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Influence of the pure vibrational dephasing processes on the dip structure
in pumped sum-frequency generation spectroscopy

A. A. Villaeys and F. P. Lohner
Institut de Physique et Chimie des Mate´riaux de Strasbourg, 23, Rue du Loess, 67037 Strasbourg Cedex, France

~Received 14 September 1998!

Recent theoretical analysis of infrared-visible pumped sum-frequency spectroscopy on adsorbed molecules
exhibits a dip structure on the frequency dependence of the sum-frequency signal intensity. To get more
physical insight into this dip, which has not yet been observed experimentally, we present a unified description
capable of handling, on the same footing, steady-state and pulsed experiments. Contrary to previous treatments,
this description is valid for any duration of the dephasing times. Therefore, it enables a detailed discussion
about the origin of the dip, as well as a determination of the conditions of its observability. These conditions
are, in fact, very sensitive to the pure vibrational dephasing processes. In the nonresonant conditions, usually
adopted in these experiments for the visible probe beam, the pure electronic dephasing does not affect the dip
structure and the underlying dynamics. However, if the visible probe beam becomes resonant with the elec-
tronic transition, the pure electronic dephasing introduces a strong asymmetry of the dip.
@S1050-2947~99!00505-3#
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I. INTRODUCTION

Today, a large number of nonlinear optical spectroscop
are currently applied to the studies of the various dynam
processes taking place in material systems. Among the g
panel of techniques based on optical nonlinearities, seco
order optical processes involving second-harmonic gen
tion ~SHG! and sum-frequency generation~SFG! are of spe-
cial interest to determine the physical properties and
underlying dynamics taking place on the surfaces, interfa
as well as in the adsorbed systems@1–6#.

Among all these spectroscopic methods, infrared-visi
sum-frequency generation~IRVSFG! experiments constitute
a vibrational spectroscopic method of particular interest
identify the adsorbed species deposited on surfaces, an
study their dynamical evolution. Systems as different as
sorbed molecules@7,8#, Langmuir-Blodgett films@9–12#, or
even the formation of dimers or clusters at surfaces@13# have
been the subject of numerous studies.

More recently, by introducing an additional infrared pum
beam, it has been possible to study the dynamical proce
involving the hot band of the spectra. Here, the molec
initially populated by an infrared pump pulse is ultimate
tested by two coincident infrared and visible probe puls
Due to the possible overlapping of the pulses, the nonlin
process underlying the polarization created on the mole
is really a five-wave mixing process involving the charact
istic sequential, self-modulation, and interference term
From the detailed analysis presented here, we will show
we really have two different contributions of similar magn
tude which contribute to the interference terms. They
termed synchronous and asynchronous interference term
cause of the ordering of the infrared pump and probe be
interactions. By using this pumped infrared-visible su
frequency generation~PIRVSFG!, the anharmonicity of the
Si-H stretch mode of H/Si(111)(131) has been determine
@14#.

For pulsed PIRVSFG experiments, quantities such as
PRA 591050-2947/99/59~5!/3926~15!/$15.00
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recovery time of the ground-state population of either
Si-H stretch mode of the H/Si(111)(131) @14,15# or the
C-H stretch mode of the H/C(111)(131) @16,17#, as well as
the vibrational energy relaxation of the C-H stretch mode
methyl thiolate adsorbed on metallic surface@18–20#, have
been experimentally determined. In a recent theoretical st
on surface vibrational infrared-visible sum-frequency ge
eration spectroscopy applied to adsorbed molecules@21#, fre-
quency and time dependences of physical observables
been evaluated on the basis of Gaussian light pulses w
durations are supposed to be longer than any depha
times. Recovery time profiles and time dependence of
transient SFG signal have been evaluated for experime
situations where the infrared probe beam was resonant
either the first or the second vibrational transition.

However, some information can yet be extracted from
frequency dependence of the second-order and fourth-o
polarization terms, which have been determined in
steady-state regime. Both terms are required since, for
type of experiment, the phase-matching conditions can
disentangle second-order and fourth-order contributio
even when the three pump and probe beams have diffe
orientations. A peculiar feature of these variations is the
servation of a dip in the frequency dependence of the fou
order polarization term. At present, this dip has not be
observed experimentally. It is the goal of the present work
get some physical insight into this dip, and to define t
conditions for its observability.

The paper is organized as follows. In Sec. II, we introdu
the model for the adsorbed system, as well as the chara
istics and geometry of the pulsed and probe beams use
this experiment. With the present description, steady-s
and pulsed situations can be handled on the same foo
Notice that due to the combination of second-order a
fourth-order terms contributing to the pumped su
frequency signal, we cannot define a nonlinear optical s
ceptibility. For this reason, we will discuss the physical i
sights in terms of the nonlinear polarization. Section III
3926 ©1999 The American Physical Society
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PRA 59 3927INFLUENCE OF THE PURE VIBRATIONAL DEPHASING . . .
devoted to the general description of the dynamics invol
in the five-wave mixing process. Besides the existence of
sequential and self-modulation terms, we will establish t
the additional interference term results from two differe
contributions comparable in magnitude. They are associ
with synchronous and asynchronous contributions of the
terference term taking place between the pump and pr
beams. In Sec. IV, we focus on the frequency dependenc
the various contributions to the five-wave mixing proce
only, and analyze the influence of the pure vibrational p
cesses in the frequency region where the dip is located
nally, in Sec. V, we discuss the conditions of observability
the dip in pumped sum-frequency generation experim
subject to electronic and vibrational dephasing. As expec
due to the nonresonant conditions for the visible probe be
it will be shown that the pure electronic dephasing does
affect the frequency structure of the dip.

II. DESCRIPTION OF THE ADSORBED SYSTEM
AND FIELDS

The dynamical evolution of a molecular system under
ing relaxation and dephasing processes, and interacting
one pump beam and two probe beams, satisfies the Liou
equation given by

]r~ t !

]t
52

i

\
@L01LV~ t !#r~ t !2Gr~ t !, ~2.1!

wherer(t) represents its density matrix andG is the damp-
ing operator involving the relaxation and dephasing c
stants accounting for its surrounding. All of them will b
explicitly given in the next section since they will be r
quired for the evaluation of the dynamics. To avoid the we
known artificial discrepancy encountered in the evaluation
four-wave-mixing processes like Rayleigh-type optical m
ing and pump-probe absorption applied to homogeneo
broadened lines@22–24#, we introduce all the constants an
take their limiting values after performing the time integr
tion. Here, special attention will be paid to the pure vib
tional dephasing occurring in the vibrational structure of
ground electronic configuration and induced by the surfa
Notice that the pure dephasing constantG i j

(d) is related to the
dephasing constant by the relationG i j i j 5 1

2 @G i i i i 1G j j j j #
1G i j

(d) . In addition,L0 is the Liouvillian associated to th
zero-order HamiltonianH0 , and LV(t) is the Liouville op-
erator for the interactionV(t) between the adsorbed syste
and the radiation fields.

For our purpose, a convenient model of the adsorbed
tem can be made of two electronic configurations, the gro
and the first excited configurations, and of one stretch vib
tional mode which is the bonding mode between the surf
and the adsorbed species, say C-H or Si-H in most of
cited experiments. While only the first three vibration
states of the ground configuration are required for the
namics of the five-wave mixing, we do not introduce t
vibrationally excited states in the excited electronic config
ration because the visible beam is always nonresonant
the electronic transition. With the usual conditions adop
in this type of experiment, the sum of the infrared and visi
field frequencies is always much lower than the electro
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transition frequency. Therefore, the energy mismatch du
these nonresonant conditions is always greater than the
brational energy of the level which can be involved in t
dynamical process. For this reason, the vibrational exc
states of the excited electronic configuration do not influe
the frequency dependence of the absorption spectrum. Th
known as the Placzek approximation@25#, and has been ex
tensively used in the literature. The model is introduced
Fig. 1. Levels 1 to 3 are the electronic and vibrational lev
of the ground electronic configuration and level 4 cor
sponds to the excited electronic configuration vibrationa
unexcited. The relevant transition dipole moments are sho
in the figure. To avoid additional contributions in the d
tected signal, the optical beams are collimated in three
ferent directions. In addition, the infrared pump beam ha
fixed frequency and is resonant with the first vibrational tra
sition v21, while the infrared probe beam is scanned arou
the second vibrational transition frequencyv32, which dif-
fers from v21 because of anharmonicity. Within the dipo
approximation and the rotating-wave approximation valid
the infrared pump and probe fields only,V(t) takes the form

Vmn~ t !52^mumW un&•FEW ~smnv IR!e2 ismn~v IRt2kW IR•rW !LIR~ t !

1EW ~smnv ir!e
2 ismn~v irt2kW ir•rW !Lir~ t !

1 (
s561

EW ~svvis!e
2 is~vvist2kWvis•rW !Lvis~ t !G , ~2.2!

FIG. 1. Representation of the model introduced for the adsor
system. In the left part of the figure,Q is the bonding coordinate
between the adsorbed system and the surface. The two para
stand for the ground and first excited electronic configurations.
vibronic levelsu1&5ug,0&, u2&5ug,1&, u3&5ug,2&, and u4&5ue,0&
are shown in the figure. The notationsg and e stand for the elec-
tronic configuration and 0,1,2,... for the vibrational quantum nu
ber. Their corresponding vibrational energies are different beca
of anharmonicity and are given byv2152838 cm21 and v32

52736 cm21. The transition electronic energy is set equal tov41

530 000 cm21. The dipole moments are chosen real and their m
ulli correspond tom125m145m245m34, while m2351.5m12. The
dephasing constants are given byG1313530 cm21, G1414

530 cm21, G2323515.5 cm21, G2424540 cm21, and G3434

530 cm21. On the right part of the figure, we represent the energ
of the infrared pump and visible probe fields used in this exp
ment.
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wherevp , kW p , andLp(t) are the frequencies, wave vector
and laser pulse shapes of the infrared pump (p5IR), infra-
red probe (p5 ir), and visible probe (p5vis) pulses. Also,
the symbolsmn is equal to11 or 21, depending on whethe
the energy gap between the statesum& and un&, corresponding
to (Em2En), is positive or negative, respectively. For th
sake of convenience, we shall choose

Lj~ t !5e2g j u t̄ j 2tu5e2g j ~ t2 tW j !H~ t2 t̄ j !1eg j ~ t2 t̄ j !H̄~ t̄ j2t !,
~2.3!

where t̄ j represents the pumping or probing times andTj

5g j
21 is the corresponding pumping or probing pulse du

tion, depending on the nature of the fieldj. Also, H(t) stands
for the Heaviside function with the additional notatio

H̄(t)512H(2t). It has to be mentioned that the introdu
tion of the previous line shape enables a unified descrip
of the steady-state and time-resolved situations, depen
on whether the pulse durations are longer or shorter w
respect to the time constants of the material system.

III. DYNAMICAL EVOLUTION INVOLVED
IN A FIVE-WAVE-MIXING EXPERIMENT

In a pumped SFG experiment, the wave vectors of
infrared pump beam do not contribute to the phase-match
condition because their sum cancels. Therefore, in the di
tion of the phase-matched SFG signal, we will necessa
have a three-wave-mixing background which contributes
the five-wave-mixing signal. As a consequence, the co
sponding polarization is given by

PW ~ t !5PW ~2!~kWSF,t !1PW ~4!~kWSF,t !. ~3.1!

The second-order contribution is obtained from the pertur
tional expansion of Eq.~2.1! with respect to the interaction
V(t). It can be written in terms of the Liouvillian evolutio
operator defined byG(t2t8)5exp$@2(i/\)L02G#(t2t8)%.
For a system interacting first with the fieldI and next with
the fieldJ, it takes the form

PW ~2!~ I ,J;kWSF,t !5TrF S 2
i

\ D 2E
2`

t

dt2E
2`

t2
dt1G~ t2t2!

3LV~J!~ t2!G~ t22t1!LV~ I !~ t1!r~2`!mW G ,
~3.2!

where the symbolLV(Q) stands for the Liouvillian involving
the interaction with the fieldQ only. In addition, the various
matrix elements can be expressed as

Gmnmn~ t82t9!5e2 i ~vmn2 iGmn!~ t82t9!,
~3.3!

LV mnpq~ t !5Vmp~ t !dqn2Vqn~ t !dmp .

This is all that we need to calculate the contributions ass
ated to the second-order background contributions. With
previous assumptions, only the pathways schematically
resented by
-
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r G LV G LV r i

41 4141 4121 2121 2111 1
24 2424 2421

contribute efficiently to thekWSF5kW ir1kW vis component of the
polarization. If we note that the contribution associated
any pathwayh can be formally written as

CP
→

h
~2!~ I ,J;kWSF,t !5S 2

i

\ D 2

SW h
~2!esh

~2!teikWSF•rW

3E
2`

t

dt2eBh
~2!t2e2g j ut22 t̄ j u

3E
2`

t2
dt1eAh

~2!t1e2g i ut12 t̄ i u, ~3.4!

the second-order polarization, in the directionkWSF, is given
by

PW ~2!~kWSF,t !5 (
h51

2

CP
→

h
~2!~ I ,J;kWSF,t !

5 (
h51

2

SW h
~2!esh

~2!teikWSF•rWF (
b51

7

H~ t2tbh
. !Dbh

. edbh
. t

1H̄~t1h
, 2t !D1h

, ed1h
, t

1 (
b51

6

H~ t2t1,bh
3 !H̄~t2,bh

3 2t !Dbh
3 edbh

3 tG ,

~3.5!

where the constants of integration are given in Appendix

Notice that this polarization contributionPW (2)(kWSF,t) is ex-
pressed in terms of the constants resulting from the sec
time integration constants alone, as shown in Appendix
However, a rapid inspection of these quantities clearly sho
that they are functions of the first time integration constan
This is why they are listed in Appendix A. For the sake

simplicity, we have introduced the notationsEW (vp)5EW p and

EW (2vp)5EW p* for p5IR, ir, and vis. Moreover, the variou
constants of the pathways 1 and 2 taken by order from
top to the bottom are given in Table I. Similarly, with th
same assumptions, the fourth-order contribution to the po
ization, which can be written as

PW ~4!~ I ,J,K,L;kWSF,t !

5TrF S 2
i

\ D 4E
2`

t

dt4E
2`

t4
dt3E

2`

t3
dt2E

2`

t2
dt1

3G~ t2t4!LV~L !~ t4!G~ t42t3!LV~K !~ t3!

3G~ t32t2!LV~J!~ t2!G~ t22t1!LV~ I !~ t1!r~2`!mW G ,
~3.6!

is associated with the pathways
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TABLE I. Constants associated with the pathways required for the calculations ofPW (2)(I ,J;kWSF,t).

SW1
~2!52

mW 14

\2 mW 42•EW vismW 21•EW ir A1
(2)5 iv211G21212 iv ir

s1
(2)52 iv412G4141 B1

(2)5 iv411G41412 ivvis2 iv212G2121

SW2
~2!5

mW 42

\2 mW 14•EW vismW 21•EW ir A2
(2)5 iv211G21212 iv ir

s2
(2)5 iv422G2424 B2

(2)52 iv421G24241 ivvis2 iv212G2121
1

n
a

ar
tio

ing
nc
re
iz

ion

le-
re

cy
tities
are

of
an
-

r G LV G LV G LV G LV r i

24 2424 2421 2121 2111 1111 1112 1212 1211
41 4141 4121
24 2424 2421 2121 2122 2222 2212
41 4141 4121
34 3434 3432 3232 3222
42 4242 4232
24 2424 2421 2121 2111 1122
41 4141 4121
41 4141 4121 2121 2131 3131 3121 2121 2111
42 4242 4232 3232 3231
34 3434 3432
41 4141 4121 2121 2111 1111 1121
24 2424 2421
42 4242 4232 3232 3222 2222 2221
34 3434 3432
41 4141 4121 2121 2122
24 2424 2421
41 4141 4121 2121 2111 1122
24 2424 2421

Here, contrary to the second-order contribution where o
coherence is involved, the evolution of the populations,
well as the transfer of the populations, contribute to the v
ous pathways. For this reason, their corresponding evolu
Liouvillians Gmmnn(t82t9) need to be evaluated@26#. Their
formal expressions can be expressed as

Gmmnn~ t82t9!5 (
a51

4

^^mmuaa&&^^aaunn&&e2Ḡa~ t82t9!.

~3.7!

We still have to evaluate the eigenvalues and overlapp
contributing to the spectral decomposition of the Green fu
tion Gmmnn(t82t9). If we remember that the coherences a
diagonal in the Liouvillian space, we just need to diagonal
the population Liouvillian space. We have

]

]t
r i i ~ t !5(

j
M ii j j r j j ~ t !, ~3.8!

where, for our model, the matrixM corresponds to

M5S 2G1111

2G2211

0
0

2G1122

2G2222

0
0

2G1133

2G2233

2G3333

0

2G1144

2G2244

2G3344

2G4444

D . ~3.9!
1

ly
s
i-
n

s
-

e

The eigenvaluesḠa and overlappingŝ ^mmuaa&& are ob-
tained from the Laplace transform of the previous equat
~3.8!. It gives

r̂~p!5@pI2M #21r~0!, ~3.10!

so that

r~ t !5E
2`1 i e

1`1 i e

dt ept@pI2M #21r~0![G~ t !r~0!.

~3.11!

From the inverse of the matrixM, and the introduction of the
closure relationGpppp52(qÞpGqqpp, the eigenvalues are
easily obtained:

Ḡ150, Ḡ25G11111G2222, Ḡ35G3333, Ḡ45G4444.
~3.12!

Next, using the time translation invariance, the matrix e
ments ofG(t i2t j ) are straightforwardly deduced. They a
given by the following expressions:

G1111~ t i2t j !5
G1111e

2~G11111G2222!~ t i2t j !1G2222

G11111G2222
,

G1122~ t i2t j !5
2G2222e

2~G11111G2222!~ t i2t j !1G2222

G11111G2222
,

~3.13!

G2211~ t i2t j !5
2G1111e

2~G11111G2222!~ t i2t j !1G1111

G11111G2222
,

G2222~ t i2t j !5
G2222e

2~G11111G2222!~ t i2t j !1G1111

G11111G2222
.

We must bear in mind that, for the pumped sum-frequen
generation experiment considered here, only these quan
describing the evolution or the transfer of the populations
required. From the previous expressions, the contribution
any pathwayh to the polarization can be evaluated. For
~I,J,K,L! combination of fields, it is given by the formal ex
pression

CP
→

h
~4!~ I ,J,K,L;kWSF,t !

5S 2
i

\ D 4

SW h
~4!esh

~4!tE
2`

t

dt4eDh
~4!t4e2g1ut42 t̄ l u

3E
2`

t4
dt3eCh

~4!t3e2gkut32 t̄ ku E
2`

t3
dt2eBh

~4!t2e2g j ut22 t̄ j u

3E
2`

t2
dt1eAh

~4!t1e2g i ut12 t̄ i u, ~3.14!
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TABLE II. Constants associated with the pathways participating in the calculation ofPW (4)(I ,J,K,L;kWSF,t). Notice that the quantity
Xp.@1,2#

(4) is given by the expression involving the left part of the brackets for index 1, and the right part of the brackets for index 2. In a
we have introduced the notationG11111G22225G tot .

SW1.@1,2#
~4! 52

@G1111,G2222#mW 42mW 14•EW LmW 21•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A1.@1,2#
(4) 5 iv I2 iv211G2121

s1.@1,2#
(4) 5 iv422G4242 B1.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C1.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D1.@1,2#
(4) 52 ivL2 iv411G42422G2121

SW2.@1,2#
~4! 5

@G1111,G2222#mW 14mW 42•EW LmW 21•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A2.@1,2#
(4) 5 iv I2 iv211G2121

s2.@1,2#
(4) 52 iv412G4141 B2.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C2.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D2.@1,2#
(4) 52 ivL1 iv421G41412G2121

SW3.@1,2#
~4! 52

@G2222 ,G1111#mW 42mW 14•EW LmW 21•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A3.@1,2#
(4) 5 iv I2 iv211G2121

s3.@1,2#
(4) 5 iv422G4242 B3.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C3.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D3.@1,2#
(4) 52 ivL2 iv411G42422G2121

SW4.@1,2#
~4! 5

@G2222,G1111#mW 14mW 42•EW LmW 21•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A4.@1,2#
(4) 5 iv I2 iv211G2121

s4.@1,2#
(4) 52 iv412G4141 B4.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C4.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D4.@1,2#
(4) 52 ivL1 iv421G41412G2121

SW5.@1,2#
~4! 5

@G2222,G1111#mW 43mW 24•EW LmW 32•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A5.@1,2#
(4) 5 iv I2 iv211G2121

s5.@1,2#
(4) 5 iv432G4343 B5.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C5.@1,2#
(4) 52 ivK1 iv321@G32322G tot ,G3232#

D5.@1,2#
(4) 52 ivL2 iv421G43432G3232

SW6.@1,2#
~4! 52

@G2222,G1111#mW 24mW 43•EW LmW 32•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A6.@1,2#
(4) 5 iv I2 iv211G2121

s6.@1,2#
(4) 52 iv422G4242 B6.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C6.@1,2#
(4) 52 ivK1 iv321@G32322G tot ,G3232#

D6.@1,2#
(4) 52 ivL1 iv431G42422G3232

SW7.@1,2#
~4! 5

@2G2222,G2222#mW 42mW 14•EW LmW 21•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A7.@1,2#
(4) 5 iv I2 iv211G2121

s7.@1,2#
(4) 5 iv422G4242 B7.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C7.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D7.@1,2#
(4) 52 ivL2 iv411G42422G2121

SW8.@1,2#
~4! 5

@G2222,2G2222#mW 14mW 42•EW LmW 21•EW KmW 21•EW JmW 12•EW I
!

\4G tot

A8.@1,2#
(4) 5 iv I2 iv211G2121

s8.@1,2#
(4) 52 iv412G4141 B8.@1,2#

(4) 52 ivJ1 iv211@G tot2G2121,2G2121#

C8.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#
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TABLE II. ~Continued!.

D8.@1,2#
(4) 52 ivL1 iv421G41412G2121

SW9
~4!5

mW 14mW 42•EW LmW 23•EW K
! mW 32•EW JmW 21•EW I

\4
A9

(4)52 iv I1 iv211G2121

s9
(4)52 iv412G4141 B9

(4)52 ivJ1 iv321G31312G2121

C9
(4)5 ivK2 iv322G31311G2121

D9
(4)52 ivL1 iv421G41412G2121

SW10
~4!52

mW 24mW 43•EW LmW 12•EW K
! mW 32•EW JmW 21•EW I

\4
A10

(4)52 iv I1 iv211G2121

s10
(4)52 iv422G4242 B10

(4)52 ivJ1 iv321G31312G2121

C10
(4)5 ivK2 iv211G32322G3131

D10
(4)52 ivL1 iv431G42422G3232

SW11
~4!5

mW 43mW 24•EW LmW 12•EW K
! mW 32•EW JmW 21•EW I

\4
A11

(4)52 iv I1 iv211G2121

s11
(4)5 iv432G4343 B11

(4)52 ivJ1 iv321G31312G2121

C11
(4)5 ivK2 iv211G32322G3131

D11
(4)52 ivL2 iv421G43432G3232

SW12.@1,2#
~4! 5

@G1111,G2222#mW 14mW 42•EW LmW 21•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A12.@1,2#
(4) 52 iv I1 iv211G2121

s12.@1,2#
(4) 52 iv412G4141 B12.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C12.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D12.@1,2#
(4) 52 ivL1 iv421G41412G2121

SW13.@1,2#
~4! 52

@G1111,G2222#mW 42mW 14•EW LmW 21•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A13.@1,2#
(4) 52 iv I1 iv211G2121

s13.@1,2#
(4) 5 iv422G4242 B13.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C13.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D13.@1,2#
(4) 52 ivL2 iv411G42422G2121

SW14.@1,2#
~4! 52

@G2222,G1111#mW 24mW 43•EW LmW 32•EW KmW 12•EW J
:mW 21•EW I

\4G tot

A14.@1,2#
(4) 52 iv I1 iv211G2121

s14.@1,2#
(4) 52 iv422G4242 B14.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C14.@1,2#
(4) 52 ivK1 iv321@G32322G tot ,G3232#

D14.@1,2#
(4) 52 ivL1 iv431G42422G3232

SW15.@1,2#
~4! 5

@G2222,G1111#mW 43mW 24•EW LmW 32•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A15.@1,2#
(4) 52 iv I1 iv211G2121

s15.@1,2#
(4) 5 iv432G4343 B15.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C15.@1,2#
(4) 52 ivK1 iv321@G32322G tot ,G3232#

D15.@1,2#
(4) 52 ivL2 iv421G43432G3232

SW16.@1,2#
~4! 5

@G2222 ,G1111#mW 14mW 42•EW LmW 21•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A16.@1,2#
(4) 52 iv I1 iv211G2121

s16.@1,2#
(4) 52 iv412G4141 B16.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C16.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D16.@1,2#
(4) 52 ivL1 iv421G41412G2121
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TABLE II. ~Continued!.

SW17.@1,2#
~4! 52

@G2222,G1111#mW 42mW 14•EW LmW 21•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A17.@1,2#
(4) 52 iv I1 iv211G2121

s17@1,2#
(4) 5 iv422G4242 B17.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C17.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D17.@1,2#
(4) 52 ivL2 iv411G42422G2121

SW18.@1,2#
~4! 5

@G2222,2G2222#mW 14mW 42•EW LmW 21•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A18.@1,2#
(4) 52 iv I1 iv211G2121

s18@1,2#
(4) 52 iv412G4141 B18.@1,2#

(4) 51 ivJ2 iv211@G tot2G2121,2G2121#

C18.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D18.@1,2#
(4) 52 ivL1 iv421G41412G2121

SW19.@1,2#
~4! 5

@2G2222,G2222#mW 42mW 14•EW LmW 21•EW KmW 12•EW J
!mW 21•EW I

\4G tot

A19.@1,2#
(4) 52 iv I1 iv211G2121

s19.@1,2#
(4) 5 iv422G4242 B19.@1,2#

(4) 5 ivJ2 iv211@G tot2G2121,2G2121#

C19.@1,2#
(4) 52 ivK1 iv211@G21212G tot ,G2121#

D19.@1,2#
(4) 52 ivL2 iv411G42422G2121
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where the constants associated to the nineteen pathway
given in Table II. Performing the time integration, the fourt
order polarization in the directionkWSF takes the form

PW ~4!~ I ,J,K,L;kWSF,t !

5 (
j51

35

CP
→

h
~4!~ I ,J,K,L; k̄SF,t !

5 (
j51

35

SW j
~4!esj

~4!teikWSF•rWF (
n51

141

H~ t2lnj
. !Qnj

. eqnj
. t

1H̄~l1j
, 2t !Q1j

, eq1j
, t

1 (
n51

220

H~ t2l1,nj
3 !H̄~l2,nj

3 2t !Qnj
3 eqnj

3 tG .

~3.15!

Notice thatj runs from 1 to 35 and not to 19, which is th
number of different pathways. This is because the pathw
involving the evolution of the populationsGnnnn(t i2t j ) or
the transfer of the populationsG1122(t i2t j ) give two differ-
ent contributions. The first one is associated with the ex
nential term and the second one with the constant term
we can see from their analytical structure given by relat
~3.13!. In addition, because of the overlaping between
various light pulses, their interactions with the adsorbed s
tem can take place with different chronological orders. Th
correspond to the various combinations of the subscriptsI, J,
K, andL taken from the three different fields and contribu
ing to the five-wave mixing process. These combinatio
generate four different types of contributions termed sequ
tial term, self-modulation term, and synchronous and as
chronous interference terms. A detailed analysis of th
contributions will be done in the next section.
are

ys

-
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n
e
s-
y

s
n-
-
e

IV. CONTRIBUTIONS TO THE PUMPED SFG
SUSCEPTIBILITY

We first analyze the various terms involved in the pump
sum-frequency generation process. For the sequential t
the pump beam first creates a population which is later te
by the infrared probe and visible probe beams. In relat
~3.15!, the quantitiesSW j

(4) ,sWj
(4) , as well as the various con

stantsQ andq depend on theI, J, K, andL indices. There-
fore, the contribution to the polarization of this sequent
term can be expressed as

PW sequent
~4! ~kWSF,t !5PW ~4!~ IR,IR,ir,vis;kWSF,t !. ~4.1!

This is exactly what we get from a usual pump-probe exp
ment. In the case of the self-modulation term, it is just t
probe infrared beam which first populates and next simu
neously with the visible beam probes the system. In t
case, we have

PW self-mod.
~4! ~kWSF,t !5PW ~4!~ ir,ir,ir,vis;kWSF,t !. ~4.2!

Finally, for the interference term, the population is first cr
ated by combining the infrared pump and probe beams,
next is tested by the combination of the infrared pump a
visible probe beams. We have two different contributio
The synchronous interference term corresponds to two
cessive interactions with the pump field and generates a
tribution given by

PW synch.int.
~4! ~kWSF,t !5PW ~4!~ ir,IR,IR,vis;kWSF,t !, ~4.3!

while for the asynchronous interference term the pump be
interacts alternatively with the infrared probe beam, so th

PW asynch.int.
~4! ~kWSF,t !5PW ~4!~ IR,ir,IR,vis;kWSF,t !, ~4.4!
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In Fig. 2, we have drawn the imaginary part of the to

polarization, Im@PW (2)(kWSF)1PW (4)(kWSF)#, which gives the fre-
quency dependence of the absorption spectrum

Im@PW ~2!~kWSF!1PW ~4!~kWSF!#

5Im@PW ~2!~ ir,vis;kWSF!1PW sequent
~4! ~kWSF!1PW self-mod.

~4! ~kWSF!

1PW synch.int.
~4! ~kWSF!1PW asynch.int.

~4! ~kWSF!#, ~4.5!

where the trivial time dependence has been omitted.
clearly see the two resonances corresponding to the first
second vibrational transitions in the ground electronic c
figuration. The dotted arrows show the resonance ene
transitions, and the spectra have been drawn for diffe
total decay rates of level 2. For the two lower values ofG2222
the dip is observable, while for higher values it disappea
There are two main reasons for its observability. The fi
one is quite trivial and results from the fact that the d

comes from the interference term ofPW (4)(kWSF,t) alone. Since
the five-wave-mixing polarization mixes contributions of t

second and fourth order, if the conditionuPW (2)(kWSF,t)u
@uPW (4)(kWSF,t)u is satisfied, the dip will be washed out. Th
situation can be avoided by a convenient choice of the fi
amplitudes and polarizations. The other one arises from
internal dynamics of the adsorbed system driven by the
laxation and dephasing constants. This is the point whic
emphasized in this figure, showing the total absorption sp
trum. We observe the disappearance of the dip for increa
values of the vibrational total decay rateG2222. To go fur-
ther, we will analyze the influence of the pure vibration
dephasing processes on the frequency spectra of the va
sequential, self-modulation, synchronous, and asynchron
interference terms, previously defined. The different ter
are represented with the same arbitrary scale in Fig. 3,

FIG. 2. Calculated spectrum of the total polarization in
pumped sum-frequency experiment. The vibrational dephasing
stantG1212 is equal to 3 cm21. For our purpose, the field amplitude

are set equal toEW (v IR)52EW (v ir)52EW (vvis). The pumping and

probing times are chosen equal,t̄ IR5 t̄ ir5 t̄ vis50, and this is also
true for the pumping and probing spectral widths,gIR5gir5gvis

51026 cm21. In addition, the pumping beam is resonant with t
first vibrational transition andvvis520 000 cm21.
l

e
nd
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nt
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e-
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us
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are of comparable magnitude. Therefore, really both s
chronous and asynchronous interference terms must be
counted for to analyze the dip. While the sequential and s
modulation terms show a characteristic dip structu
resulting in a decrease of the absorption at the center of

n-

FIG. 3. Influence of the pure vibrational dephasing processe
the polarization corresponding to the five-wave-mixing proc
alone. The various contributions to the imaginary part

PW (4)(kWSF,t) are analyzed separately. The casesG12
(d) equal to 2.8

cm21 ~ !, 2.2 cm21 ~- - -!, 1.7 cm21 ~•••••!, 1.1 cm21 ~- • - •!,
and 0.6 cm21 ~- • • -! are considered. The total decay rate is s
equal toG222252 cm21. Other values are identical to those used
Fig. 2.
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3934 PRA 59A. A. VILLAEYS AND F. P. LOHNER
line shape, both interference terms show, symmetric
around the dip zone, an enhancement of the absorption. W
respect to the influence of the pure vibrational dephasing
the terms are similarly influenced and show a continu
decrease of the dip structure for increasing pure vibratio
dephasing. Notice that the asynchronous term is spect
wider and has a smaller absorption enhancement than
synchronous one. To stress the importance of the async
nous term with respect to the synchronous one, we m
the variations of the synchronous interference te

PW synch.int.
(4) (kWSF,t) in Fig. 4 as a function of both the infrare

probe frequency and the pure vibrational dephasing. Sim
variations are shown in Fig. 5, for the asynchronous te

PW asynch.int.
(4) (kWSF,t). We note that both interference terms ha

similar behavior, even if the asynchronous contribution
spectrally wider. However, the decrease of the dip is com
rable for both terms. This demonstrates the high sensiti
of the dip to the pure dephasing processes.

FIG. 4. Representation of the synchronous interference term
function of the probe frequency and pure vibrational dephasing
the five-wave-mixing process alone. The various constants are
ones used in Fig. 3.

FIG. 5. Variations of the asynchronous interference term
tained for the same parameters previously used in Fig. 4 for
synchronous term.
ly
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ll
s
al
lly
he
ro-
p

ar

s
a-
ty

V. OBSERVABILITY OF THE DIP IN PUMPED
SUM-FREQUENCY GENERATION EXPERIMENT

The experimental determination of the dip can only
done through the measurement of the pumped s
frequency signal involving the second-order background
the five-wave-mixing contribution. This implies, in turn, th
the conditions for its observability come through the to

polarization@PW (2)(kWSF)1PW (4)(kWSF)#. A quite simple way to
define the region where the dip exists is obtained from

a
r

he

FIG. 6. We draw the set of conjugated values (G2222,G12
(d))

which cancels the second derivative of the total absorption sp

trum Im@PW (2) (kWSF,t)1PW (4)(kWSF,t)#. The region enclosed betwee
the vertical axisG2222, the horizontal axisG12

(d), and the curve is the
zone where the dip exists. The cases of different probe visible
quencies are considered. Other values are identical to the ones
in Fig. 3.

FIG. 7. Total absorption spectra as a function of the infra
probe frequency and the pure electronic dephasing defined asG i4

(d)

5e330 cm21 for i 51 to 3. The visible probe frequency is se
nonresonant with the electronic transition and corresponds
vvis520 000 cm21. All the other values are identical to those us
in Fig. 3.
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curvature of the total absorption profile which corresponds
the imaginary part of the total polarization. When t
second-order derivative of the total absorption profile w
respect to the infrared probe frequency is positive, a dip
si
re
tio
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x-

ists on the frequency spectrum. To define the set of p
(G (d)

12 ,G2222) ensuring the existence of the dip, we ha
drawn, in Fig. 6, the curve corresponding to the zero value
the second derivative given by
05ImH (
h51

2

SW h
~2!esh

~2!tF (
b51

7

H~ t2tbh
. !S d2Dbh

.

dv ir
2 12

dDbh
.

dv ir

ddbh
.

dv ir
1Dbh

.
d2dbh

.

dv ir
2 1Dbh

. Fddbh
.

dv ir
G2D edbh

. t

1H̄~t1h
, 2t !S d2D1h

,

dv ir
2 12

dD1h
,

dv ir

dd1h
,

dv ir
1D1h

,
d2d1h

,

dv ir
2 1D1h

, Fdd1h
,

dv ir
G2D ed1h

, t

1 (
b51

6

H~ t2t1,bh
3 !H̄~t2,bh

3 2t !S d2Dbh
3

dv ir
2 12

dDbh
3

dv ir

ddbh
3

dv ir
1Dbh

3
d2dbh

3

dv ir
2 1Dbh

3 Fddbh
3

dv ir
G2D edbh

3 tG
1 (

j51

35

SW j
~4!esj

~4!tF (
n51

141

H~ t2lnj
. !S d2Qnh

.

dv ir
2 12

dQnh
.

dv ir

dqnh
.

dv ir
1Qnh

.
d2qnh

.

dv ir
2 1Qnh

. Fdqnh
.

dv ir
G2D eqnj

. t

1H̄~l1j
, 2t !S d2Q1h

,

dv ir
2 12

dQ1h
,

dv ir

dq1h
,

dv ir
1Q1h

,
d2q1h

,

dv ir
2 1Q1h

, Fdq1h
,

dv ir
G2D eq1j

, t

1 (
n51

220

H~ t2l1,nj
3 !H̄~l2,nj

3 2t !S d2Qnh
3

dv ir
2 12

dQnh
3

dv ir

dqnh
3

dv ir
1Qnh

3
d2qnh

3

dv ir
2 1Qnh

3 Fdqnh
3

dv ir
G2D eqnj

3 tG J . ~5.1!
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Three different visible probe frequencies have been con
ered. For each visible probe frequency, the region whe
dip is observable is enclosed by the curve defined in rela
~5.1!, the horizontal axisG (d)

12 and the vertical axisG2222.
From this simulation, we note that the region where the
is observable increases as much as the visible field frequ
gets away from the electronic transition frequency.

Up to now, we have been concerned with the influence
the pure vibrational dephasing. However, when populati
are tested by the conjugated infrared and visible pr
beams, the electronic transition contributes to the dynam
It is interesting to analyze the influence of the pure electro
dephasing taking place between the excited electronic c
figuration described by the level 4 and the various vibratio
states of the ground electronic configuration. To this end,
parametrize the pure electronic constants by the paramee
like

G i4i45 1
2 @G i i i i 1G4444#1eGel

~d! , i 51 – 3

since all the pure electronic dephasing constants assoc
to the various ground vibrational levels must be influenc
similarly. First, we consider the case of a nonresonant vis
probe beam. In Fig. 7, we draw the variations of the to
absorption spectrum as a function of the infrared probe
quency for different pure electronic dephasings. It clea
appears, as can be expected in such a nonresonant situ
that pure electronic dephasing does not influence the ab
tion spectrum leaving the dip structure unchanged. Thi
not true anymore when the visible probe field is such that
SFG signal becomes near-resonant with the electronic t
sition. We have reported in Fig. 8 the same variations a
Fig. 7, except that the visible probe frequency is now co
d-
a
n

p
cy

f
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e
s.
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n-
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rp-
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parable to the electronic transition frequency. Here, we
that for small values of the pure electronic dephasings,
dip structure obtained in the nonresonant case is recove
However, for increasing values of the pure electron
dephasing, the dip becomes asymmetric with a decreas
the peak stronger on the blue frequency side than on the
frequency side, as it can be seen from the inset. In addit
we note that the pure electronic dephasing increases the
sorption on the red side while it decreases on the blue s
where even induced emission can be obtained, as is the
for the valuee52. Finally, we represent in Fig. 9 the varia
tions of the total absorption spectrum as a function of b
the infrared probe frequency and the pure vibrational deph
ing. We observe a strong attenuation of the dip struct
induced by the vibrational dephasing processes. Yet, for p
vibrational dephasing constants of the order of the vib
tional total decay rate, the dip has been severely washed
However, contrary to what is observed for pure electro
dephasing, here the symmetry of the dip structure is p
served.

VI. CONCLUSION

In the present work, we have developed a unified desc
tion of five-wave mixing which is valid for the full scale o
the dephasing times. The same methodology can be app
to the study of any type of wave mixing provided that t
spectral decomposition of the Liouvillian evolution operat
can be obtained. This is due to the fact that the multiple ti
integral involving this type of pulse shape results in a rec
rent form which can be extended to higher order. This the
has been applied, here, to the particular case of pumped s
frequency generation spectroscopy, which appears to be
powerful to study and test bonding processes on adsorp
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as well as molecule-surface reactions@27,28#. We have
clearly established the origin of the contributions to the
located at the center of the vibrational absorption spectr
In particular, the contribution of a new additional asynch
nous interference term has been demonstrated and is co
rable in magnitude to the synchronous interference term
viously discussed. The influence of the pure vibrational
electronic dephasing on the dip has been analyzed. The
vibrational dephasing plays a dominant role and can w
out the dip for dephasing time comparable to the exci
lifetimes. In addition, this approach opens new possibilit
to study the influence of the vibrational and electron

FIG. 8. We show, for a visible probe field near-resonant with
electronic transition, the same variations previously given in Fig
The visible probe field frequency corresponds tovvis527 050 cm21.
All the other values are set as in Fig. 7.
.
-
pa-
e-
r
re
h
d
s

dephasings on the time dependence of the transient s
frequency signals, which were previously limited to ve
short dephasing times. Also, more complex situations invo
ing time-delayed probe pulses@29,30#, which are required
for the study of the dephasing processes in the hot vib
tional bands, can now be handled. This problem is curre
under investigation.

APPENDIX A

In this appendix, we introduce the formal expression
the double time integral required in the text. It takes the fo

e
. FIG. 9. Total absorption spectra in the vicinity of the dip stru
ture. The attenuation of the dip induced by the pure vibratio
dephasing is emphasized. All the physical constants are set iden
to the ones of Fig. 3.
Ih
~2!~ t !5E

2`

t

dt2eBht2e2g j ut22 t̄ j u E
2`

t2
dt1eAht1e2g i ut12 t̄ i u

5 (
n51

7

H~ t2tnh
. !Dnh

. ednh
. t1H̄~t1h

, 2t !D1h
, ed1h

, t1 (
n51

6

H~ t2t1,nh
3 !H̄~t2,nh

3 2t !Dnh
3 ednh

3 t. ~A1!

The various constants resulting from the first time integration overt1 are given by

P1h
. 5

eAh t̄ i

Ah1g i
2

eAh t̄ i

Ah2g i
, p1h

. 50, P2h
. 5

eg i t̄ i

Ah2g i
, p2h

. 5Ah2g i , P1h
, 5

e2g i t̄ i

Ah1g i
, p1h

, 5Ah1g i , ~A2!

and the second time integration overt2 generates the constants

~A3!D1h
. 5P1h

, e2g j t̄ j I (Ti j
, ,Bh1p1h

, 1g j ), d1h
. 50, t1h

. 5Ti j
, ,

D2h
. 5H( t̄ j2 t̄ i) (

a51

2

Pah
. e2g j t̄ jJ( t̄ j , t̄ i ,Bh1pah

. 1g j ), d2h
. 50, t2h

. 5 t̄ j ,

D3h
. 5H̄( t̄ i2 t̄ j )P1h

, eg j t̄ jJ( t̄ i , t̄ j ,Bh1p1h
, 2g j ), d3h

. 50, t3h
. 5 t̄ i ,

D4h
. 5P1h

. eg j t̄ j(Bh1p1h
. 2g j )

21, d4h
. 5Bh1p1h

. 2g j , t4h
. 5Ti j

. ,

D5h
. 5P2h

. eg j t̄ j(Bh1p2h
. 2g j )

21, d5h
. 5Bh1p2h

. 2g j , t5h
. 5Ti j

. ,
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D6h
. 52P1h

. eg j t̄ j I (Ti j
. ,Bh1p1h

. 2g j ), d6h
. 50, t6h

. 5Ti j
. ,

D7h
. 52P2h

. eg j t̄ j I (Ti j
. ,Bh1p2h

. 2g j ), d7h
. 50, t7h

. 5Ti j
. ,

D1h
, 5P1h

, e2g j t̄ j(Bh1p1h
, 1g j )

21, d1h
, 5Bh1p1h

, 1g j , t1h
, 5Ti j

, ,

D1h
3 5H( t̄ j2 t̄ i)P1h

. e2g j t̄ j(Bh1p1h
. 1g j )

21, d1h
3 5Bh1p1h

. 1g j , t1,1h
3 5 t̄ i ,

t2,1h
3 5 t̄ j ,

D2h
3 5H( t̄ j2 t̄ i)P2h

. e2g j t̄ j(Bh1p2h
. 1g j )

21, d2h
3 5Bh1p2h

. 1g j , t1,2h
3 5 t̄ i ,

t2,2h
3 5 t̄ j ,

D3h
3 52H( t̄ j2 t̄ i)P1h

. e2g j t̄ j I ( t̄ i ,Bh1p1h
. 1g j ), d3h

3 50, t1,3h
3 5 t̄ i ,

t2,3h
3 5 t̄ j ,

D4h
3 52H( t̄ j2 t̄ i)P2h

. e2g j t̄ j I ( t̄ i ,Bh1p2h
. 1g j ), d4h

3 50, t1,4h
3 5 t̄ i ,

t2,4h
3 5 t̄ j ,

D5h
3 5H̄( t̄ i2 t̄ j )P1h

, eg j t̄ j(Bh1p1h
, 2g j )

21, d5h
3 5Bh1p1h

, 2g j , t1,5h
3 5 t̄ j ,

t2,5h
3 5 t̄ i ,

D6h
3 52H̄( t̄ i2 t̄ j )P1h

, eg j t̄ j I ( t̄ j ,Bh1p1h
, 2g j ), d6h

3 50, t1,6h
3 5 t̄ j ,

t2,6h
3 5 t̄ i ,

with the additional notations

Ti j
.5sup~ t̄ i , t̄ j !, Ti j

,5 inf~ t̄ i , t̄ j !,
~A4!

I ~ t,A![eAt/A, J~ t1 ,t2 ,A![~eAt12eAt2!/A.

where ‘‘sup’’ and ‘‘inf’’ stand for the greater and the smaller term, respectively. Notice that all the constants generated
second time integration depend on the constants arising from the first time integration.

APPENDIX B

Taking advantage of the expressions given in Appendix A, the time integration overt3 is given by the formal expression

Ih
~3!~ t !5E

2`

t

dt3eCht3e2gkut32 t̄ kuIh
~2!~ t3!

5 (
d51

29

H~ t2udh
. !Fdh

. ef dh
. t1H̄~u1h

, 2t !F1h
, ef 1h

, t

1 (
d51

40

H~ t2u1,dh
3 !H̄~u2,dh

3 2t !Fdh
3 ef dh

3 t, ~B1!

where the various constants correspond to

Tk;1h,
, 5 inf~ t̄ k ,t1h

, !, Tk;bh.
. 5sup~ t̄ k ,tbh

. !,
~B2!

Tk; ibh3
. 5sup~ t̄ k ,t ibh

3 !, Tk; ibh3
, 5 inf~ t̄ k ,t ibh

3 !,

and

~B3!Fd51→7,h
. 5Ddh

. egkt̄ k(Ch1ddh
. 2gk)

21, f dh
. 5Ch1ddh

. 2gk ,
udh

. 5Tk,dh.
. ,

Fd58→14,h
. 52D (d27)h

. egkt̄ kI (Tk,(d27)h.
. ,Ch1d (d27)h

. 2gk), f dh
. 50,

udh
. 5Tk,(d27)h.

. ,

Fd515,h
. 5D1h

, egkt̄ kH(t1h
, 2 t̄ k)J(t1h

, , t̄ k ,Ch1d1h
, 2gk), f dh

. 50,
udh

. 5t1h
, ,

Fd516,h
. 5 (

b51

141

Dbh
. e2gkt̄ kH̄( t̄ k2tbh

. )J( t̄ k ,tbh
. ,Ch1dbh

. 1gk), f dh
. 50,

udh
. 5 t̄ k ,

Fd517,h
. 5D1h

, e2gkt̄ kI (Tk;1h,
, ,Ch1d1h

, 1gk), f dh
. 50,

udh
. 5Tk;1h,

, ,
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Fd518→23,h
. 5D (d217)h

3 egkt̄ kH(t2,(d217)h
3 2Tk;1,(d217)h3

. ) f dh
. 50,

3J(t2,(d217)h
3 ,Tk;1,(d217)h3

. ,Ch1d(d217)h
3 2gk), udh

. 5t2,(d217)h
3 ,

Fd524→29,h
. 5D (d223)h

3 e2gkt̄ kH̄(Tk;2,(d223)h3
, 2t1,(d223)h

3 ) f dh
. 50,

3J(Tk;2,(d223)h3
, ,t1,(d223)h

3 ,Ch1d(d223)h
3 1gk), udh

. 5Tk;2,(d223)h3
, ,

Fd51,h
, 5Ddh

, e2gkt̄ k(Ch1ddh
, 1gk)

21 f dh
, 5Ch1ddh

, 1gk ,
udh

, 5Tk;dh,
, ,

Fd51,h
3 5Ddh

, egkt̄ kH(tdh
, 2 t̄ k)(Ch1ddh

, 2gk)
21, f dh

3 5Ch1ddh
, 2gk ,

u1,dh
3 5 t̄ k ,

u2,dh
3 5tdh

, ,

Fd52,h
3 52D (d21)h

, egkt̄ kH(t (d21)h
, 2 t̄ k)I ( t̄ k ,Ch1d(d21)h

, 2gk), f dh
3 50,

u1,dh
3 5 t̄ k ,

u2,dh
3 5t (d21)h

, ,

Fd53→9,h
3 5D (d22)h

. e2gkt̄ kH̄( t̄ k2t (d22)h
. )(Ch1d (d22)h

. 1gk)
21, f dh

3 5Ch1d(d22)h
. 1gk ,

u1,dh
3 5t (d22)h

. ,

u2,dh
3 5 t̄ k ,

Fd510→16,h
3 52D (d29)h

. e2gkt̄ kH̄( t̄ k2t (d29)h
. ) f dh

3 50,
3I (t (d29)h

. ,Ch1d(d29)h
. 1gk), u1,dh

3 5t (d29)h
. ,

u2,dh
3 5 t̄ k ,

Fd517→22,h
3 5D (d216)h

3 egkt̄ kH(t2,(d216)h
3 2Tk;1,(d216)h3

. ) f dh
3 5Ch1d(d216)h

3 2gk ,
3(Ch1d(d216)h

3 2gk)
21, u1,dh

3 5Tk;1,(d216)h3
. ,

u2,dh
3 5t2,(d216)h

3 ,

Fd523→28,h
3 52D (d222)h

3 egkt̄ kH(t2,(d222)h
3 2Tk;1,(d222)h3

. ) f dh
3 50,

3I (Tk;1,(d222)h3
. ,Ch1d(d222)h

3 2gk), u1,dh
3 5Tk;1,(d222)h3

. ,
u2,dh

3 5t2,(d222)h
3 ,

Fd529→34,h
3 5D (d228)h

3 e2gkt̄ kH(Tk;2,(d228)h3
, 2t1,(d228)h

3 ) f dh
3 5Ch1d(d228)h

3 1gk ,
3(Ch1d(d228)h

3 1gk)
21, u1,dh

3 5t1,(d228)h
3 ,

u2,dh
3 5Tk;2,(d228)h3

, ,

Fd535→40,h
3 52D (d234)h

3 e2gkt̄ kH(Tk;2,(d234)h3
, 2t1,(d234)h

3 ) f dh
3 50,

3I (t1,(d234)h
3 ,Ch1d(d234)h

3 1gk), u1,dh
3 5t1,(d234)h

3 ,
u2,dh

3 5Tk;2,(d234)h3
, .

Finally, the last time integration overt4 , appearing in the text, is given by

Ih
~4!~ t !5E

2`

t

dt4eDht4e2g l ut42 t̄ 1uIh
~3!~ t4!

5 (
n51

141

H~ t2lnh
. !Qnh

. eqnh
. t1H̄~l1h

, 2t !Q1h
, eq1h

, t1 (
n51

220

H~ t2l1,nh
3 !H̄~l2,nh

3 2t !Qnh
3 etqnh

3 t ~B4!

where the corresponding constants are listed below. They are given by

T l ;dh.
. 5sup~ t̄ l ,udh

. !, T l ;1h,
, 5 inf~ t̄ l ,u1h

, !,
~B5!

T l ; idh3
. 5sup~ t̄ l ,u i ,dh

3 !, T l ; idh3
, 5 inf~ t̄ l ,u i ,dh

3 !,

and

~B6!Qn51→29,h
. 5Fnh

. eg l t̄ l(Dh1 f nh
. 2g l)

21, qnh
. 5Dh1 f nh

. 2g l ,
lnh

. 5T l ;nh.
. ,

Qn530→58,h
. 52F (n229)h

. eg l t̄ l I (T l ;(n229)h.
. ,Dh1 f (n229)h

. 2g l), qnh
. 50,

lnh
. 5T l ;(n229)h.

. ,

Qn559,h
. 5F1h

, eg l t̄ lH(u1h
, 2 t̄ l)J(u1h

, , t̄ l ,Dh1 f 1h
, 2g l), qnh

. 50,
lnh

. 5u1h
, ,

Qn560,h
. 5 (

m51

29

Fmh
. e2g l t̄ l H̄( t̄ l2umh

. )J( t̄ l ,umh
. ,Dh1 f mh

. 1g l), qnh
. 50,

lnh
. 5 t̄ l ,
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Qn561,h
. 5F1h

, e2g l t̄ l I (T l ;1h,
, ,Dh1 f 1h

, 1g l), qnh
. 50,

lnh
. 5T l ;1h,

, ,

Qn562→101,h
. 5F (n261)h

3 eg l t̄ lH(u2,(n261)h
3 2T l ;1,(n261)h3

. ) qnh
. 50,

3J(u2,(n261)h
3 ,T l ;1,(n261)h3

. ,Dh1 f (n261)h
3 2g l), lnh

. 5u2,(n261)h
3 ,

Qn5102→141,h
. 5F (n2101)h

3 e2g l t̄ l H̄(T l ;2,(n2101)h3
, 2u1,(n2101)h

3 ) qnh
. 50,

3J(T l ;2,(n2101)h3
, ,u1,(n2101)h

3 ,Dh1 f (n2101)h
3 1g l), lnh

. 5T l ;2,(n2101)h3
, ,

Qn51,h
, 5F1h

, e2g l t̄ l(Dh1 f 1h
, 1g l)

21, qnh
, 5Dh1 f 1h

, 1g l ,
lnh

, 5T l ;1h,
, ,

Qn51,h
3 5F1h

, eg l t̄ lH(u1h
, 2 t̄ l)(Dh1 f 1h

, 2g l)
21, qnh

3 5Dh1 f 1h
, 2g l ,

l1,nh
3 5 t̄ l ,

l2,nh
3 5u1h

, ,

Qn52,h
3 52F1h

, eg l t̄ lH(u1h
, 2 t̄ l)I ( t̄ l ,Dh1 f 1h

, 2g l), qnh
3 50,

l1,nh
3 5 t̄ l ,

l2,nh
3 5u1h

, ,

Qn53→31,h
3 5F (n22)h

. e2g l t̄ l H̄( t̄ l2u (n22)h
. )(Dh1 f (n22)h

. 1g l)
21, qnh

3 5Dh1 f (n22)h
. 1g l ,

l1,nh
3 5u (n22)h

. ,

l2,nh
3 5 t̄ l ,

Qn532→60,h
3 52F (n231)h

. e2g l t̄ l H̄( t̄ l2u (n231)h
. ) qnh

3 50,
3I (u (n231)h

. ,Dh1 f (n231)h
. 1g l), l1,nh

3 5u (n231)h
. ,

l2,nh
3 5 t̄ l ,

Qn561→100,h
3 5F (n260)h

3 eg l t̄ lH(u2,(n260)h
3 2T l ;1(n260)h3

. ) qnh
3 5Dh1 f (n260)h

3 2g l ,
3(Dh1 f (n260)h

3 2g l)
21, l1,nh

3 5T l ;1(n260)h3
. ,

l2,nh
3 5u2,(n260)h

3 ,

Qn5101→140,h
3 52F (n2100)h

3 eg l t̄ lH(u2,(n2100)h
3 2T l ;1(n2100)h3

. ) qnh
3 50,

3I (T l ;1(n2100)h3
. ,Dh1 f (n2100)h

3 2g l), l1,nh
3 5T l ;1(n2100)h3

. ,
l2,nh

3 5u2,(n2100)h
3

Qn5141→180,h
3 5F (n2140)h

3 e2g l t̄ l H̄(T l ;2(n2140)h3
, 2u1,(n2140)h

3 ) qnh
3 5Dh1 f (n-140)h

3 1g l ,
3(Dh1 f (n2140)h

3 1g l)
21, l1,nh

3 5u1,(n2140)h
3 ,

l2,nh
3 5T l ;2(n2140)h3

, ,

Qn5181→220,h
3 52F (n2180)h

3 e2g l t̄ l H̄(T l ;2(n2180)h3
, 2u1,(n2180)h

3 ) qnh
3 50,

3I (u1,(n2180)h
3 ,Dh1 f (n2180)h

3 1g l), l1,nh
3 5u1,(n2180)h

3 ,
l2,nh

3 5T l ;2(n2180)h3
, .
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