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Laser cooling of ions stored in a Penning trap: A phase-space picture
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We present a phase-space picture of laser cooling of the radial motion of ions in a Penning trap. This picture
enables a particularly simple derivation of the condition for simultaneous cooling of all degrees of freedom of
a single ion to be obtained. It also allows a physically intuitive approach to be taken to the cooling process.
Using this approach, we discuss different aspects of the cooling of a single ion in a Penning trap, including the
formation of “trapped” states where the steady-state motion amplitude is nonzero for either the magnetron or
modified cyclotron motion. We use an analytical approach where the approximation of small-amplitude mo-
tions can be made, and we use numerical calculations for larger-amplitude motions. The best procedure to use
for effective laser cooling is derived. A similar approach is then used to treat the laser cooling of two ions in
the Penning trap. We show that the use of the phase-space approach allows new insights into many aspects of
the laser-cooling process to be gained, and we indicate how these insights may be applied in experimental
investigations[S1050-294{@9)02406-3

PACS numbegs): 32.80.Pj

I. INTRODUCTION freedom: three ion oscillation frequencies and motional am-
plitudes, beam waist size, laser power, beam offsets and ori-
It is now over 30 years since the first concrete proposal&ntation, and laser detuning. All these parameters will affect
for laser cooling of atomic particles were made by Winelanddifferently the cooling of the three degrees of freedom of a
and Dehmel{1] and Haasch and Schawlo2]. One of the  single ion.
first demonstrations of laser cooling was performed on mag- To date work done on laser cooling in the Penning trap
nesium ions held in a Penning tr§®). Laser cooling is now has dealt with either a single ion or a large cloud whose
widely used in both Paul and Penning traps. Although thesteady-state temperature was analyzed statistically. The con-
general cooling mechanism involved, that is, Doppler cool-dition for laser cooling for a single ion was studied numeri-
ing, is the same for both traps, the actual dynamical propereally by Thompson and Wilsof4,5]. The steady-state tem-
ties of the trapped particles lead to important differences irperature of a single ion was calculated analytically by Itano
the cooling process. and Wineland[6]. They also calculated, numerically this
In this paper we will consider the laser cooling of small time, the steady-state temperature of a large cloud subjected
numbers of particles confined in a Penning trap. We concerio laser cooling, which was successfully verified experimen-
trate on the case where the laser cooling beam is parallel t@lly [7]. However, this approach neglected the effect of the
the radial plangperpendicular laser coolingin doing this  torque applied by the laser beam on the cloud.
we do not cool directly the axial motion. However, we will ~ The usual picture for laser cooling is that if the laser is
see that the results obtained in this case remain qualitativelfetuned below resonance and offset from the trap center on
valid when the laser is oriented at an angle with respect t¢he side where the magnetron motion recedes from the laser,
the trap axis, in which case the axial motion can also béoth cyclotron and magnetron degrees of freedom will be
cooled. The motion is considered in the classical limit andcooled. However, Wilson has showim the case of a single
the interaction with the laser is modeled semiclassically. Wdon) the presence of nontrivial steady states of the magnetron
limit ourselves to the study of steady states of the ions’ mosmotion (that is, steady motion with a large magnetron ragius
tion, although the theory presented here could easily be exwhich seems to be supported by experimental evid¢ste
tended to calculate, for example, cooling rates or mean scat- In this paper we find what conditions the laser detuning
tering rates. and offset have to satisfy in order to simultaneously laser
We study first the laser cooling of a single ion and wecool both radial degrees of freedom for given oscillation fre-
calculate the conditions that the laser detuning and offset quencies, beam waist, and laser power. In addition we show
the radial plangmust satisfy in order to laser cool an ion to that the nontrivial steady states are stable and find the con-
its minimum kinetic energy. In the following sections, we ditions under which they exist.
extend our calculations to the two-ion crystal and then to
larger clouds. Most studies on laser cooling in the Penning
trap have concentrated on calculating the ions’ temperature II. COOLING OF A SINGLE ION
rather than the cooling conditions. This is partly due to the ) o ,
complexity of the problem which involves many degrees of A. Motion of an ion in a Penning trap
The motion of an ion stored in a Penning trap has been
extensively treated previousB,9]. Let us briefly summa-
*Present address: Institut d'Optique, "Boil Postale 147, rize the relevant features. Trapping in the Penning trap is
F-91403 Orsay Cedex, France. achieved with a quadratic electric potential:
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Ro FIG. 2. Oscillation frequencies of a single particle in a Penning

trap as a function of the trap voltage.
wherer?=x2+y2 andR3=r3+2zZ, 2r, is the diameter of
the trap ring electrode, Z is the separation of the endcap and with typical trapping parameters we have <o,
electrodes, antll, is a potential applied between the endcap< . . The oscillation frequencies as a function of the ap-
electrodes and the ring electrode. For trapping positivelyylied potential are plotted in Fig. 2. Unless specified other-
charged particleslJ, must be positive. This potential then wise, the values used throughout this paper B#e0.94 T,

has a saddle point at the trap center, with a minimum in thg2—5 34x 107°m? U,=10V, and for magnesium ions the
axial direction and a maximum in the radial plane. The pargcillation frequencies are then

ticle will therefore be confined in the axial direction but at-

tracted towards the ring electrode. A static homogeneous w,=2mwX276 kHz,
magnetic fieldB along thez axis provides radial confinement
by forcing the particle’s orbit into epicyclic orbits in the 0. =27X72 kHz

radial plane(see Fig. 1L The equation of motion for a single
trapped ion of chargg and massn is easily solved to give

the following solutions: ., =2mX527 kHz,

X(t)=r, cofw,t+¢,)+r_cofw_t+¢_), (28 0.=27X600 kHz,
y()=—r;sinfw t+e,)—r_sifeo_t+e¢_), (2b w,=2mX455 kHz.
z(t)=r,cofw,t+¢,), (200 The Hamiltonian for a single trapped particle can be written
as[8]

wherer , ,r_,r, are the amplitudes of the various degrees of
freedom,p, ,¢_ , ¢, their initial phases, and where we have

- H=imw,0.r’ —imo,o_r’+imer?. 3
defined 2 1w+t 4+ 2 1 2 z'z ()

We see that the energy associated with the magnetron motion
is negative. That is, the magnetron motion is unbound and
w_=%(w,—w;) magnetron frequency, therefore ions confined in a Penning trap are in unstable

equilibrium. This has the consequence that in order to cool

4qU, . the magnetron motion, that is, to reduce its kinetic energy or

"R axial frequency, equivalently to reduce the amplitude of its motion, en-

ergy must be added to this degree of freedom. This compli-
with cates seriously the application of laser cooling to the Penning
trap.

w,=3(w.+w;) modified cyloctron frequency,

q
=— cyloctron frequency, . . )
@e m y q y B. Modeling of the atom-laser interaction

2. 2 2 1. Laser beam

wi=w— 205,

The laser beam is assumed to have a Gaussian profile.
The axial motion is simple harmonic with frequeney. In The diffraction of the beam is neglected, i.e., we keep the
the radial plane the motion consists of a superposition of tweadius of the beam constant in its direction of propagation.
circular motions which results in an epicyclic oriig. 1).  This approximation is good as long as the spatial extension
The modified cyclotron frequencyy ., mainly due to the of the ions in the direction of the laser beam is smaller than
effect of the magnetic field alone, is under normal trappingthe Rayleigh characteristic length of the Gaussian beam. For
conditions close to the true cyclotron frequeney. The 280 nm radiation, a waist of 1@m gives a Rayleigh length
slower magnetron orbit, at frequenay_, is simply the re- of 1.1 mm. Smaller beam waists are unlikely to be used as
sult of theE X B drift. The conditionw_<w . is always true  proper positioning of the waist would become difficult. This
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approximation is equivalent to ignoring the component of the X=X_+X,=+r_cosw_t+r, Cosw,t, (7a)
wave vector perpendicular to the beam.
The laser beam is assumed to be monochromatic. This is y=y_+y,=—r_sinw_t—r, sinw.t, (7b)

a good approximation as in most experiments the linewidth
of the laser is much smaller than the natural linewidth of the
cooling transition. We assume the laser beam remains in the
radial plane parallel to the axis. The laser intensity is given

X=X_+X,=—w_r_sinow_t—w,r, sinm.t, (7c

y=y_+yi=—w_r_cosw_t—w,r, cosw.t. (7d

by
op 2(y—yo)? On absorption of a photoky and spontaneous emission of a
I(y)= gexp{ - 5 0 ] (4)  photonk, the radiir _ andr, will be modified tor” and
W w r’, . Let Av=(k,—kg)%/m be the variation of the ion’s ve-

wherey, is the laser beam offsety is the beam waist, and locity from the scattering of a photork{ is the wave vector

P, the total power. Unless specified otherwise, the value®f the emitted photon then we havg6]
used throughout this paper ane=34um andPy=50uW.

2
Ar2=r'2—r2 =A—V2— 2 V_-Av (8a)
2. Scattering rates T w] oo
The modeling of the interaction is based on the spontane-

ous scattering rate of the ion. It is assumed that the trappe%nd
ion can be properly approximated by a two-level system. The A2 >
dynamics of the internal degrees of freedom of the ion is Ar2=r2—r2=—5 + ——v, -Av. (8b)
neglected. As a consequence, photon antibunching and quan- w; W04

tum jumps, which, in magnesium or beryllium, can take

place through a spontaneous Raman transition, are not takdie A v%/w? terms represent the heating due to the discrete-

into account. Photon antibunching can be neglected; sinceess of the interactiofrecoil heating. Clearly, the magne-

the time scale involved is much smaller than any motionakron radius will be reduceftooled whenAv is tangential to

frequency, it is not expected to have any influence on the io@nd in the same direction as the magnetron motion, while the

dynamics in the regime of temperatures and oscillation frecyclotron radius will decrease iv is tangential to and in

guencies studied in this work. the opposite direction to the cyclotron motion. This is a well
The semiclassical expression for the mean scattering ratéhown property(e.g., [6]). The cooling condition for the

of a two-level system in a laser field of frequenoy (wave  cyclotron motion is the same as for the cooling of the axial

vectork,) in the long-wavelength and rotating-wave approxi- motion, while the condition for the cooling of the magnetron

mations is given by10] motion is just the opposite. This is of course simply a con-
sequence of the respectively positive and negative contribu-
log (I'/2)? tions of the cyclotron and magnetron degrees of freedom to
yszﬁ_wl oo I ' the total energy: energy must be extracted from the cyclotron
(I'/2)%+ oy 2 +(wo— ) +RIf+k-v)? motion, while it must be injected into the magnetron motion.

(5) It is well known that usually both degrees of freedom can be
cooled simultaneously by detuning the labetowresonance

wherea is the scattering cross section at resonaRde,the ~ and offsetting the beam on the side of the trap where the
recoil energy, andvy— w, is the detuning of the laser from Mmagnetron motion moves the ions away from the laser beam.
resonance. With the laser beam parallel tostlaeis we have In this way the ion will scatter more photons when the mag-
k;-v=k/X. For magnesium as well as for beryllium we can netron motion is moving iaway from the laser rather than
safely ignore the recoil term compared to the other termstowards it(resulting in a cooling of the magnetron motjon
Rug/hi=2mX0.1MHz and Rge/fi=2mXx0.2MHz. For and because of the higher cyclotron frequency, the ions will
magnesium, if we average over all polarizations of the inci-Scatter more photons when the ions are moving towards the
dent laser we havero=\227 with A=280nm; for the laser cooling beanfresulting in a cooling of the cyclotron
3p 2Py (M,=—2) 35 2S,(M,=—1%)  transition in motion). In fact as we will see below, this requirement is a

2"Mg™ excited by light polarized perpendicular to the mag_qonsgqugnCﬁ og.tf?e osciII%tion frequrtlencies of the tWOd mk?_
netic field, oo=3\2/4w. For Mg the value of I is  Uons: it is the difference between the magnetron and the

2% 43 MHz. The averade radiation force in tkelirection cyclotron frequencies which allows laser cooling in the Pen-
exerted on tHe ion is the% given by ning trap, and as we will see, as these two frequencies get
closer laser cooling becomes more difficult.

F=F(y,X) =K ys. (6) For our beam geometry, neglecting the small recoil term
and averaging over all directions of the emitted photons, Egs.
(8) become
C. Effect of a single scattering event on the motion of an ion
Consider a single trapped ion with magnetron radius 2 2 .
. L . Arti== X+ AX, 9
and cyclotron radius, . Its motion is given by the following = W10~

equationgwhere we have dropped the initial phages and
¢ without loss of generality whereAx=7k,/m. In terms of the total energy we can write



PRA 59 LASER COOLING OF IONS STORED IN A PENNIS . .. 4533

(a (b) ()
cyclotron magnetron combined
Y y Y
&
) offset
or X CAS X X % .:-....., 22
detuning N
(@)

FIG. 3. Orbit of a single trapped ion in they plane of phase
space.

PR
TSSO
H{Q"Wb

o
AH.=*imw0.Ar2 =mix.AX, (10 :@%@W -
l"”" ‘
_ A i
AH=AH_ +AH_=m(X;+X_)AX. (11 AN

We see that in particular circumstances, scattering of a pho-

ton can result in no change in the total energy, but in a

transfer of energy between the two degrees of freedom: the (b)

laser couples the two radial degrees of freedom.
Substituting forAx and using Eq(6), the average rate of

change in these energies can be written as

FIG. 4. Scattering rate as a function of laser detuning and offset.
Laser power 5quW (a) and 5 mW(b). The beam waist is 34m.
Note the change of scale.

Ha =Xtk ys(X,y) (12 ing/heating of the ion’s motion will strongly depend on the
shape ofyy(X,y); Fig. 4 shows plots of4(X,y) as a function
of the detuningA w = w, — wq and laser offsey, for low and
H=H., +H_ = (X, +%_ Ak yd(Xs + %y, +y.). high laser powers: cle.arly, very different res_ults can be ex-
(13 pected when saturation effeqts become important. This
phase-space picture, by reducing the number of degrees of
If we assume that the amplitude of one of the degrees ofreedom, should make the study of laser cooling much more
freedom is zero, the rate of change in the total energy simtractable. Besides its advantage of reducing the problem to
plifies to only two variables, the scattering function has another very
) important and useful property: a change in the laser posi-
Ho =X Ak ys(Xe ,¥+). (14 tion along they axis (the laser offset/,) or a change in the
laser detuningAw simply corresponds to an offset in our
This_ expression can also be written as a function of a singl@hase spacex(y) of (—Aw/k,—Y,); identically these off-
motional degree of freedoifEq. (8)] sets can also be considered as a displacement of the origin of

. . ) o phase space in detuning-offset space.
He=H.o(Xo)=Xolik ys(Xs Xe /o) (153

and the total change in energy as

E. Cooling condition
or

From Eq.(9) we have that the magnetron/cyclotron mo-
H,=H.(y:)=w.y. ik ys(w.y:,y:). (15 tion will be cooled/heated for that motion wheén>0 and
heated/cooled whek< 0. Figure 5 illustrates this condition
in phase space. Note that when the motion has both radii
different from zero, the usual condition for the simultaneous
We have just seen that the scattering rate is a function ofooling of both degrees of freedom, positive laser offset and

two variablesx andy; it is therefore natural to work in the negative laser detuning, is, to a first approximation, retrieved
plane of the phase space defined by these two variables. Thgrrectly.

motion of a single ion in that plane is simply

D. The phase-space picture

(a) (b) (©

X=X_+X,=—w_r_sino_t-ow,r,sine,t, (163 cyclotron magnetron combined
. . y y .
y=y_+y,=-r_sinw_t—r, sinwt. (16b ?l 7 v
g A

The orbit of a pure magnetron/cyclotron motion will simply ] o5
be a section of a straight line centered at the origin, of length ST ar or % X
proportional to the motion radius and with a slope ab 1/ &
If both amplitudes are nonzero, the orbit will, in general, be g: 1
an open curve which will fill a parallelogram as shown in
Fig. 3. Only in the case when the ratio, /w_ is rational FIG. 5. Cooling condition for a single ion. The arrows indicate

does the orbit become a closed curve. Clearly the coolthe effect of the laser on the amplitude of the motion.
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FIG. 7. Plot of the boundary function for the magnetron and
& clotron motions. The beam waist is 34n and the linewidth is
7X43 MHz. The positive hatching corresponds to regions where
the magnetron motion is cooled, while the negative hatching corre-

. . sponds to regions where the modified cyclotron motion is cooled.
From Fig. 5 we see that the magnetron motion can ber'?]is plot is vglid in the limit of small I’adi?l.

cooled thanks to the spatial inhomogeneity of the laser beam,
while the cyclotron motion will be cooled because of the

FIG. 6. Density plot of the scattering rate with two superim-
posed orbits of single ions in phase space with different laser offse
and laser detunings.

resonance line shape. (o) 2Aw _ 1 . 20
From now on, we assume that the motion of our ion is di(yo) [(T/2)*+Aw?] ko
either pure cyclotron or pure magnetr@his condition will dyo

be relaxed in Sec. Il H We also assume for the moment that

the amplitude of the motion is small enough that we canFor a Gaussian beam as defined by &), this becomes

expand the scattering rate along the orbit in the form of a

Taylor series. Keeping only the first two terms, we obtain _ WA w 1
2yo[(T12)%+Aw?] Ko’

(21)
Ys(X.Y) = vs(@:Y.Y) = ¥se (V)= yox +y12y.  (17)
Interestingly, this equation is intensity independent. As we
dill see later, this has important implications. This relation
can be written in an explicit form:

This expression could of course be used to readily give
value for the “temperature” of the motion at equilibrium
(see[6]). When y, . is zero, the scattering rate is constant
throughout the orbit and, if we neglect the recoil heating, the 1,2

. . . . 5W k|Aw
radius remains constant. If,.. is different from zero, the
motion will be either cooled or heated depending on its sign.
The conditiony,. =0 defines, therefore, the heating/cooling
boundary (neglecting the recoil heatingA clear physical
picture is obtained by plotting the orbit on a contour plot o
vs. As clearly visible from Fig. 6, the conditiof,..=0 is

yo=yo(Aw)=—w:m- (22

This has the form of a dispersion curve. This function is
findependent of the laser power and scales inytisgection
simply as the square of the beam waist. The curve has ex-

2 —_— .
satisfied when the orbit is tangential to a contour lineygf ~ éma of Tw.wk/2I' at =172, respectively. The two
gurves corresponding te_ and . are plotted in Fig. 7.

Therefore, if we calculate the slope, in detuning-offset spac .
of such a contour line we can readily find the boundaryThe smallest curve correspopds to the magnetron motion: for
which delimits the cooling regions. The slopeof a contour 1aser offsets and detunings situagibvethis curve the mag-
line of fluorescencey, is given by netron motion is cooledpositive hatthnﬁ_; otherwise it is
heated. For the cyclotron curve, which is larger because of
s the higher cyclotron frequency, the situation is inverted as
/0_)/0 . (18)  the cooling/heating condition is the opposite of the magne-
Ys=70 Ys=%0 tron condition. The cyclotron motion will therefore be cooled
o i only when the laser detuning and offset &eowthe cyclo-
The slope of a pure motion in the laser offset-detuning phasg,, curve (negative hatching Therefore, the only region

space isy/kx=1kw.. The cooling boundary for the  here hoth degrees of freedom are simultaneously cooled is
magnetron/cyclotron motion will be given by setting the ye ¢ross-hatched region. This result is valid in the limit of

_ s
JAw

slope of the curve of constant fluorescence equalkpsl/:  gmg| radii, that is, usually at the latest stages of the cooling.
dy 3y This expression assumes a Gauss_ian beam profile, but the

__’s / A =1k w- . (199 method used allows a similar condition to be calculated for

dAw Y=o Yo Ye=70 N any beam profile. Assuming a linear laser beam profile, we

readily retrieve the cooling condition calculated by Itano and
From the scattering rate defined by Ef), we have Wineland[6].
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The consequences arising from these boundaries are nu- 0.01 —— ' " "
merous and have important implications, which we will dis-
cuss later. The simplicity of the cooling condition and its
invariance on the laser power will make the discussion of
laser cooling in the Penning trap much easier.

0.00

F. Numerical calculation

The analytical results obtained in the preceding section
are only valid in the limit of small radii, so in order to con-
sider larger radii we must use numerical methods.

If we consider just one degree of freedom, we can inte-
grate the effect of the laser cooling over one period of that
motion. For small amplitudes of the motion, the result should
give us the same results as the analytical calculation done
above. However, if we integrate for larger amplitudes we ~0.03 ! L ! !
might find different results, in particular we might find some Y 20 40 60 80 100
nontrivial steady states, that is, a steady state of one degree (a) ry (um)
of freedom with a nonzero amplitude. 02

For a given amplitude of the motion we calculate the
mean variation of its radius over one period of its motion: /\

) hk, 1 [+TL2 ]
(Ari)=*——— X (1) (X (1),y«(1))dt

wiw: Te Jo1,p2

<Ar,>> (arb. units)

-0.02 |- .

o
=)

ak 1 +T./2 )
=t— — r.sSinw-t
o T —T./2

<Ar,*> (arb. units)

X ys(r+w+ Sinw.t,r. sinw.t)dt. (23

This expression is of course valid as long as the effect of the
laser cooling is small enough such that it does not signifi-
cantly affect the scattering rate over one period. This expres-
sion does not take into account the effect of recoil heating. 08 , . ,
For a fixed laser detuning and offset, this expression gives us () 10 20 30 40 50
the mean heating/cooling rate of a pure magnetron or cyclo-  (b) r. (um)
tron motion as a function of the amplitude of that motion: _ o _ _
<Ar?_+>:<A"2:>(r:)- In particular, when the laser detuning FIG. 8. Plot of the laser coo!lng/heatlr(gp ar.b|trary u.n.|t3 of
and offset are within the boundaries defined by &8), we the cyclotrc_m radlus_ as a functlon_of the ra_dlus. Posmve_ values
expect these quantities to be negative whertends towards reflect heatl_ng, that is, an increase in the radius of the motion. The
zero. Buta priori, this function can have any shape, and I'\a/lns_|er deé”g(')ng ant;j offset are430 MHz and 20um (a) and ~10
other zeros, at nonzero amplitudes, could be observed. zan wm (b).

Figure 8a) shows a plot of the heating rate for the cyclo-
tron radius as a function of its radius, that {&r2)(r_).

radii, the cyclotron motion is cooled. However, for radii
larger than about @um, the motion is heated. This has the

The laser detuning o430 MHz and the offset of 2dm lie  onsequence that if initially an ion has a cyclotron amplitude
outside of the cooling boundaries for the cyclotron motion,of |ess than about am, it will be cooled further, but if
but within the cooling boundary for the magnetron motion. Alarger than 6um, the ion, will be heated. ’

positive value indicates heating, while a negative one indi- |t st be kept in mind that the results presented here for
cates cooling. As expected, the motion is heated for smaghg cyciotron motion are only valid when the magnetron mo-

amplitudes, however for an amplitude of slightly more thangg, is neglected. The effect of nonpure motions will be dis-
30 um the curve crosses zero and for larger radii the motion, ;.ssed in Sec. 11 H.

is cooled. Therefore, if we assume that the magnetron motion
is cooled and has a negligible amplitude, the cyclotron orbit
will be “trapped” by the laser at a radius of about gdn. If
its radius is less than this value, then it is heated, if it is We are interested in studying the cooling rate as a func-
larger, then it is cooled; this point is thereforstableextre-  tion of the laser detuningand offset, so plotting
mum. (Ari)(ri) as a function of these quantities would result in
Figure 8b) shows another plot of the variation of the four-dimensional plots. However, we are essentially inter-
cyclotron radius as a function of its amplitude, but for a laserested in the presence of stable zeros. This information can
detuning of—10 MHz and an offset of 2@um. In this case, simply be plotted in a two-dimensional detuning-offset plot
the laser offset and detuning lie inside the stability region forusing different symbols to indicate different conditions. The
both magnetron and cyclotron motions. Therefore for smalradius of the steady states can be plotted in the form of a

G. Laser-trapped steady states
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FIG. 9. (a,b Cooling maps for a single ion. The various symbols represent the different laser cooled steady &fgtésth magnetron
and cyclotron motions are cooled to zero radis) nonzero radius steady states for the magnetron motion,(&fdor the modified
cyclotron motion. The solid lines are the analytical cooling boundary functi@nd. Radius of the steady motion; darker grays indicate
larger radii. The maximum radius is 54m in the magnetron region and 74n in the cyclotron region. The circles indicate the presence of
steady states of large radii, but which seem to be relatively unstable.

density plot. We will call these plots “maps.” Figure 9 square of the laser waist size. This means that these regions
shows such maps féfMg™ with a beam waist of 3«m and  seem to obey the same scaling rules as the cooling bound-
a laser power of 5Q:W; the trapping potential is 10 V and aries.

the magnetic field is 0.94 T. In both maps, we have super- We see that at high trap voltagé&l V is the voltage at
imposed a plot of the boundary condition calculated fromwhich the modified cyclotron frequency is equal to the axial
Eq. (22). As expected, the regions where both motions argrequency the cooling region shrinks to a very small area. At

boundaries. The regions where the steady-state cooled MQznishes. while it increases for high voltages.

tion is not zerglaser trapped statgke, as expected, outside,
but very close to, these boundaries.

The line of open circles which crosses the stability region
(more visible in the magnified plotsorresponds to the pres-  Until now we have assumed that the motion of the single
ence of additional zeros in the cooling rate at larger radiiparticle was either purely magnetron or cyclotron. This as-
Their position is very sensitive to the laser detuning, offsetsumption allowed us to integrate the effect of the laser beam
power, and waist size. In addition, the cooling rate at thesever one period of the motion as a function of the motion
zeros is very weak. Therefore, we do not expect them to beadii. The result of the integration was conveniently plotted
of much experimental significance. in the form of maps. This was possible because we were only

Also in Fig. 9 is a density plot of the radius of the laser- interested in the presence of zeros or in the slope of the
trapped steady states. As can be seen by looking at Fig. 18gating/cooling curvgéEg. (23)]. Now, by allowing for both
these laser-trapped steady-state regions are remarkably indeagnetron and cyclotron radii to be simultaneously different
pendent of the laser power and scale very much like thérom zero, we add one degree of freedom in the integration

H. General motion
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calculation and the resulting function has two degrees oassuming a random distribution in velocity and position, the
freedom. The result of this integration can be convenientlymagnetron radius _ will, in general, be larger than the cy-
plotted in the form of a two-dimensional vector field as clotron radiusr , .

shown in Fig. 11. On this plot, an arrow pointing towards the
left/right indicates a cooling/heating of the magnetron mo-
tion, while an arrow pointing down/up indicates a cool-

1. The r_>r, case

In the normal case, we essentially observe a dramatic ex-

ing/heating of the cyclotron motion. In this way, the arrow tension of the cooling region towards negative detunings
indicates the direction of the variation of the ion radial orbit.[Figs. 1Zb) and 1Zc)]. There is no significant extension

Along the plot axesr, =0 orr_=0, we retrieve the pure
motion results. Similarly to what we have done for the pure
motion case, we could, in principle, extract from these vector
fields all relevant topological features and plot the result in a
detuning-offset map. However, a proper topological analysis
of these vector fields is in fact a very difficult task. More-
over, the calculation of such a map would require too much
processing time to be practical. As a consequence, we will
simply determine whether, fdixedmagnetron and cyclotron
radii, the magnetron and cyclotron degrees of freedom are
cooled or heated as a function of laser offset and detuning.
The result can again be plotted in the form of a map, the
points where the magnetron and cyclotron degrees of free-
dom are cooled being indicated by different symbgdse
Fig. 12. In the case where, andr_ are both small, we
retrieve the earlier resulteFig. 12a)]. As a single ion is
loaded, the energy distribution between its three degrees of
freedom is unknown. The initial state of the ion can therefore
take any form. In order to simplify the problem, we will limit
our calculations to three particular caseas;<<r_, r_
<r,, andr_=~r,.
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FIG. 11. Vector field of the variation of the magnetron and
However, it can be easily shown that cyclotron radii under the effect of the laser.
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FIG. 12. Maps of the cooling for nonpure radial motiois.cooling of the cyclotron motiony-, cooling of the magnetron motion. Note
the symmetry of the various regions.

towards larger laser offsets; this is due to the fact that theooled one, and we expect the motion to be, overall, heated.
parallelogram where the cyclotron motion is heated extendBut, in fact, because the magnetron is “taking” the cyclo-
further up, in offset, than the parallelogram where the cyclotron motion from one side of the beam to the other, the ion is
tron motion is cooled. Although the same is true of the magspending more time on the side where the motion is cooled
netron motion, the fact that a Gaussidream profile dies  than on the side where the motion is heated. If the time
off much more quickly than a Lorentziaffesonance line difference is large enougtdue to beam position and width
shape prevents a similar result. This band keeps its width,the difference between heating and cooling due to the laser
equal to approximately the magnetron radius, to infiniteoffset can be compensated by the time difference. All the
negative detunings. In addition to this region, we still havemotions have a sint dependence, and therefore the largest
the pure motion cooling regions and of course also the topime difference takes place near the motion extremum. As is
left parallelogram of the ion orbiisee Fig. &)].

Interestingly, a new, completely unexpected, cooling re- y
gion appears for laser detuninggbove resonance[Fig.
12(d)]. The cooling of the magnetron motion in this region is
expected as the offset is positive, but the cooling of the cy-
clotron motion is surprising. We normally expect the cyclo-
tron motion to be cooled only for negative laser detunings,
because we want to have more scattering in the “cooling”
half of the parallelogram than in the “heating” half. How-
ever, the fact that the cyclotron motion is not parallel to the .
laser beam, and is “carried” through the beam by the mag-
netron motion, allows for a subtle effect. When the center of
the cyclotron motion reaches the laser beam from positive
values of the laser offset, only the cooled side of the cyclo-
tron motion is in the laser beam, therefore the motion is
cooled(see Fig. 13 When the cyclotron motion is on the
other side of the beam, only the heated side is in the beam F|G. 13. Diagram illustrating the overall cooling of the modified
and the motion is heated. If the laser is detuned above res@yclotron motion as it is “displaced” by the magnetron motion.
nance, there is more scattering on the heated side than on tike dotted line approximates the cyclotron motion.

cooling -

heating
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slopes in the resonance line shape. We therefore expect the
position of the band to move closer to resonance for larger g\ 15 Map for the case of a laser beam oriented at 45° in the
linewidth, especially for higher laser powers. x-z plane, and going through theaxis.

2. The r_<r_, case . .
* J. Discussion

In this case, the result is similar to the previous one, with
the difference that both cooling bands are now for negative
offsets[Fig. 12e)]. This may seem surprising, but in factis  In this section we have completely neglected the axial
simply due to the large cyclotron motion which takes thedegree of freedom. In fact, as we saw in most cases, a change
cooling parallelogram to mainly negative offsétee Fig. in the laser power does not significantly change the cooling
14). dynamics. Although the beam waist strongly affects the cool-

ing regions, this is of no importance with Gaussian beams, as
3. Ther_~r, case their widths are independent of the position. Therefore, to a

For small detuninQS, we essentia”y have the Combine&irst approximation, the presence of axial motion should also
effect of large magnetron and cyclotron radii. However, fornot change the results obtained here. However, it is impor-
larger detunings, the width of these cooling bands rapidlyfant that the axial motion be cooled, as otherwise it would be
decreasefsee Fig. 1%)]. heated by the recoil heating. Cooling of the axial motion can

Overall, we essentially have that for nonpure motions, thde achieved by either using a second beam oriented along the
cooling regions are extended towards very large negative dé @xis or by tilting the perpendicular cooling beam. If the
tunings. The presence of bands for positive detunings is urangle of tilt is small, the main features described in this
likely to be of much practical importance, but is a good Section remain valid, while the axial motion will be cooled
illustration of the actual complexity of perpendicular laser (SO long as the detuning is negative.
cooling in the Penning trap. When the radii involved are
small such that the ion’s orbit in phase space is much less 2. Temperature of a single ion
than the beam waist and the resonance linewidth, we retrieve Clearly, the phase-space picture developed in this section

the results obtained analyticalfgee Fig. 129)]. is very well suited to calculate the temperature of a single ion
_ in the steady state. The principle of the calculation would be
|. Tilted beam similar to the calculation carried out by Wineland and Itano

If the beam is not parallel to the radial plane, theoor- [6].
dinate of the ion’s motion must be taken into account and we
lose the advantage of being able to simply superimpose the 3. Effect of the recoil heating

ion orbit and the laser scattering rate in a two-dimensional |, <ome cases. the cooling rate from the laser beam might
plot. However, most results obtained in this section are qualibe smaller than ihe recoil heating rate. In such cases, the
tatlvilyl/gyd.zé\ndhfor reIanvily .Smg‘” angle_s OIfI “‘aper’X" motion would not remain confined. However, we expect

mately 10°-20f, the maps obtained numerically remain, to 8these effects to be limited to very small parts, close to the

very good approximation, valid. It is only for larger angles boundaries of the cooling regions
that significant quantitative changes are visible. When both '

magnetron and cyclotron radii are nonzero, the effect of a
tited beam seems to be much more draméiee Fig. 15

The cooling band at positive detunings is strongly widened The existence of “laser-trapped” steady states was pro-
and is connected to the negative detuning cooling regions. Iposed and numerically verified by Wilson as an attempt to
this plot, the shape of the cooling limits takes again the shapexplain the presence of a modulation of the fluorescence
of a dispersion curve. This means that it might be possible térom single iong5]. This, sometimes strong, modulation at
calculate all cooling regions using appropriately offset dis-twice the magnetron frequency was in fact observed in the
persion curves. photon-photon time interval distributidri1]. This explana-

1. Axial motion

4. Comparison with experimental observations
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tion was necessary because a single ion at its minimum tenfarger cooling regions. A strong cooling transition would al-
perature would not have a large enough radius to modulatlew faster cooling but higher minimum velocities.
the scattered light by Doppler shift and/or by spatially mov- Beam offset and laser detuningdeally, in order to
ing across the laser bearfAlthough this modulation might achieve fast cooling of a single ion, the laser beam offset and
be due to the presence of impurity ionklere we have con- detuning should “follow” the maximum spatial extent of the
firmed the existence of these “laser-trapped” steady state®n orbit. However, this is usually impossible as the actual
and demonstrated their stability. The position of the regiororbit is unknown. It is therefore probably safer to set the
of these states in detuning-offset space explains very welbaser detuning and offset to fixed values at which the motion
why a modulation was so often observed in Wilson's work.is cooled whatever its orbit. In practice, this means a laser
Experimentally, once an ion was loaded, the laser offset wadetuning of a few linewidths below resonance and a beam
kept constant and the laser was tuned from several gigahertffset of one beam waist, the exact values depending of
below resonance towards resonance. If we look at Fig. 9, it isourse on the actual setup.
clear that by following this experimental method, we are
very likely to reach these “laser-trapped” steady states. IIl. LASER COOLING OF THE TWO-ION CRYSTAL
Modulation of the fluorescence of a single ion at the
modified cyclotron frequency has not been observed. This is A general study of the laser cooling of two trapped ions in
probably due to the fact that these regions are situated & Penning trap is a very complex problem, as in general, the
relatively large detunings, where the fluorescence level cafotion of two ions is chaotic. However, the laser cooling
be close to the background scattering rate. The presence of@ce can be very strong and can quickly cool two ions to a
single ion was inferred from the observation of quantumcrystalline state{12], whose motion has been extensively
jumps, which, in magnesium, can only be observed for largétudied [5,13-15. We will therefore concentrate on the
scattering rates. Therefore, it was normal to try to maximizestudy of steady states of the two-ion crystal in the presence
the scattered fluorescence by tuning the laser as close &§laser cooling.
possible to resonance, which means that the actual observa- The laser cooling of two ions in the Penning trap is a very
tion of a modulation at twice the modified cyclotron fre- different problem from the cooling of a single ion. First we
quency was very unlikely. have, in the radial plane only, four degrees of freedom. Sec-
The results obtained so far for the laser cooling of a singlé®nd, the dynamics of the motion is strongly nonlinear. The
ion explain the relative difficulty in laser cooling a single first consequence is that we will not look here for expres-

ion, in particular the extreme sensitivity on the laser offset. Sions of the form of Eq(9) for the effect of a single scatter-
ing event on the four degrees of freedom of our two-ion

5. Recipe for the laser cooling of a single ion system. The second consequence is that although the motion
. can be decoupled into center of mass and relative motions,
We can now propose some general rules which shoulghe hresence of the laser cooling will actually couple them.

help in_the laser cpoling of a single ion. The goal is to ,ﬁ”dThis coupling will, in general, be very weak. Finally, when
the optimum trapping parameters for the cooling of a single, 5 raqial crystal state, the rotation frequency of the ions

ion. For a given set of trap parameters, we also want 1o findlenends on their separation. This is completely different

the optimum laser detuning and offset, such that all degreeg,m the case of a single ion and, in particular, the radius of
of freedom are simultaneously cooled independently of theif, motion. for a radial crystal, is never zdtd].

amplitudes. The variable parameters are the two radial oscil- \yo will in general neglect the center-of-mass motion.
lation frequenciegwhich depend on the electric potential, \njiison showed in the case of two ions that the center-of-

magnetic field, trap dimensions, and the ion mass ang,sss motion was, as expected, strongly laser cod@edn
charge, laser waist size, ion resonance linewidth, and fmallyfact as long as the separation between the two ions is large

laser power. Note that some of these laser cooling requirsnqygh, the motion of each ion will be nearly identical to the
ments may conflict with desirable trapping parameters squqtion of a single ion and if the laser parameters are such
that in some cases a compromise is neceseay, in the iyt the motion of a single ion is cooled, both ions will be

choice of ion mass _ _cooled and therefore the center-of-mass motion will also be
Trap voltage.The trap potential should be low. In this qqeq. In the presence of strong laser cooling, which is nec-
way the cooling region is larger and when approaching resOagsary for obtaining a crystal configuration, the amplitude of

nance from large detunings it is possible to get CloSer 1qng center-of-mass motion is in general much smaller than
resonance without having to change the beam offset. Fielghe 5mplitude of the relative motion. We will therefore, in
imperfections such as a contact potential can of course pm@eneral ignore the center-of-mass motion.

limit on the lowest practically achievable potentjalL].
Magnetic field.A strong magnetic field is required. The
larger the magnetic field, the larger the cyclotron frequency
will be and the greater the cooling region will be. We define a crystal as a configuration where the distance
Laser beam waist and powem order to achieve high between the two ions is roughly constant. The crystal will
cooling rates, it seems preferable to have a large beam waiktive three possible orientations: it will be aligned either
rather than a high laser power. More importantly, a largealong thez axis or in the radial plane or tilted at an angle
beam waist would allow for a less accurate and less stableetween these two configurations. Here we concentrate on
beam positioning system. the laser cooling of a radial crystal and therefore restrict our
lon species.The trapped species should be light; this calculations to the radial plane. For large ion separations, the
would lead to a large cyclotron frequency and therefore taadial configuration is always possible, however for smaller

A. Motion of two-ion crystals
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orbit of the relative motion of a two-ion crystal in phase
space as its rotation frequency varies fram to w, . The
cooling condition for the two-ion crystal can be deduced by
comparing with the cooling of a single ion. As long as the
crystal is in the magnetron mode, energy must be added to
this degree of freedom in order to reduce its amplitude.
When the crystal is in the cyclotron mode, energy must be
removed from this degree of freedom in order to reduce its
amplitude. At Brillouin flow, the radius is at its minimum
value and can therefomot be reduced any further. As for a
single ion, the motion is circular and therefore when the
crystal is in the magnetron mode, its radius will be reduced
for x>0 and increased whexr<0 [Eqg. (9)]. For a crystal in
the cyclotron mode, the opposite will be true. Figure 16 sum-
marizes the heating/cooling condition. At Brillouin flow, if
V,(m/s) X<0, the radius increases ano, decreasegin absolute
valug, and the crystal goes into the magnetron mode, while
FIG. 16. Orbit of a two-ion crystal in phase space as the crystalf x>0, the radius andv, increase, and it goes into the
goes from a large radius in magnetron mode to a large radius igyclotron mode.
cyclotron mode. The arrows indicate the effect of the interaction [ooking at Fig. 6, we clearly see that a steady state will
with the laser cooling beam on the crystal radius. be attained when the ion’s orbit is parallel to the lines of
constant fluorescence. While for a single ion the slope of the
separations the crystal can be tilted or aligned alongzthe grhit is constant, the slope of the orbit of a two-ion crystal
axis. In the case of a tilted configuration, the crystal rotatiornggn vary between &_ and 1k, . Let us assume that the
frequency is constant, i.e., it does not depend on the cryst&lgpe of the curve of constant fluorescence is between 1/
angle of tilt. In the axial configuration, the ions are essenynq 1b . , thatis, the laser detuning and offset lie within the
tially at rest; their magnetron and modified cyclotron oscil-|zger cooling boundary for a single ion. If the ion crystal has
lation frequencies are slightly modified by the Coulomb in- 5 |arge radius in the magnetron mode as illustrated in Fig. 16,
teraction. _ _ . ~the scattering rate is stronger on the 0 side. This will be
The relative motion of a two-ion crystal is characterizedihe case until the slope of the orbit is parallel to the slope of
by two parameters, the distance between the iomg)(a8nd  the curve of constant fluorescence. Similarly, if we start with
the crystal angular velocity«{;). These two quantities are a |arge crystal in the cyclotron mode, the scattering rate will
related through the following equatiofs, 14: be stronger on th&<0 side of the orbit, the radius will
12 therefore decrease until it reaches the Brillouin flow, and at
wci(‘”i_ %) , (24) th_at point the radius will increase but the gngular frequency
o will keep decreasing and the crystal goes into the magnetron
) ) i mode; at that point the radius increases until the slope of the
where Q=q"/4meom andq is the electrical charge of one ht is parallel to the curve of constant fluorescence.
ion. In the limit of large separation, the rotation frequency \yhat happens is that the interaction of the crystal with the
tends towardsw, or w_. The minimum separation is |5ser cooling field aligns the orbit of the crystal parallel to
reached as expected when the crystal rotates at half the tryge fluorescence contour lines. Or equivalently, the crystal

Y (um)

o (o) = >

cyclotron frequency ¢, =3 w.), and is rotation frequency “locks” to the fluorescence contour lines.
If the orbit of the crystal is small enough, we can obtain
rgmin:%‘ (25  from Eq. (22) the rotation frequency of our crystal in its
' w1 steady state as a function of the laser detuning and offset:
At minimum separation, maximum “density,” the crystal is 2Yo ) )
said to be at Brillouin flow. —o(Aw,Yo)= m[(F/Z) +Ao?]. (26)

B. Motion of two ions in phase space and the cooling

e Using Eq.(24), we can express the radius of the two-ion
condition

crystal as a function of the laser detuning and offset:
In phase space, the orbit of the relative motion of a two-

ion crystal will, as for a single ion, be a section of a straight 3 Q

line, but the slope of that line will depend nonlinearly on the ro(Aw,yo)= 7 - (27)

: : : Hoi—[w(Aw,Yo)+ w/2]}

amplitude of the motion. For large separations, the crystal

will rotate at the magnetron or modified cyclotron frequen- . : . . :

cies; as the ions’ separation decreases, their rotation frén particular, Eq._(22) gIves us '_che Ime_, m_detumpg-offset

guency increases from the magnetron frequency or decreastaCe: along which the crystal is at Brillouin flow:

from the modified cyclotron frequency. At minimum separa- )

tion (Brillouin flow) the crystal rotates at half the true cyclo- —y(Aw)=— wg W KAw

tron frequency. Figure 16 shows a plot of the envelope of the y=ylde 4 (T'12)?*+Aw?”

(28)



4542 G. Zs. K. HORVATH AND R. C. THOMPSON PRA 59

These expressions are only approximations where we have 15 .
assumed, in detuning-offset space, the crystal orbit to be
much smaller than the extension of the fluorescence function

X , A : 1.0 ]
vs. We will now compare these analytical expressions with B
numerical calculations which will fully take into account the =
topology of ys. 2 05 .
2
. . O
C. Numerical calculations ‘/‘\’ 0.0
As before, for simplicity we will assume that the center- %
v

of-mass motion has zero amplitude. We will also ignore the —05 8
small oscillation of the crystal about its steady motion. This
means that as in the single ion case, we will consider only
one degree of freedom. We will also neglect the recoil heat-
ing. Let us find an expression for the variation of the radius
of the crystal due to a single scattering event. We saw for the -1.5
single ion case that the change in the square of the radius of
the motion was simply proportional to the scalar product of

the ion velocity and the velocity chandev. We assume that  FG. 17. Plot of the mean variation of the raditis arbitrary
the same is true for the case of a two-ion crystal: units) of a two-ion crystal as a function of the crystal rotation fre-

ArZeczv- Av, (29 MY

1
0/2 o,
_(Dr

this point, the cooling and heating effect from the laser cool-

the sign being positive for a crystal in the cyclotron mode,
and negative for a magnetron crystal. As for a single ion, wén9 beam exactly balance each other. As we want to study

will integrate the effect of the laser scattering over one pe:[he steady state of the laser cooled crystal, we are only in-

riod of the motion; again we assume that the motion is no{grested in the position of the zero. As in the case of the

perturbed significantly by the laser during the integration pe—Slngle ion, we can plot the relevant featurésiagne-

riod. For a given radius of the motion, we calculate the Variatron/cyclotron mode, crystal radius, ¢tdn the form of

tion of its radius over one period of its motion: maps
(AT2(r))riry* =(AH(N))1(r) D. Maps
1 (T2 ) Figure 18 shows the regions where a two-ion crystal is
“im s sinw, (r)tys(x(t),y(t))dt stable in the laser detuning-offset space. Also plotted is a
oL density plot of the radius of that stable crystal. Despite the
1 [Tz relatively large ion separatiofaround 18um at Brillouin
* iT(r) f_m)/zr sinw(r)t flow in this casg the stability regions of the two-ion crystal

are very similar to the single ion caéshere the calculation
X ys(row,(r)sine (r)t,r sinw (r)t)dt (308  was done in the limit of zero radiiAt the single ion cooling
boundariegindicated by two solid lines on the plgtshe ion
or equivalently separation is the largest, and its rotation frequency tends to-
wards the single ion magnetron or modified cyclotron fre-
<Ar2(wr)>T(r)ociTi fT(r>/2 F(w;)Sinw,t guencies. The middle solid line indicates where the slop_e of
(r) J-1n constant fluorescence corresponds to the slope of a motion at
half the true cyclotron frequency, i.e., at Brillouin flow. We
see that this Brillouin line fits very well with the boundary
between thet and X crosses, which corresponds to the re-
ions where the crystal is in the cyclotron and magnetron
ode, respectively.

As can be expected, the regions where a single ion is in a
ser-trapped state correspond to the largest crystal separa-
tions. From these similarities, it is expected that these maps

ill obey the same scaling rules as the single ion ones for
varying laser power and beam waidtee Fig. 18 It has
fieen verified that the steady-state regions remain well de-
fined by the single-ion cooling boundaries in the limit of zero
,aser beam waists.

X ys(r(w,) w,Sinw, t,r sinw,t)dt. (30b

As for the single ion case, this expression will only be
valid as long as the effect of the laser cooling on the actu
motion is small enough not to significantly affect the scatter-
ing rate in one integration period. Figure 17 shows an eX1a
ample of the heating/cooling of the radius of the two-ion
crystal as a function of its rotation frequency. In this case th

motion is cooled. For a large magnetron mode crystal, en
ergy is added to the crystahegative slopg and for a large

cyclotron mode crystal, energy is removed from the crysta
(positive slop& Therefore, by continuity, there must be a
crystal radiugor rotation frequencyat which there is no net

change in the crystal energy. This happens here at slightly In Fig. 19 we have plotted the radius of the crystal as a
below half the true cyclotron frequendBrillouin flow). At function of the detuning for a fixed offset. For comparison

E. Comparison with numerical simulations
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FIG. 18. Maps for two-ion crystals: X, the crystal is in the magnetron mode; cyclotron mode. The solid lines indicate the single-ion
cooling boundaries and the Brillouin flow conditiof@ The beam waist is 34m and the laser power is 50W. (b) Density plot of the
crystal separation. Darker grays indicate smaller distariceSame as top left but with a laser power of 5 mil). Same but with a laser
beam waist of 6§m.

we have also plotted the value of the radius calculated from  *

Eq. (27) and the radius obtained from numerical simulations.
These numerical models are described elsewhEse Two

types of numerical models were implemented: in the “ra-
diation pressure” model, the interaction with the laser beam ¢
is considered in the semiclassical limit, that is, the light force 2 ,,
is assumed to be continuous, that is, the discreteness of th@
interaction is neglected. In the “recoil” model the interac-
tion with the laser beam is modeled at the photon level: the
mechanical effect of each fluorescence photon is taken into®
account.

In the recoil model the radii are obtained by averaging 1o s
over 200 ms of simulation; the error bars correspond to the L i L
standard deviation obtained by averaging ten periods of 20 ™*® o 0 - ’
ms. We see that even when the recoil heating is taken into loser detuning (MH2)

account, the cooling rate is high enough to damp the crystal's g 19, plot of the radius of a two-ion crystal as a function of
small oscillations. The agreement between the three numefine jaser detuning for an offset of 20m. The circles correspond to

cal calculations is remarkable. In particular, the analyticakne zeros of Eq(30), the solid line is obtained from the simulation
calculation of the crystal radius as a function of the laselin radiation pressure mode by scanning the laser detuning “adia-
offset and detuningEq. (27)] is in very good agreement with  batically.” The dotted line is the radius calculated using E2f).

the full numerical treatment within the single ion cooling The solid circles are from the simulation using the recoil model, the
boundaries. This shows that the simple calculation of therror bars correspond to the standard deviation of the radius.
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FIG. 20. Rotation frequency of an ion at equilibrium with the laser cooling beam as a function of the radius of its orbit.

laser cooled ion steady state using ER7) gives reliable phase space, tends to align along the lines of constant fluo-

results. rescence, i.e., the crystal steady state corresponds to a mini-
mum of the fluorescence modulation. As a consequence,
F. Discussion only little modulation should be observed in the photon cor-
_ _ relation distribution. This modulation is expected to be big-
1. Axial and tilted crystals ger for large crystal radiismall space-charge shiftand

We saw that the laser-cooled steady states are essentiallgary zero for crystals at Brillouin flow. This would explain
laser power independent. Therefore, in the case of a Gaus@lY Only slightly space-charge-shifted oscillation frequen-
ian beam, as its width is independent of the position, a disff.'es hﬁve beenﬂc}nbserved on.dthe ph?r:otn corrlclalatlor)[ c|i|str|bu—
placement of an ion in the direction will not change the .on Wheneverihere was evidence that smafl crystals were

laser-cooled steady states. This means that the results O%)_rmed[S,ll].

tained here can easily be extended to axial and tilted configu- |y | ASER COOLING OF LARGER CRYSTALS AND

rations of the two-ion crystal. The main difference will be CLOUDS

the variability of the crystal orientation on the laser settings,

with maybe the possibility of observing bistability between  For larger planar crystals consisting of a single ring of

these configurations. ions, the maps obtained for the two-ion crystal can readily be
calculated. It turns out, not surprisingly, that these maps are

2. Experimental aspects nearly identical to the two-ion crystal maps, even for the case

) ) . . of sixions.
The forming of the two-ion crystal could be verified using

an imaging system or the photon-photon correlation tech- A. Maps and shear calculations for larger crystals
nique[11]. With an imaging system, no accurate information )

on the crystal rotation frequency can be easily obtained. For 1. Shear calculations

this, the photon-photon correlation technique would be much Until now, we have only considered crystals made of a
more appropriate. However, we saw that the crystal orbit, irsingle ring of ions. When the crystal is made of several rings,
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FIG. 21. Maps for two-ion crystals whose Coulomb repulsion has been artificially increased such that the ion’s minimum separation is
about 220um.



PRA 59 LASER COOLING OF IONS STORED IN A PENNIS . .. 4545

(a) (b) Wo=17pm (c) wo=68pum
i5 T T T T 100 T T T T
— — E\
g § g
Q- © 1]
A £ =
k5 ] 5]
i 5
0 0 L 0 L L L L
—1000 800 -600  —400 =200 0 —1000  —800  -600 400 =200 0 -1000 -BOD =600 400 -200 0
detuning (MHz) detuning (MHz) detuning (MHz)

FIG. 22. Same as Fig. 21 but for various beam waists.

concentric and/or parallel, we can expect the laser-cooledxceed the beam waist size. This maximum offset even de-
steady state to be different for different rings. Concentriccreases for larger laser powers. Third, the smallest possible
rings could have steady states dependent on their radii, whildetuning is in all cases larger than one linewidth; again, it is
parallel rings(along thez axis) could have steady states de- worse for larger laser powers. In fact, similarly to the “nor-
pendent on the laser power. These steady states would diffemal” two-ion crystal, we expect that for small laser detun-
by the rotation frequency of the rings; i.e., if we ignore anyings, a crystal set at Brillouin flow will not be stable.
coupling between shells, we can expect the presence of Surprisingly, the cooling regions calculated numerically
shear, either in the radial plane or in the axial direction, offit best the analytically calculated boundaries for smaller
even both. We can easily calculate this shear using®, beam waists. We would rather expect the opposite, as the
where for a given value of the motion radius we can numeri-analytical boundaries are calculated in the limit of small ra-
cally calculate the rotation frequeneay, (the ring rotation dii. For large laser powers, the stability regions seem to be
frequency at which the circular motion is at equilibrium pushed away from resonance. This could be due to the power
with the laser cooling. Figure 20 shows the result of thisbroadening of the resonance linewidth.

calculation for various laser powers and beam waists. For
this last case, the laser detuning was set 250 MHz, while

the beam offset was adjusted for each beam waist such that ] o
for infinite radii the steady state is close to Brillouin flow.  [tano and Wineland showed that the minimum tempera-
We see that we can expect to observe some relatively strorf§ré for a single ion was obtained with a laser detuning of
radial shear. This shear would be relatively small for small~172[6]. In the case of the two-ion crystal, it was clear that
laser beams and relatively strong for large beams. We d#e crystal temperature decreased as the resonance was ap-
expect the shear to depend on the beam waist size, but tf$oached, although the crystal became unstable befér@

fact that the shear magnitude increases with the beam wai¥as reached. By analogy, we can expect the same to be true
is rather surprising. One would rather expect the shear maﬁinc large clouds. However, we saw that large clouds at Bril-
nitude to decrease Wlth beam Waist. A Variation in |ase Ouin ﬂOW are not Stable fOI’ Sma” detunings. From th|S point
power seems to have a much smaller effect on the shea®f view, we cannot expect to achieve very low temperatures
There seems to be a threshold value of laser power at whidi our clouds. It seems that the larger the cloud, the larger the
the change in shear becomes suddenly important. In practicemallest possible detuning. This means that the lowest

couplings between shells are likely to reduce or eliminateiChievable temperature would increase with the cloud size.
sheer[17]. However, crystallization of very large beryllium ion clouds

has been observgd8], but this was achieved with the use of
more than one laser beam: in this case, one beam was used to

) _ control the cloud rotation frequency, and the other beam was
There is another way to calculate numerically the steady,sed to cool the cloud.

state of a large cloud. This can be done by calculating the

two-ion crystal steady—stgte maps but. W_lth an artificially in- V. CONCLUSIONS

creased Coulomb repulsion. Doing this increases the crystal

minimum separation to values close to the radius of a large In this paper we have presented an approach, based on a

crystal. Figures 21 and 22 show such maps for various lasgrhase-space picture, to the theory of laser cooling in the

powers and beam waists, respectively. For those plots thBenning trap. This phase-space picture proved to be very

Coulomb repulsion was increased such that at Brillouin flowuseful in helping to reduce the number of degrees of freedom

the crystal separation is about 220n. involved. In the case of a single ion, considering small orbits,
A number of features are common to all these maps. Firstive were able to find an analytical expression for the condi-

we see that for large detunings, the analytically calculatedions the laser offset and detuning must fulfill in order to

Brillouin flow line agrees well with the numerically calcu- simultaneously cool both magnetron and modified cyclotron

lated values. Second, the maximum possible laser offset fategrees of freedom. Numerical calculations showed that this

which the crystal can be “cooled” to Brillouin flow does not analytical result was a very good approximation even in the

B. Discussion

2. Large crystal maps
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case of larger magnetron or modified cyclotron radii. Thefor which the two-ion crystal is at Brillouin flow. This result
presence of “laser-trapped” steady states of the motion wasvas shown to fit perfectly the numerical results for laser
confirmed and their stability proved. The position of thesedetunings larger than one resonance linewidth. An extension
states in laser detuning-offset space seems to fit well witlpf this calculation provided us with an analytical expression
experimental observations. The case where both magnetr@gr the crystal rotation frequency or separation as a function
and modified CyClOtron radii are nonzero was also investi'of the laser detuning and offset. These results could rela-
gated numerically. In the limit of small radii, the analytical tively easily be verified experimentally. We saw that the
result was retrieved. For larger radii, some unexpected fe hoton-photon correlation technigq(i#l] for measuring the
tures, such as the possibility, in some cases, of cooling botgrystal rotation frequency might not always provide us with
degrees of freedom withpositivelaser detuning and@ega-  adequate data, as at equilibrium the modulation of the scat-
tive offset, were observed. The phase-space picture providegred light by the ions is minimized. However, using nar-
us with the means of explaining these results. Although thesgywer laser beams might help in increasing the fluorescence
results were obtained in the case were the laser beam is diodulation, although this would require extremely accurate
rected parallel to the trap radial plane, it was shown thabeam positioning. Alternatively, the use of a second laser
most results obtained were still qualitatively valid in the caseyeam oriented along theaxis, so as not to disturb the per-
of a beam set at an angle with respect to the radial plangendicular laser cooling, could also increase the fluorescence
These results allowed us to propose a “recipe” for the cool-modulation. An interesting application which could make
ing of a single ion. This should prove to be very useful foryse of small planar ion crystals is the measurement of the
future experiments requiring the trapping and laser coolingexpected azimuthal Doppler shift and light radiation torque

of single ions. Furthermore, these results could also be useshe can expect from Laguerre-Gaussian beftas20.
to determine the laser offset to a very high precision.

The same phase-space picture was used to study the laser
cooling of the two-ion crystal. It was shown that, seen from
this phase space, the crystal rotation frequency “locks” to
the ion’s fluorescence contour lines. Interestingly, it was This work was supported by the U.K. Engineering and
found that the regions in laser detuning-offset space wherBhysical Sciences Research Council. One of@Zs.K.H)
the two-ion crystal is cooled are essentially identical to thewould like to thank the Hene et Victor Barbour Founda-
small radii single-ion case. This provided us with an analyti-tion, Geneva, the Swiss National Science Foundation, and
cal expression for the condition in laser detuning and offsethe CVCP for financial support.
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