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Optimal squeezing, pure states, and amplification of squeezing in resonance fluorescence

Peng Zhou* and S. Swain†

Department of Applied Mathematics and Theoretical Physics, The Queen’s University of Belfast, Belfast BT7 1NN, United Kin
~Received 6 November 1998!

It is shown that 100% squeezed output can be produced in the resonance fluorescence from a coherently
driven two-level atom interacting with a squeezed vacuum. This is only possible forN51/8 squeezed input,
and is associated with a pure atomic state, i.e., a completely polarized state. The quadrature for which optimal
squeezing occurs depends on the squeezing phaseF, the Rabi frequencyV, and the atomic detuningD. Pure
states are described for arbitraryF, not justF50 or p as in previous work. For small values ofN, there may
be a greater degree of squeezing in the output field than the input, i.e., we have squeezing amplification.
@S1050-2947~99!04705-8#

PACS number~s!: 42.50.Hz, 42.50.Dv, 32.80.2t
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I. INTRODUCTION

Both theoretical and experimental studies have shown
the resonance fluorescence of a driven atom can serve
source of nonclassical light. For example, Carmichael
Walls and Kimble and Mandel@1# predicted that the reso
nance fluorescence from a single two-level atom driven b
coherent laser field of low intensity would exhibit photo
antibunching. The prediction has been confirmed in ma
laboratories@2–4#. The sub-Poissonian statistics of the flu
rescent photons emitted in a short time interval by a sin
atom was also investigated experimentally@5#.

There have been many theoretical investigations
squeezing in resonance fluorescence, both in terms of
total variances and in terms of the fluctuation spectra of
phase quadratures. Walls and Zoller and Loudon@6# showed
that the total quantum fluctuations in the phase quadrat
of the resonance fluorescence of a driven two-level atom
be squeezed below the shot-noise limit. Single-mode@7#, or
frequency-tunable two-mode@8# squeezing with a finite
bandwidth may be obtained, depending on the Rabi
quency and detuning. This internally produced squeezing
sults in line narrowing in the resonance fluorescence spe
@9,10#. Phase-quadrature squeezing has also been studi
the presence of an applied squeezed vacuum@10–12#.

Experimental observation of squeezing in the fluoresce
field has proved a great challenge, one problem being
atomic motion produces phase shifts which destroy squ
ing @13#. This difficulty was surmounted in the recent expe
mental advances in homodyne detection schemes of the
rescent radiation of a single trapped ion reported by Hoff
et al. @3#. Within the last couple of years, experiments c
ried out by Zhaoet al. @14# have found some evidence o
squeezing by measuring the phase-dependent fluoresc
spectra of a coherently driven two-level atom with a lo
lifetime, stimulating the further exploration of squeezing
resonance fluorescence. Very recently, squeezing in
quadrature with phasep/4 relative to the driving laser wa
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observed for the first time in the resonance fluorescence
single two-level atom@15#.

Also very recently, we have found that squeezing in re
nance fluorescence can be greatly enhanced in a freque
tunable cavity@16#, or in a squeezed vacuum@11,12#. The
latter works mainly in the regime over which anomalo
spectra such as hole-burning and dispersive profiles@17# oc-
cur, i.e., D50 and F50, where squeezing occurs in th
out-phasequadrature of the fluorescent field. In this pap
we extend the study to the general case, and show that l
squeezing occurs indifferent phasequadratures of the fluo
rescent field, depending upon the values of the parame
The large squeezing is associated with an atomic pure s
~a completely polarized state!, and thereby with a large
atomic coherence. Perfect fluorescent squeezing may
take place for the particular squeezing numberN51/8.

There is previous evidence that the valueN51/8 is spe-
cial. It has been shown that large squeezing in resona
fluorescence was produced for this input squeezed field@12#,
and that also for this value ofN, the sidebands in the reso
nance fluorescence spectrum have the same linewidth a
the N50 case@18#.

II. PURE STATE

Our model consists of a two-level atom with ground a
excited statesu0& and u1&, driven by a monochromatic lase
field and damped by a broadband squeezed vacuum. In
frame rotating with the laser frequencyvL , the Hamiltonian
~in units of \), is

H5
D

2
sz1

V

2
~eifLs11e2 ifLs2!, ~1!

wheresz5(u1&^1u2u0&^0u) is the atomic inversion operato
s15u1&^0u ands25u0&^1u are the atomic raising and low
ering operators, respectively,D5vA2vL is the detuning,V
is the Rabi frequency, andfL is the laser phase. Th
squeezed vacuum is characterized by the squeezing ph
numberN, the squeezing phasefs , and the strength of the
two-photon correlationsM, which obeys

M5hAN~N11! ~0<h<1!. ~2!
3745 ©1999 The American Physical Society
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3746 PRA 59PENG ZHOU AND S. SWAIN
The valueh51 indicates an ideal squeezed vacuum, wh
h50 corresponds to no squeezing at all — a thermal field.
The squeezed vacuum may be ‘‘turned off’’ by settingN
50. In the remainder of the paper, we takeh51, and thus
M5AN(N11).

The optical Bloch equations, modified by the squeez
vacuum, are of the form

^ṡx&52gx^sx&2~D1gM sinF!^sy&,

^ṡy&52gy^sy&1~D2gM sinF!^sx&2V^sz&,

^ṡz&52gz^sz&1V^sy&2g, ~3!

with

gx5G1gM cosF,

gy5G2gM cosF,

gz5gx1gy52G, ~4!

wheresx5(s21s1) andsy5 i (s22s1) are the in-phase
(X) and out-phase (Y) quadrature components of the atom
polarization, respectively.@We have assumed in obtainin
Eq. ~3! that the applied electromagnetic field is coupled
the sx component of the atom.# F52fL2fs is the relative
phase between the laser field and squeezed vacuum, aG
5g(N11/2), with g the spontaneous decay rate of the at
into the standard vacuum modes. The modified decay r
of the X and Y components of the atomic polarization a
gx , gy , respectively, whilegz is the decay rate of the
atomic population inversion.

It has been shown that such a coherently driven two-le
atom interacting with the squeezed vacuum reservoir
collapse into a steady state which is a pure state, for the
F50 or p @17,20#. This property is associated with anom
lous spectral features in the resonance fluorescence
probe absorption. The condition for the atom to be in a p
state is that the quantityS, where

S5^sx&
21^sy&

21^sz&
2, ~5!

takes the value one@21#. We point out here that a steady pu
state can, in fact, be achieved for other values of the squ
ing phase as well, the requirement being that givenF, V,
andD are chosen to satisfyS51. The general pure state ha
the form

uC&5
AM u0&2eiaANu1&

~M1N!1/2
, ~6!

where

a5arctanS G1gM cosF

D1gM sinF D . ~7!

The conditions for the pure state~6! for a few specific cases
are given below:
e

d

es

el
n
se

nd
e

z-

F50, D50, V5
gAM

AN111AN
, ~8!

F5
p

2
, D5G2gM , V5

gA2M

AN111AN
, ~9!

F5p, D@G2gM , V5
2DAM

AN112AN
. ~10!

Notice that for resonant excitation, a pure state is only p
sible if F50. In general, the pure state~6! describes a com-
pletely polraized atom with the Bloch vectorB lying on the
Bloch sphere with polar anglesa andb,

B5cosa sinbêx1sina sinbêy1cosbêz , ~11!

where

b5arccosS 2
M2N

M1ND ~12!

~see Fig. 1!. WhenF, V, andD satisfy the condition~8!,
thena5p/2, and the atomic Bloch vector~polarization! is in
the Y-Z plane, whereas if the condition~10! holds, we have
a50 and the atom polarizes in theX-Z plane.

III. OPTIMAL AND MAXIMAL SQUEEZING

The measurement of the quadrature squeezing spec
requires the fluorescent radiation field to be first frequen
filtered and then homodyned with a strong local oscilla
field @14#. The squeezing may also be detected in terms
the total normally ordered variances of the phase quadrat
in an alternative experimental scheme, where the total ra
tion field and the local oscillator are directly homodyne
without first frequency filtering@5,13#. In this paper we are
interested in the latter quantity, which can be expressed
terms of the steady-state solution of the Bloch equations~3!
as @6,7#

Su5^:~DEu!2:&511^sz&2~^sx&cosu2^sy&sinu!2,

~13!

whereEu5e2 iuE (1)1eiuE (2) is the u-phase quadrature o
the atomic fluorescence field, measured by homodyning w
a local oscillator having a controllable phaseu relative to the
driving laser.Eu50 andEu5p/2 are usually the in-phase (X)

FIG. 1. Polar anglesa andb defining the position of the Bloch
vectorB on the Bloch sphere.
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and out-of-phase (Y) quadratures of the fluorescent fiel
respectively.Su is the total normally ordered variance of th
u-phase quadrature of the fluorescent field. The field is s
to be squeezed whenSu,0. The normalization we have cho
sen is such that maximum squeezing corresponds toSu5
20.25. Equation~13! implies that the squeezing occurs
large values of the atomic coherences^sx(y)&.

It is not difficult to show that the total normally ordere
variances in the phase quadrature component of the fluo
cent field reach their minimal value

Su0
511^sz&2^sx&

22^sy&
25^sz&~11^sz&!112S,

~14!

when the quadrature phaseu5u0, where

u05arctanS G1gM cosF

D1gM sinF D . ~15!

~Note that only whenSu0
,0 is the resonance fluorescence

noise-squeezed field.! Furthermore, if the atom is in a pur
state, i.e.,S51, thenSu0

reduces to

Su0

PS5^sz&~11^sz&!<0, ~16!

showing that maximum squeezing occurs when^sz&5
21/2. Therefore, a completely polarized atom always ra
ates a fluorescent field withu0-phase quadrature squeezin
The quadrature phaseu0 is same as the longitudinal anglea
of the polarized atom in the Bloch sphere.

It is clear from Eq.~14! that the squeezing is maxima
Su0

520.25 if the equationsS51 and ^sz&521/2 aresi-

multaneouslysatisfied. We find that this is possibleonly for
N51/8, and then analytic solution can be found. The app
priate values ofV andD are

D5
t

4
, V5

1

4
A3~11t2!, a5u05arctanS 1

t D ,

~17!

where t5tan(F/2). These expressions are consistent w
the values presented in Eqs.~8!–~10!. It is clear thatD→`
asF→p, and thenV→A3D.

We comment briefly on why maximal squeezing is on
possible for a small value ofN. While, for arbitrary values of
N and F it is always possible to find values ofV and D
which produce a pure state (satisfyS51), the condition
^sz&521/2 is much more stringent. This value of^sz& im-
plies that the external fields must not be so strong as
saturate the atom. This may be seen by examining the
pression for̂ sz&11/2. We require

^sz&11/2

[
1

2

~N11/21M cosF!V21~2N21!~D211/4!

~N11/21M cosF!V21~D211/4!~2N11!
50.

~18!

Clearly, ^sz&11/2.0 if N.1/2, even ifV50. The condi-
tion S51 requires a nonzero value ofV, and thus if the
id

s-

i-
.

-

h

to
x-

conditionsS51 and^sz&11/2 can be satisfied, and it is no
obvious from the outset that they can, we must have 0,N
, 1

2 .
This argument does not explain why solutions are o

possible for theparticular value N51/8, but as we have
remarked earlier, the valueN51/8 appears to be a speci
one from several points of view@12,18#. For this value ofN,
the two-photon correlation strengthM[AN(N11) is ratio-
nal: M53/8 and the principal decay rates are, respective
twice and one-half the decay rate in the absence of
squeezed vacuum:gx5g,gy5g/4, whenF50.

For small values ofN, large squeezing in the fluoresenc
is possible, even if it is not maximal. We may conclude fro
Eq. ~15! that whenF50 andD50, optimal squeezing in the
fluorescent field always occurs in the out-of-phase (Y)
quadrature component, i.e.,u05p/2 @7,9–12#. When F
5p/2 andD5G2gM , thenu05p/4, and optimal squeez
ing takes place in thep/4-phase quadrature@15#. When F
5p andD@G2gM , thenu050, and optimal squeezing i
always in the in-phase (X) quadrature@8,16#.

A. In-phase quadrature squeezing

We here present a detailed study of the fluoresce
squeezing in the case ofF5p andDÞ0, which has previ-
ously received little attention. As we know from the abo
discussion, the squeezing is exhibited in the in-phaseX)
quadrature component.

Figure 2 showsSu505SX , the in-phase quadrature of th
fluorescent field, in a three-dimensional~3D! plot against the
Rabi frequencyV and the squeezed phaseF, for N
50.1,D510gT, and g51. Clearly, the greater squeezin
occurs for large phases. WhenV.16g andF5p, thenSX
.20.25 displaying the optimal (100%) degree of sque
ing. Noting that the degree of squeezing in the squee
vacuum input forN50.1 is 46%, we see that the squeezi
in the resonance fluorescence output is substantially
hanced.

We plot SX against V and D in Fig. 3 where N
50.125, F5p, andg51. This figure clearly shows that fo
this value ofN, near maximal squeezing occurs over wi

FIG. 2. Total normally ordered variance of the in-phase quad
tureSX against the Rabi frequencyV and the squeezed phaseF/p,
for g51, D510, N50.1.
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3748 PRA 59PENG ZHOU AND S. SWAIN
values of the Rabi frequencyV and detuningD.
Figure 4 presents the total normally ordered variance

the in-phase quadrature of the fluorescent fieldSX and the
magnitude of the atomic Bloch vectorS5^sx&

21^sy&
2

1^sz&
2 for the parametersF5p, D512.5g, g51, and

different squeezed photon numbers~a! N50.05, ~b! N
50.125, and~c! N50.5. The solid and dashed lines repr
sentSX and S, respectively. WhenS51, the atom is in a
pure state. It is obvious that large squeezing in the resona
fluorescence of the two-level atom occurs for pure atom
states@11,19#. When N50.125, maximal squeezing (SX5
20.25) is achieved at the Rabi frequencyV521.65g. The
large squeezing is due to the large atomic coherence in
pure state.

When Eq.~10! is satisfied, the atom is in the pure state~6!
with a50. The corresponding total, normally ordered va
anceSX of the in-phase quadrature of the fluorescent field
of the form

SX
PS5

N2M

N1M11/2
. ~19!

FIG. 3. Same as Fig. 2, but againstV and D, with g51, F
5p, N50.125.

FIG. 4. SX and S as functions ofV, for g51, F5p, D
512.5 and~a! N50.05, ~b! N50.125, and~c! N50.5. The solid
and dashed lines represent, respectively,SX andS.
f

ce
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When N51/8, M53/8. Then, from Eq.~19! we haveSX
PS

520.25 (100% squeezing!. The corresponding value of th
Rabi frequency isV5A3D.

We plotSX
PS, indicated by the solid line, againstN in Fig.

5, which demonstrates that large squeezing occurs for s
photon numbers. For comparison, we also present the
mally ordered varianceSX

SV of the in-phase quadrature in th
squeezed vacuum field, represented by the dashed line in
figure. It is clear that the squeezing of the output field~fluo-
rescence! is greatly enhanced over the region 0,N<0.562,
compared with the squeezing of the input~squeezed vacuum!
field. Hence, the atom may be applied as a nonlinear opt
element to amplify squeezing.

B. p/4-phase quadrature squeezing

Fluorescent field squeezing can also occur in other ph
quadratures with the phase between 0~in-phase! and p/2
~out-of-phase!— for example,u5p/4. The varianceSu5p/4
of such a phase quadrature is shown in Fig. 6, whereg
51, F5p/2, N50.125. It is obvious that fluorescenc

FIG. 5. SX
PS andSX

SV as functions ofN, represented by the solid
and dashed lines, respectively.

FIG. 6. Same as Fig. 2, but the variance of thep/4-phase
quadratureSu5p/4 with g51, F5p/2, N50.125.
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squeezingSp/4,0 occurs over a range ofV, D and the
optimal (100%) degree of squeezing takes place arounV
50.612g andD50.25g.

As with in-phase quadrature squeezing, the optim
squeezing in thep/4-phase quadrature is also associated w
a pure state~a highly polarized atomic state!. We plotSu5p/4
and S together in Fig. 7 for the parametersg51, F
5p/2, D50.25, and different squeezed photon numbers~a!
N50.05, ~b! N50.125, and~c! N50.5. This figure clearly
shows again that a completely polarized atom can em
fluorescent field with large squeezing@11,19#. When N
50.125, maximal squeezing (SX520.25) is obtained at the
Rabi frequencyV50.612g.

We have shown that whenF5p/2, D5G2gM , and
V5gA2M /(AN111AN), the atom develops into a station
ary pure state, given by Eq.~6! with a5p/4. This highly
polarized atom radiates a fluorescent field withp/4-phase
quadrature squeezing. The expression for the squeezin
same as Eq.~19!, but for thep/4-phase quadrature. Perfe
squeezing is obtained forN50.125, D5g/4, and V
5A6g/4.

FIG. 7. Su5p/4 and S as functions of V, for g51, F
5p/2, D50.25 and~a! N50.05, ~b! N50.125, and~c! N50.5.
The solid and dashed lines represent, respectively,Sp/4 andS.
tt
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C. Out-of-phase quadrature squeezing

The resonance fluorescence exhibits out-of-phaseY)
quadrature squeezing whenF50 andD50 @10–12#. Fur-
thermore, if V obeys Eq.~8!, the atom collapses into th
pure state ~6! with a5p/2. Consequently, the optima
Y-quadrature squeezingSY

PS is given by Eq.~19!, as well.
When the squeezed photon numberN50.125 and the Rab
frequencyV5A3g/4, the maximal degree of theY quadra-
ture squeezing in the resonance fluorescence is achieve

IV. SUMMARY

We have shown that the total normally ordered varian
of the phase quadrature of the fluorescent field emitted fr
a coherently driven two-level atom interacting with
squeezed vacuum can be greatly~or completely! squeezed.
The squeezing in the fluorescent field is greatly increased
small values ofN compared with the degree of squeezing
the input squeezed vacuum field. Therefore, squeezing
be amplified through resonance fluorescence. The squee
in the output may indeed be the maximum obtainable, wh
N51/8. Analytic expressions for the conditions for max
mum squeezing are obtained in this case. Depending u
the values of the squeezed phaseF and the detuningD,
squeezing can occur in the in-phase, out-of-phase, or
other phase quadrature of the resonance fluorescence. L
squeezing is always associated with the atom evolving in
pure state~a highly polarized atomic state!.

From the experimental point of view, a cavity configur
tion may be the best candidate to investigate the ato
squeezed-vacuum interactions@22#. As shown in Refs.
@22,23#, many squeezing-induced effects in free space
carry over to the cavity situations in the bad cavity lim
where the atom evolves in accordance with formally t
same equations as those in free space. We expect that
squeezing in resonance fluorescence will still take place
the cavity configuration.
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