are the orbital and nuclear quadrupole o
erators, respectively. We expressW in terms of irreducible
tensor operators@28#,

W52pal~ l•I2A10@C23s#1
•I !12pqC2:Qn . ~23!

Neglecting the relativistic corrections, the constantsal andq
can be determined from the hyperfine constantsA andB of
the P3/2 state,

al5A
J~J11!

l ~ l 11!
, q5B

2~J11!

2J21
. ~24!

The hyperfine interaction can couple states of differentJ and
these terms have to be included in Eq.~21!. This effect is
important whenv is detuned far from the resonance. T
matrix element̂ J9,I ,F8m8uWuJ8,I ,F8m8& is calculated us-
ing the identities for scalar and tensor products of irreduc
tensor operators@28#.

The resulting frequency shift has the following form:

Dn5nT~F ! ~3 cos2 f21!m2, ~25!

where f is the angle between the direction of the elect
field of the trapping light~assumed linearly polarized! and
the direction of the spin quantization. The contribution of t
g
s

-

e

nuclear quadrupole moment of Cs to the tensor shift is l
than 1% andnT(3).2nT(4). Figure 5 shows the tenso
frequency shift forF54.

The tensor light shift approaches a constant at low f
quency. It is well known that in the presence of a sta
electric field the Zeeman levels have a small tensor shif
the form given by Eq.~25! @14,15#. For electric field of
100 kV/cm we obtainnT511 Hz, in agreement with@15#.
For v/v1.1 our results are in agreement with@13#.

The problems caused by the tensor light shift are sim
to the problems caused by the vector shift, i.e., additio
frequency noise due to light-intensity fluctuations and red
tion of the transverse relaxation time due to inhomogene
frequency shifts. To make these problems more managea
the tensor frequency shift has to be reduced by at least

FIG. 5. Tensor light shiftnT(4) for Cs for linearly polarized
light.
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small factor. This can be accomplished by aligning the el
tric field of the trapping beam at the magic angle (f
554.7°) to the magnetic field, so that (3 cos2f21)50. The
configuration of vectors minimizing both vector and tens
light shifts is shown in Fig. 6. Another possibility is to prob
the frequency of the transitionm524→m54 directly
@2,4#.

The tensor shift due to the static electric field is prop
tional to the square of the field and, if the electric field is n
perfectly reversed, can result in a false EDM signal. T
shift can be reduced in the same way as the tensor light s
Aligning the static electric field at the magic angle with r
spect to the magnetic field reduces the sensitivity to an E
by a factor of 1.7.

B. Mercury

All light shifts in Hg are due to the excited state hyperfi
structure. The calculation is complicated by the fact tha
Hg two electrons contribute to the hyperfine interaction
the excited state. In addition, because of the breakdow
theLScoupling, there is substantial mixing between1P1 and
3P1 states. The composition of the spectroscopic state
terms of theLSstates can be determined be diagonalizing
matrix of the electrostatic and spin-orbit interactions@17#.
The values of the coupling constants are found from the
pirical energies of the 6P states. We obtain the following
results:

1P̄150.9791P110.2093P1 , ~26!

3P̄150.9793P120.2091P1 , ~27!

where 1P̄1 and 3P̄1 are the spectroscopic states with en
gies of 6.704 eV and 4.887 eV and the oscillator strength
1.2 and 0.025, respectively.

The hyperfine interaction for Hg is given by

W52pal~ l1•I2A10@C1
23s1#1

•I !12pqC1
2 :Qn12pass2•I ,

~28!

where the first electron is taken to be in the excited statl
51) and the second electron in the ground state (l 50). The
calculation is simplified by using a 9j symbol to recouple the
angular momentum,

FIG. 6. Relative orientation of the magnetic fieldB, static elec-
tric field E, the trapping beam wave vectork and the polarization«
that minimizes the vector and tensor light shifts as well as the te
shift due to the static electric field,f554.7°.
-
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(

u l 1l 2L;s1s2S;J&5 (
j 1 , j 2

A~2L11!~2S11!~2 j 111!~2 j 211!

3H l 1 l 2 L

s1 s2 S

j 1 j 2 J
J u l 1s1 j 1 ; l 2s2 j 2 ;J&. ~29!

The values ofal , as , andq are determined from the empiri
cal hyperfine constants of the spectroscopic states by ev
ating ^1P̄1uWu1P̄1& and ^3P̄1uWu3P̄1&. The results are given
in Table I. We use the value ofq determined fromB3P̄1

,
which is much better known. The calculations can also
performed usingj j coupling@33# and taking into account the
relativistic corrections. The results of the two methods ag
within a few percent for the vector shift and about 30% f
the tensor shift.

The vector light shift has the same form as for Cs,

Dn5nV~ u«Lu22u«Ru2!m cosu, ~30!

with nV for 199Hg shown in Fig. 7. For low trapping beam
frequency the asymptotic form is approximately given by

nV5
2U

h S 2palv

v1
2 D . ~31!

For the CO2 wavelength (l510 mm) the shift for 199Hg
is nV50.5 Hz, 23104 times smaller than the shift betwee
m54 andm524 states in Cs, while the achievable sho
noise limit is only ten times smaller. Thus the constraints
the alignment, the polarization purity, and the intensity no
of the trapping beam are much less stringent for Hg.

We calculate a typical value of the tensor light shift f
201Hg, which hasI 53/2. The shift has the same gener
form as for Cs,

or

TABLE I. Hyperfine constants for Hg in GHz; the empirica
constants are taken from@34,35#.

A1P̄1
B1P̄1

A3P̄1
B3P̄1

al as

199Hg 23.57 14.75 1.20 35.16
201Hg 1.32 0.32 25.45 20.28 20.445 12.99
201Hg q 0.85 1.6

FIG. 7. The vector light shiftnV for 199Hg for circularly polar-
ized trapping light.
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Dn5nT~3 cos2 f21!m2, ~32!

with nT shown in Fig. 8. For large detuning the tensor sh
due to the1P̄1 state dominates, but the contribution of th
3P̄1 state, which has the opposite sign, becomes large
the resonance. The tensor light shift for201Hg is comparable
to the shift for Cs, while the shot-noise limit is ten time
smaller and the required frequency sensitivity is nearly th
orders of magnitude smaller. Fortunately, for199Hg, 171Yb,
and other elements with nuclear spinI 51/2, the tensor shifts
~both ac and dc! are totally absent. However, for heavy r
dioactive elements~Ra, Rn!, which do not have a convenien
spin 1/2 isotope, the tensor shifts may present a very ser
problem.

IV. CESIUM LIGHT SHIFTS IN A BLUE-DETUNED TRAP

In this section we calculate vector and tensor freque
shifts for a blue-detuned optical trap. In such a trap the ato
are repelled from the regions of high laser intensity and t
experience a smaller average frequency shift. For Cs at
such a trap can be realized, for example, with an Ar1 laser
@3,36,37#. In Fig. 9 we plot the power necessary to achie
100-mK wall height with a Gaussian light sheet focused
103100-mm beam waist. For diamagnetic atoms, like Y
and Hg, blue detuned traps are more difficult to realize d
to the lack of powerful cw lasers in deep UV. A blue-detun

FIG. 8. The tensor light shiftnT for 201Hg for linearly polarized
light.

FIG. 9. The power required in a blue-detuned trap to achi
100-mK wall height with a cylindrical Gaussian beam focused
103100-mm waist.v2 is the frequency of the 6S1/2-7P1/2 transi-
tion. Arrows indicate the two dominant lines of an Ar1 laser.
t

ar

e

us

y
s
s
s

e

trap for Yb could possibly be constructed using UV lin
from an Ar1 laser.

The average Zeeman frequency shift experienced by
atom in a blue-detuned trap depends critically on the t
geometry. Several different geometries have been real
@3,36,37# so far. Here we make a rough estimate of the a
erage frequency shift in an open top square box trap m
with five perpendicular sheets of light.

The Zeeman frequency shift is proportional to the avera
value of the trapping potential experienced by the atom
the trap. First, consider an atom with massM, initial velocity
v i , and kinetic energyUi5Mv i

2/2 impinging on a Gaussian
wall of light with beam waistw. The potential of the wall is
given by

U~x!5U0e2x2/8w2
. ~33!

The total phase shift experienced by the atom during co
sion with the wall is

Df5
2

\
Èxt U~x!dx

A 2

M
@Ui2U~x!#

5Uitph /\. ~34!

Here xt is the classical turning point given byU(xt)5Ui ,
and the last equality is used to define the equivalent dep
ing time tph . We calculated the ratio of the dephasing tim
tph to the wall traversing timet tr5w/v i and found that it
depends only weakly on the ratioU0 /Ui . We obtain
tph /t tr;0.4 for U0 /Ui.5.

Thus, for an atom at temperatureT confined in the hori-
zontal direction by two pairs of walls separated by distancd
each, the average trapping potential energy due to ther
motion is approximately given by

^U& th;0.4
w

d
kT. ~35!

Using similar considerations, one can show that for an at
held against gravity on a sheet of light with focal waistw the
average trapping potential energy due to gravity is appro
mately given by

^U&g;0.08Mgw, ~36!

and is relatively insensitive toU0 andkT. The energy due to
thermal motion in the vertical direction is smaller then^U&g
for a large range of parameters. An optimal trap configu
tion minimizing the average light shift is a large box ma
with tightly focused walls of light, so thatd@w and Mgw
!kT. The blue-detuned traps realized so far haved;w and
Mgw;kT @3,36# or d!w andMgw@kT @37#.

Thus, in blue-detuned traps the average trapping poten
energy experienced by the atoms can be less than the
energykT. In red-detuned traps the average trapping pot
tial energy is equal to the trap depth. A trap depth on
order of 10kT is required to prevent loss of atoms due
evaporation. In the following calculations we assume that
average trapping potential energy experienced by the at
is 1 mK, which is also similar to the average energy me
sured in a blue-detuned trap by Davidsonet al. @3#.

e
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For calculation of the frequency shifts in a blue-detun
trap made using Ar1 lines it is necessary to include the co
tribution of the second resonance line of Cs. In fact, its c
tribution actually reduces the frequency shifts. The Rayle
scattering rate in such a blue-detuned trap is ab
0.01 sec21 and the Raman scattering rate is 531026 sec21.
The vector light shift is shown in Fig. 10. The frequen
shift is plotted as a function of the ratiov/v2, wherev2 is
the resonance frequency of the 6S1/2-7P1/2 transition at
459.3 nm. Due to the contribution of the second resona
line the vector frequency shift vanishes at 474 nm and
nm, and is suppressed for 488-nm Ar1 line. In Fig. 11 we
show the average tensor frequency shift experienced by
atoms in the blue-detuned trap. The frequency shift is a
suppressed due to the contribution of the second reson
line.

Thus, the Cs vector and tensor frequency shifts in a b
detuned trap formed with the 488-nm Ar1 line are approxi-
mately 100 times smaller than the shifts in a very far re
detuned laser trap. If the beam alignment can be equally
controlled in a more complicated geometry of a blue-detu
trap, it can give much smaller Zeeman light shifts for
atoms.

V. FREQUENCY SHIFTS DUE TO PARITY MIXING
BY THE STATIC ELECTRIC FIELD

In the presence of a static electric field the atomic lev
acquire a small admixture of opposite parity states. This

FIG. 11. The tensor light shift experienced by Cs atoms in
blue-detuned trap with an average trapping potential energy
1 mK. Arrows indicate the two dominant lines of an Ar1 laser.

FIG. 10. The vector light shift experienced by Cs atoms in
blue detuned trap with an average trapping potential energy
1 mK. Arrows indicate the two dominant lines of an Ar1 laser.
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lows an interference of the electric dipole amplitude driv
by the optical field with higher-order amplitudes which a
normally forbidden by parity selection rules. The modific
tion of the light absorption cross section due to this eff
was considered for Rb@16# and for Hg@17#. The effect has
been observed experimentally in Rb@38#. Here we consider
the Zeeman frequency shifts due to magnetic dipole
electric quadrupole amplitudes driven by the optical fie
The calculations are only performed for the red-detuned
tical trap. The calculations for blue-detuned trap are mu
more complicated because many additional excited st
must be taken into account.

We start with the calculation of the shift due to magne
dipole transitions in Cs. The magnetic dipole interaction
the valence electron with the magnetic field of the light wa
has the following form:

H52M•B5
E0mB

2
~L12S!•~ b̂e2 ivt1b̂* eivt!, ~37!

where b̂ denotes the direction of the magnetic field in t

optical wave,b̂5 k̂3«̂. The energy shift is given by

a
of

FIG. 12. All possible permutations of the matrix elements wh
contribute to Eq.~38!. « andb denote electric- and magnetic dipo
transitions induced by the trapping beam,«s denotes mixing by the
static electric field.

FIG. 13. Zeeman frequency shift for Cs due to magnetic dip
transitions,nMD

1 ~solid line! andnMD
2 ~broken line!.

of
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DE5
e2mBE0

2ES

4\2 (
J8,J9,m8,m9

F ^J8,m8u«•ruJ,m&^J9,m9ub* •~L12S!uJ8,m8&^J,mu«s•ruJ9,m9&

~vJ82v!~vJ92v!

1
^J,m8ub•~L12S!uJ,m&^J8,m8u«* •ruJ,m8&^J,mu«s•ruJ8,m8&

vJ8~vJ82v!
1perm.1c.r.G ~38!
ri

x
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where«s denotes the direction of the static electric fieldES

5ES«̂s . There are six possible permutations of the mat
elements~denoted perm.! shown graphically in Fig. 12 plus
the counter-rotating terms~obtained by taking the comple
conjugate of the matrix element and replacingv→2v). The
sum overJ8 andJ9 is taken over the 6P1/2 and 6P3/2 states.

The frequency shift depends on four vectors,«̂, «̂s , b̂, and
ŝ, whereŝ is the direction of the spin quantization. A prod
uct of all four vectors isP andT symmetric. Only two non-
zero vector products can be formed,

~ b̂•ŝ!~ «̂•«̂s! and ~ b̂•«̂s!~ «̂•ŝ!. ~39!

We parametrize the frequency shift due to magnetic dip
transitions as follows:

DnF5I 61/257@nMD
1 ~ b̂•ŝ!~ «̂•«̂s!1nMD

2 ~ b̂•«̂s!~ «̂•ŝ!#m,
~40!

with the results fornMD shown in Fig. 13. All numerical
calculations are done forEs5100 kV/cm.

For low trapping beam frequency the shift approache
constant value that is approximately given by

DnF5I 61/257
4U

h~2I 11!

D f smBEs

~\v1!2

3@~ b̂•ŝ!~ «̂•«̂s!1~ b̂•«̂s!~ «̂•ŝ!/2#m.

~41!

The shift is proportional to the fine structureD f s of the 6P
state.

The electric quadrupole interaction is given by

H5
e

6 (
i j

~3r i r j2d i j r
2!

]Ei

]r j
5

e

2 (
q

~21!mQ2mT22m ,

~42!

whereQ2m is the orbital quadrupole spherical tensor andT2m
is the quadrupole spherical tensor of the electric-field gra
ent. The electric-field gradient tensor of the trapping beam
given by

]Ei

]r j
5

E0

2
@ i« ikje

i (k•r 2vt)2 i« i* kje
2 i (k•r 2vt)#. ~43!

The spherical quadrupole components are formed from
Cartesian components in accordance with the prescrip
given in @29#. The frequency shift comes from the contrib
tion of the 6P and 6D states. The sum overJ quantum
x

le

a

i-
is

e
n

numbers is suppressed in Eq.~44!. Possible permutations o
the matrix elements are shown graphically in Fig. 14.

DE5
e3E0Es

4\2 ( F ^Pu«•ruS&^PuQ* :TuP&^Su«s•ruP&
~vP2v!~vP2v!

1
^DuQ:TuS&^Pu«* •ruD&^Su«s•ruP&

~vD2v!~vP2v!
1perm.1c.r.G .

~44!

The frequency shift due to the electric quadrupole tran
tions depends on four vectors«̂, «̂s , k̂, andŝ; and«̂ appears
twice. One can form three nonzero vector products,

@~ŝ3 k̂!•«̂#~ «̂•«̂s!, @~ «̂s3 k̂!•«̂#~ «̂•ŝ!,

and @~ŝ3 k̂!•«̂s#~ «̂•«̂!. ~45!

However, the first two products are equal to the produ
given in Eq.~39!, while the last product can be reduced to
linear combination of the first two. Thus, the vector depe
dence of the electric quadrupole and magnetic dipole con
butions is identical. The shift can be parametrized in
same form,

DnF5I 61/256@nEQ
1 ~ b̂•ŝ!~ «̂•«̂s!1nEQ

2 ~ b̂•«̂s!~ «̂•ŝ!#m.
~46!

Our results fornEQ are shown in Fig. 15. Bates-Damgaa
approximation was used to evaluate the radial matrix e

FIG. 14. All possible permutations of the matrix elemen
which contribute to Eq.~44!. « denotes the electric dipole trans
tions andQ denotes the electric quadrupole transitions induced
the trapping beam;«s denoted mixing by the static electric field.
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ments in this case. Note that the shift due to the elec
quadrupole transitions has an opposite sign compared to
shift due to the magnetic dipole transitions. The two sh
are comparable in size near the resonance, but the qua
pole shift drops asv due to the factor ofk in Eq. ~43!. The
vector product (b̂•ŝ)(«̂•«̂s) gives the dominant contribution
near the resonance for both magnetic dipole and elec
quadrupole transitions, in agreement with the results in@16#.

To minimize the magnetic dipole and the electric quad
pole shifts one can orient the trapping beam direction
polarization as shown in Fig. 16. This orientation suppres
both vector products in Eq.~39! by one small factor and als
suppresses the vector light shift, Eq.~14!, by two small fac-
tors. However, the tensor light shift, Eq.~25!, is not sup-
pressed. Assuming a factor of 103 suppression of the shif
due to the magnetic dipole transitions, Eq.~40!, it would still
be on the order ofm350 mHz for trapping frequencyv
,0.5v1, much larger than the required accuracy. The s
can be further reduced by frequently reversing the directiok̂
or using a standing wave. However, if the tensor light sh
presents a more serious problem, one would align the ele
field of the light and the static electric field at the mag
angle, as shown in Fig. 6. In this case the first term in
~39! is not suppressed, but the second is suppressed. On
then use a standing wave to suppress the parity mixing sh
although the intensity of the two counterpropagating bea
would have to be balanced to 131027 for the systematic
error due to this shift to be comparable to the final statist
error of 50 nHz.

FIG. 15. Shifts of the Zeeman levels due to the electric quad
pole transitions in Cs,nEQ

1 ~solid line! andnEQ
2 ~broken line!.

FIG. 16. Relative orientation of the magnetic fieldB, static elec-
tric field E, the trapping beam wave vectork and the polarization«
that minimizes the shifts due to parity mixing induced by the el
tric field as well as the vector light shift.
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Finally, we calculate the frequency shift due to magne
dipole transitions in Hg. The shift is nonzero only if th
hyperfine interactions in the exited state are taken into
count. Since bothW andM operators can change theJ quan-
tum number, the metastable3P0 and 3P2 states also contrib-
ute to the shift. The shift has the same vector form as for

Dn5@nMD
1 ~ b̂•ŝ!~ «̂•«̂s!1nMD

2 ~ b̂•«̂s!~ «̂•ŝ!#m, ~47!

with nMD shown in Fig. 17. The size of the shift is fiv
orders of magnitude smaller than for Cs. Since the ten
shift does not exist for nuclei withI 51/2, the magnetic di-
pole shift can be suppressed by one small factor, as show
Fig. 16, so it becomes comparable to the statistical un
tainty. Further suppression can be easily achieved by p

odically reversing the direction ofk̂.

VI. CONCLUSIONS

In this paper we have calculated the Zeeman freque
shifts experienced by atoms trapped in an optical dipole tr
These shifts are particularly important for applications
such a trap to searches for EDM. The shifts can be divid
into three classes: vector light shifts, tensor light shifts, a
shifts due to parity mixing induced by a static electric fie
The typical size of all shifts considered here is much lar
than the sensitivity required for EDM measurements. T
frequency shifts for Cs in a red-detuned trap are four to fi
orders of magnitude larger than for Hg. However, for
atoms the shifts can be reduced by a factor of 100 usin
blue-detuned trap. By a careful choice of the orientation
the relevant vectors it appears that all frequency shifts m
be suppressed to manageable levels.

The vector light shift due to circular polarization of th
trapping light is by far the largest. It can be reduced by us
linearly polarized trapping light directed perpendicular to t
applied magnetic field.

The tensor shifts are produced by the trapping beam
the static electric field. They are absent for199Hg and other

-

-

FIG. 17. Frequency shift due to magnetic dipole transitions
Hg, nMD

1 ~solid line! andnMD
2 ~broken line!.
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nuclei with I 51/2. It is possible to suppress these effects
aligning the electric fields at the magic angle to the qua
zation axis.

The shifts due to parity mixing by the electric field a
proportional to the electric field and thus mimic an EDM
These shifts can be suppressed by a certain orientation o
hu

ys

el

v.

n,

ao

.
s

y
i-

he

relevant vectors or by using a standing wave for the trapp
beam.
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