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Interference effects in two-photon above-threshold ionization by multiple orders of high-order
harmonics with random or locked phases
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We numerically study two-photon processes using a set of harmonics from a Ti:sapphire laser and, in
particular, interference effects in the above-threshold ionization spectra. We compare the situation where the
harmonic phases are assumed locked to the case where they have a random distribution. Suggestions for
possible experiments, using realistic parameters, are discussed.@S1050-2947~99!04305-X#
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I. INTRODUCTION

High-order harmonic generation~HOHG! refers to the ra-
diation emitted during the interaction of a short laser pu
with a gas jet. The spectrum of such a radiation consists
series of odd harmonics of the fundamental frequency hav
approximately equal conversion efficiency~plateau!, and fol-
lowed by an abrupt cutoff. A complete description of ha
monic generation which allows for a direct comparison w
the experiments should include not only the response of
single atom to the laser field, but also the propagation of
different harmonics generated through the macroscopic
dium. Recently, several studies on harmonic generation h
focused on the properties of the phase of the generated
monic waves, considering both single-atom and propaga
effects@1#. Within the frame of the single-atom response t
strength and the phase of each harmonic wave correspo
the modulus and the phase acquired by the dipole mom
d(t), or equivalently, the dipole acceleration induced by
external laser field. Thus the spectrum of the radiated h
monics can be directly calculated from the Fourier transfo
of the dipole acceleration@2#:

D~v!5E d̈~ t !eivtdt5A~v!eif~v!, ~1!

whereA(v) is the amplitude,f(v) is the phase of the di
pole acceleration in the frequency domain, anduD(v)u2 is
the strength of the harmonics. The single-atom respo
shows that the phase of each harmonic,f(v), is usually
shifted with respect to the fundamental phase and depe
strongly on the intensity of the laser field@3#. Let us recall
that the harmonics are said to be phase locked if the phas
each individual harmonic is a linear function of its orderq so
it can be written asfq5bqv1z wherebqv is the linear
q-dependent term andz a constant term identical for all har
monics. In general, harmonics from the plateau reg
present a random phase when compared to each other
only the harmonics from the cutoff region are locked
phase. This can be intuitively understood using the semic
sical description of the atom-field interaction in which ha
monic generation results from the recombination of tho
PRA 591050-2947/99/59~5!/3736~9!/$15.00
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electrons which have previously tunneled out through
effective potential produced by the Coulomb and the la
field. The induced dipole, and hence the process of harm
generation, corresponds to trajectories in which the elec
returns to the core with appropriate kinetic energy and
combines, emitting a photon. Each contribution then conta
a phase factor equal to the real part of the action acquired
the electron following the respective trajectory@3#. Among
all possible trajectories, very few of them are relevant. F
the harmonics in the cutoff there is only one dominant t
jectory, corresponding to a single recombination time a
therefore, the phase of the harmonics in this region rema
locked. On the other hand, for the harmonics lying in t
plateau, there are typically two relevant trajectories cor
sponding to two different returning times. The phase of su
a harmonic contains the contributions of these two trajec
ries and, in particular, their quantum interferences. T
quantum interefence term leads to an apparently rand
phase. In spite of this fact, when one analyzes the harm
emission in time rather than in frequency domain, one
serves a clear periodicity of the signal. Antoineet al. @4#
have shown that the time-dependent emission consists
train of ultrashort pulses with two dominant pulses per h
cycle, each corresponding to one of the relevant trajector
Further studies show that under certain geometrical co
tions it should be possible to phase match the contribution
only one of these trajectories. That results in a train of
trashort pulses equivalent to those obtained by combin
several plateau harmonics with their phases locked.

From an experimental point of view, determining the re
tive phase of the emitted harmonics is not a straightforw
task. Its study necessarily involves some type of interfere
effects between the different harmonics. Although some p
neering work on interference between harmonics of the sa
order has been recently reported@5–7#, a conclusive result
on the relative phase has not yet been achieved.

In this paper we address this question using a combina
of successive odd harmonics to study two-photon proces
When several harmonics simultaneously irradiate an at
there exist various paths associated with two-photon tra
tions ending up in the same final state thus leading to p
sible interference effects. Those effects should be cle
3736 ©1999 The American Physical Society
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present in the ionization rates, as well as in the photoelec
spectra. Similar effects of sensitivity to harmonics pha
have been previously studied in a series of papers on ab
threshold ionization~ATI ! by mixing harmonics and infrared
laser fields@8,9#. Furthermore, two-photon ionization of a
oms with photons pertaining to the vacuum-ultraviolet–
ray-ultraviolet domain have recently been reported for arg
using the third harmonic of a KrF laser@10#, and for helium
using the ninth harmonic of a Ti:sapphire laser@11# thus
giving evidence of its experimental feasibility. In this pap
we focus on two-photon ionization of atoms by Ti:sapph
harmonics whose order varies fromq511 to q533.

Essentially, the aim of the paper is to show that meas
able quantities such as ionization or the more detailed p
toelectron spectrum have a different behavior depending
the relative phases of the harmonics and to study these
fects quantitatively. The paper is organized as follows:
Sec. II we develop a combinatorial model derived from p
turbation theory which is able to provide rough scaling la
for the total ionization rates as a function of the number
harmonics present in the field. Section III reports on num
cal above-threshold ionization rates obtained by solving
time-dependent Schro¨dinger equation~TDSE! with realistic
polychromatic pulses for atomic H. Section IV is a study
quasiresonant multiphoton ionization~MPI! in He1 also ob-
tained by solving TDSE. Finally, in Sec. IV we give con
cluding remark and we comment on possible experimen

II. COMBINATORIAL MODEL

The model presented in this section provides an estim
for the ionization probability as a function of the number
successive odd harmonics included in the laser field. I
based on a combinatorial approach and a perturbative t
ment of the atom-field interaction.

Let us first sketch the problem under investigation. W
consider electrons emitted during ionization via a tw
photon process from an atom initially in its ground state~the
possible case where some excited intermediate states c
into resonance with the absorption of only one photon
discussed in Sec. IV!. Since the field considered here co
sists of a linear combination of successive odd harmonic

E~ t !5(
q

Eqcos~qvLt1fq!, ~2!

photons of different energies will be involved in the produ
tion of electrons with different kinetic energies, as is illu
trated in Fig. 1. Note that the energies at which electrons
released appear on the photoelectron spectrum separate
actly by the energy of two photons of the fundamental fi
(vL) which generates the harmonics. Moreover, electron
a particular energy may have been released by the absor
of photons originated from distinct harmonics. The only
striction is that whatever the combination of photons is,
sum of their energies ought to be the same. For example
production of electrons in the central peak of the elect
spectrum of Fig. 1 results from transitions following thr
different quantum paths. The amplitudes associated to e
quantum path may interfere depending on the relative ph
of the photons involved. The interference pattern appe
n
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clearly if one writes the ionization probability associat
with these processes~labeled 3 in Fig. 1! within perturbation
theory:

pf g5uaM f g
~2!E1E3ei ~f11f3!1bM f g

~2!~E2eif2!2

1cM f g
~2!E3E1ei ~f31f1!u2, ~3!

where the subscripts 3, 1, and 2 refer to the biggest,
smallest, and the intermediate photon,E refers to the maxi-
mum field amplitude, andf to the phase of the photons. Th
transition amplitude matrix elements from the initial sta
ug& to the final stateu f & for the three paths are given by

aM f g
~2!5 lim

e→0
X

n

^ f uzun&^nuzug&
vg1v12vn1 i e

,

bM f g
~2!5 lim

e→0
X

n

^ f uzun&^nuzug&
vg1v22vn1 i e

, ~4!

cM f g
~2!5 lim

e→0
X

n

^ f uzun&^nuzug&
vg1v32vn1 i e

,

where the summation runs over all coupled intermedi
states including the continuum. The special case of ATI c
be numerically extrapolated@12# or computed accounting ex
plicitly for the resonant free-free transition matrix elemen
@13#. Since we assume the interaction with a linearly pol
ized field and express it in the length gauge, only the ma
elements ofz appear in expression~4!. The ionization prob-
ability then reads

pf g5uaM f g
~2!u2E1

2E3
21ubM f g

~2!u2E2
41ucM f g

~2!u2E3
2E1

2

1~aM f g
~2! cM f g

~2! * 1c.c.!E1
2E3

2

1~aM f g
~2! bM f g

~2! * E1E3E2
2 * ei ~f11f322f2!1c.c.!

1~bM f g
~2! cM f g

~2! * E2
2E3* E1* e2 i ~f11f322f2!1c.c.!.

~5!

FIG. 1. Sketch of the processes investigated in the case of
mixing of three harmonics. Also shown is the corresponding el
tron spectrum.
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Interferences in the probability given by Eq.~5! are governed
by the phase differenceD5f11f322f2, that is, the rela-
tive phase between the harmonics involved in this proc
Such a partial probability can be derived for all accessi
final states. Note that interferences are always absent in
cesses involving fewer than three different photons, whic
always the case for the processes leading to the two first
two last final states~like processes labeled 1, 2, 4, and 5
Fig. 1! independently of the total number of harmonics
cluded in the field.

When the incident field is a linear combination of succ
sive harmonics, there exist several distinct quantum pa
associated to transitions to the same final state. These p
may interfere depending on the relative phase between
photons. Obviously, the number of possible interfering pa
increases with the number of different frequencies includ
in the field.

To simplify the problem, we will now assume that a
harmonics have the same strength, that is,E15E25E35E.
As the harmonics we are considering here all come from
plateau part of the spectrum, this assumption is gener
fulfilled. Furthermore, we also assume that all two-pho
transition amplitude matrix elements@as they are defined in
Eq. ~4!# are real and have the same value, i.e.,aM f g
5bM f g5cM f g5M . Although never fulfilled in general, this
approximation is reasonable if the first photon absorb
brings the system into a region free of intermediate re
nances. For the case of our illustrative example, the ion
tion probability associated to the central process~labeled 3 in
Fig. 1! corresponds to

pf g5M2E4@514 cos~f11f322f2!#. ~6!

Let us now analyze the two configurations of harmo
phases we are interested in, that is, the phase-locked cas
the random distribution of phases. As defined in the Int
duction, if harmonics are phase locked to each other, t
phase has the formfq5bqv1z. Applied to our example
D5f11f322f2 simply reduces to zero. Therefore, the c
sine function in Eq.~6! takes value one. On the other han
we can interpret the random distribution of phases as a
of coherence between different quantum paths. It is then
sonable to associate the random distribution to the ave
value of Eq.~6! over all possible phases. Since the avera
value of the cosine function is zero, all terms in the proba
ity vanish except the constant~phase-independent! terms.
Generalizing these results for an arbitrary numberN of inci-
dent harmonics, we obtain that the ionization probability
sociated to the central peak behaves as

Pc
~PL!~N!5a2N2 ~7!

and

Pc
~RP!~N!5a23H 2N21 if N odd

2N if N even,
~8!

where PL refers to phase-locked configuration, RP to rand
phase configuration, anda5ME2. The total two-photon ion-
ization probability is straightforwardly obtained by integra
ing the electron spectrum over the electron energy ra
relative to the two-photon processes. This probability
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counts for the side peaks in the photoelectron spectrum
is obtained by simply adding the probability associated
each side peak~see Fig. 1!. It can be shown that the tota
probabilities read

P~PL!~N!5a2S 2 (
n51

N21

n21N2D 5a2S 2N3

3
1

N

3 D ~9!

and

P~RP!~N!5a2S 4
N~N21!

2
1ND5a2~2N22N!. ~10!

As mentioned earlier, when ordered by increasing final s
energy, the two first and two last processes will never sh
path interferences independently of the total number of h
monics involved. Also, the process having the largest nu
ber of interference terms will always be the central one~like
process number 3 in Fig. 1!.

To summarize, the total ionization associated with tw
photon absorption should vary approximately as 2/3N3 if the
harmonics are locked in phase, and as 2N2 if the relative
phase between them is random. Accordingly, the ionizat
rate associated to the central process should vary asN2 in the
phase-locked case and as 2N if the phase distribution is ran
dom.

We expect that similar scaling properties will character
other processes of interest, such as two-photon abo
threshold ionization, which we shall discuss in the next s
tion. The advantage of studying ATI instead of two-phot
ionization processes is that such processes are free from
termediate resonances that modify the interference patter
we shall discuss in Sec. IV. The disadvantage, on the o
hand, is that the ATI signal might be low and, consequen
the effects due to the relative phase of the harmonics m
be difficult to observe experimentally.

Finally, it is worth stressing here that the problem cons
ered in this section has a lot in common with the problems
ionization by stochastic laser fields, discussed in the lite
ture in the 1970s and 1980s@14#. In particular, the enhance
ment by a factorK! of the K-photon ionization probability
by multimode laser fields has been predicted and obser
In our random phase model, the same effect is respons
for the fact thatP(RP).2!N2. On the other hand, the problem
considered in this paper is more general and deals with
differences induced by random and phase-locked config
tions in laser pulses inreal atoms, i.e., it fully accounts for
atomic bound states and continuum structures.

III. TWO-PHOTON ABOVE-THRESHOLD IONIZATION

In this section, ATI is investigated using a time-depend
nonperturbative approach. It consists in solving the tim
dependent Schro¨dinger equation for a hydrogen atom inte
acting with the combination of several harmonic fields. T
method used to solve the TDSE and to compute the elec
spectrum is based on the expansion of the total wave fu
tion on spherical harmonics andB-spline functions~see
@15#!. The temporal propagation in the length gauge is w
adapted to the rather low intensities considered here.
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PRA 59 3739INTERFERENCE EFFECTS IN TWO-PHOTON ABOVE- . . .
electron spectra correspond to electrons emitted in the d
tion of the polarization.

A. Ionization of hydrogen in its ground state

We have computed the electron spectra obtained by s
ing a linear combination of successive harmonics on ato
hydrogen in its ground state. The frequencies of the sele
harmonics are chosen so that absorption of a single ph
already brings the system into the continuum. Thus, the t
photon processes we are interested in belong to the so-c
above-threshold ionization regime. In our approach, the fi
is described semiclassically as

E~ t !5E0f ~ t ! (
n51

N

cos~qvLt1fq!, q52~n21!1q0 ,

~11!

where f (t) is the normalized envelope of the field, in o
case a cosine squared with 5 fs full width at half maximu
~20 cycles of harmonic 11!; E0 is the maximum field ampli-
tude ~identical for all harmonics! corresponding to an inten
sity of 1013 W/cm2; \vL51.5 eV is the fundamental photo
energy, andq0 indicates the lowest harmonic component
the polychromatic field. The number of harmonics we co
sider varies fromN52 to N55, so that the odd harmonic
included areH132H15 for N52, H132H17 for N53,
H112H17 for N54, andH112H19 for N55. The field
corresponding to the caseN55 is plotted in Fig. 2. The
electron spectrum due to such a field is shown in Fig
where we observe that electrons produced via different o
processes are clearly distinguishable. The spectrum has
read as follows: there are three clear subsets of ATI pe
each of them corresponding to a different order process.
left-most subset corresponds to order 1, that is, direct ph
ionization via the absorption of a single photon (H11 for the
very first peak andH19 for the fifth!. The second subse
which is the one investigated here, embodies all processe
order 2. For example, the third peak of that subset res
from the simultaneous absorption of either two photons fr
the harmonic 13, or one from the harmonic 11 and anot
from the harmonic 15. All possible allowed polychroma
combinations are included in this type of simulation. High

FIG. 2. Electromagnetic field amplitude corresponding to a
ear combination of five odd harmonics ranging from order 11 to
(\vL51.5 eV!.
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order processes appear with exponentially decreasing p
ability and, therefore, their study has a restricted inter
from an experimental point of view.

We have limited ourselves to a maximum of five com
bined harmonics in this study because higher values wo
lead to overlapping subsets of ATI peaks as is almost
case forN55 where the three-photon process subset pa
overlaps the two-photon subset~see Fig. 3!.

Let us now focus on the two-photon above-threshold io
ization, that is, the central subset of ATI peaks in Fig. 3. T
problem of interest here is to determine how much the to
ionization associated with two-photon absorption increa
as we increase the number of harmonics in the field ass
ing that either all harmonics are locked in phase, or th
relative phases are random.

We have first simulated the case of phase-locked harm
ics. This is achieved by solving the TDSE when all harmo
phasesfq are set to zero. Figure 4 shows the two-phot
ionization probability as a function of the number of harmo
ics included in the field. The main result to be read from F

-
9 FIG. 3. ATI spectrum of H(1s) ionized by the selection of
harmonics defined in Fig. 2. The three different subsets of A
peaks correspond to different orders of processes.

FIG. 4. Two-photon ATI total probability~filled circles! and
two-photon ATI probability restricted to the central peak~open
circles! as a function of the number of harmonicsN for the locked
phase case. The line and dashed line are power law fitting cu
with a respective argument of 3 and 2.1.



th
ap
i-

,
a

e

ta
th

a-
o

o
ci

he
a
es
e
to
s
r

ob

lu
m

gu
hi
a
th
ing

b

the
er-
nt
ig-
d to

er
vel,

ause
of

n
hat
s
ates

ws
b-
a-

he
r-
b-

ole
TI

nt
ity,

the
the
x-

nic
me-
the
er

fe

o

pen
0.7.
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4 is that ionization certainly scales as the cubic power of
number of harmonics as predicted by the combinatorial
proach, Eq.~9!. Similarly, the ionization probability assoc
ated with the central ATI peak scales asN2.1, in good agree-
ment with Eq.~7!.

To simulate the case where the phases are random
have accumulated the results of 500 different random ph
configurations after solving the Schro¨dinger equation for
each of them and we have averaged the results at the
This has been done for each value ofN. We report in Fig. 5
the ionization probability thus obtained together with its s
tistical fluctuations. The most interesting result here is
behavior of the average value of the ionization~open circles
in Fig. 5!. The average value scales asN2.4, departing sig-
nificantly from the combinatorial estimate that predicts anN2

law @Eq. ~10!#. Let us now examine the statistical fluctu
tions. On the one hand, we find that the maximum value
the ionization~down triangles in Fig. 5! scales asN2.9, very
close to that of the phase-locked case. Obviously, the c
figurations that lead to such maximal value are the spe
cases where all phase differences are close to zero as in
simulation of the phase-locked configuration. On the ot
hand, the most globally destructive phase configuration le
ing to the minimum value of the ionization probability scal
asN1.9 ~up triangles in Fig. 5!. We have also investigated th
ionization probabilities associated to the central two-pho
ATI peak, since it is the transition that involves the large
number of interfering quantum paths. The results are p
sented in Fig. 6. The average value of the ionization pr
ability scales as (N0.7) in comparison with the fit (N2.1) ob-
tained for the phase-locked case. Finally, its minimum va
drops dramatically since interferences now can be co
pletely destructive, that is, there exists a particular confi
ration of phases able to totally suppress ionization for t
particular electron energy. This feature is absent in the c
of total two-photon ionization since, as explained before,
four outermost ATI peaks correspond to transitions involv
only two quantum paths, and therefore are not affected
any change in phase.

FIG. 5. Two-photon ATI total probability statistics~500 runs! as
a function ofN. The relative phases are random. Open circles re
to the average value of the distribution~power law fit with an ar-
gument of 2.4. Also shown are the maximum, minimum values
the distribution and the standard deviation~triangles down, up, and
error bars, respectively!.
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A way to improve the statistical results is to increase
number of harmonics included in the field by using high
order harmonics. This will prevent us from having differe
ATI order processes overlapping but also the ionization s
nal will decrease because the cross section associate
these processes decays with increasing photon energy.

B. Ionization of hydrogen in the 2s state

A solution to ease two-photon ionization due to high
harmonics is to start from a less bound atomic energy le
such as H(2s), for example.

By choosing harmonic 21 (\vL51.5 eV! as the central
component, we can combine up to seven harmonics. Bec
of the lower binding energy, we now set the field intensity
all harmonic components to 1010 W/cm2. As expected with
this intensity, the probability for ionization by a two-photo
process is very low. However, one should keep in mind t
this probability varies asI 2 in agreement with the proces
order, and that the intensity we are using here underestim
experimental attainable fluxes.

We find that in the phase-locked case, the scaling la
concerning total ionization associated with two-photon a
sorption shown in Fig. 7 agree very well with the combin
torial estimates expressed in Eqs.~7! and ~9!.

The random phase simulation for H(2s) has been carried
out by accumulating results from 300 resolutions of t
TDSE, each time with a new random distribution of ha
monic phases. In Fig. 8, we show the two-photon ATI pro
ability, obtained by integrating the spectrum over the wh
range of electron energies corresponding to two-photon A
processes. In the caseN57, the integration runs fromEk
540 eV up toEk576 eV. Here again, there is a significa
departure of the average value of the ionization probabil
which scales asN2.55, from theN2 combinatorial law asso-
ciated with the random phase configuration.

Finally, as in the preceding section, we have looked at
most phase sensitive ATI peak located at the center of
two-photon ATI subset in the electron spectrum. The e
pected combinatorial power laws are 2 and 1 for harmo
phases, locked and random, respectively. The quantum
chanical computation gives the values of 2 and 1.3 for
respective configurations as is shown in Fig. 9. The low

r

f

FIG. 6. Same as Fig. 5 but restricted to the central peak. O
circles: average value. The power law fit gives an argument of
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limit of the distribution drops abruptly until it reaches th
background induced by the numerical accuracy~around
10216 in Fig. 9!.

To summarize, we have shown that there is a differ
behavior in the two-photon ionization probabilities as a fun
tion of N if one considers the harmonics locked in phase o
the distribution of their phases is random. To a rough ext
scaling laws can be explained using the idealized comb
torial model of Sec. II.

IV. TWO-PHOTON IONIZATION

The preceding section has been devoted to the stud
two-photon ATI processes, where absorption from a sin
photon already brings the system into the continuum. N
we propose to study direct two-photon harmonic ionizat
~MPI!. In contrast with the two-photon ATI cases, ionizatio
now requires two harmonic photons, so the interference
fects governed by the harmonic phases appear directly in

FIG. 7. Ionization from H(2s): Two-photon ATI total probabil-
ity ~filled circles! and two-photon ATI probability restricted to th
central peak~open circles! as a function ofN. The relative phases
are locked~zero!. The line and dashed line are power law fittin
curves with a respective value of 2.98 and 2.04.

FIG. 8. Ionization from H(2s): Two-photon ATI total probabil-
ity statistics~300 runs! as a function ofN. The relative phases ar
random. Open circles refer to the average value. The power la
gives an argument of 2.5. Also shown are the maximum, minim
values and the standard deviation~triangles down, up, and erro
bars!.
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first subset of peaks in the electron spectra.
At this point, let us recall that our combinatorial model

based on the assumption that the total transition amplit
towards a given final state is only related to the number
interfering paths leading to such a final state. This assu
tion, in turn, implies that all the matrix elements involved
the transitions are considered equal. The results obtaine
far indicate that this is a reasonable assumption for tw
photon ATI processes where bound-bound transitions do
play any essential role. However, two-photon ionization p
cesses~MPI! may involve quasiresonant bound-bound tra
sitions. At low intensities, i.e., in the frame of perturbatio
theory, the values of the bound-bound transition matrix e
ments depend strongly on how close the transition is from
resonance. As we shall see, this fact substantially mod
the results we have encountered so far.

In order to optimize the study of the interferences b
tween different harmonics having, at the same time, a g
control of the role of the resonances involved, we choose
a model a hydrogenic ion (He1). Note, however, that the
results we present in this section can be straightforwar
generalized to any atom or ion and, therefore, have a cer
generic validity.

We numerically solve the TDSE for direct two-photo
ionization, where the external field is a linear combination
different harmonic fields, all of them with the same polariz
tion and intensity. As in the previous sections, we consi
harmonics from a Ti:sapphire laser (\vL51.5 eV!, set the
intensity of each harmonic to 1.231012 W/cm2, and calcu-
late ionization probabilities as well as photoelectron spec
for phase-locked and random phase configurations. For
choice of parameters, the smallest harmonic from Ti:s
phire required for two-photon detachment of He1 is the 19th
and the largest one the 35th. Larger harmonics will direc
detach the ion, and smaller ones than the 19th cannot ach
two-photon detachment.

Before proceeding further, it is illustrative to show som
of the effects due to atomic resonances in the photoelec
spectrum. To this aim we display the spectrum for a pha
locked configuration containing~a! N54 harmonics ranging
from 19th to 25th~Fig. 10! and~b! N56 harmonics ranging
from 19th to 29th~Fig. 11!. In both spectra there are tw
distinguishable sets of peaks: the first one correspond

fit

FIG. 9. Same as Fig. 8 but restricted to the central peak. O
circles: average value. The power law fit gives an argument of
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two-photon detachment processes, the second one c
sponds to three-photon processes~ATI peaks!. From an ex-
perimental point of view, interest in the second subset sho
be restricted due to the low probability of three-photon p
cesses.

The first subset contains 2N21 different peaks, whereN
is the number of harmonics present in the external field.
mentioned in the previous sections, the central peak of
subset corresponds, in both cases, to the transition invol
the largest number of different quantum paths. While in F
10 this peak is the most probable one, in Fig. 11 the cen
peak is clearly suppressed in comparison with lower-or
peaks. The reason for this peak suppression is due to the
that the 27th harmonic@only present in case~b!# crosses the
1s-2p resonance quasiresonantly.

Let us now focus on the results corresponding to ioni
tion probabilities. As in Sec. III, the two-photon detachme
probability is calculated by integrating the area below
two-photon processes in the photoelectron spectrum.

FIG. 10. Photoelectron spectrum of He1 for a phase-locked con
figuration containing four harmonics~from 19th to 25th!. The first
subset corresponds to direct two-photon ionization processes
higher energies a second subset of peaks corresponding to t
photon process appears.

FIG. 11. Same as Fig. 10 but for an external field contain
now six harmonics components~from 19th to 29th!. Observe that
the peak distribution in the two-photon ionization processes d
not follow the same pattern as before.
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start by analyzing the random phase configuration where
have accumulated results from a large number of rand
phase distributions and we have averaged them at the en
Fig. 12 we plot the average value of the ionization probab
ity versus the number of incident harmonicsN which varies
from N52 toN57. The lowest harmonic involved is alway
the 19th soN52 includes harmonics 19-21,N53 includes
harmonics 19-21-23, and so on. The overall behavior of
ionization probability obtained numerically~dots! agrees
relatively well with the combinatorial approach~full line!.

In Fig. 13 we present the corresponding ionization pro
ability as a function of the number of harmonicsN, for the
phase-locked configuration. In the simulation, all the in
vidual harmonic phases,fq , have been set to zero. Again
the full line represents the results from the combinato
approach@Eq. ~9!#, while symbols show our numerical re
sults. We observe that for low-order incident harmonics, i
from the 19th to the 25th, the numerical results agree re
tively well with the combinatorial approach. However, whe
higher harmonics are included~from the 27th onwards! the
combinatorial approach clearly overestimates the ioniza

At
ee-

g

s

FIG. 12. Average value of the ionization probability versus t
number of harmonic components for random phase configurat
Full line corresponds to the combinatorial estimate@Eq. ~10!# and
dots display the numerical results.

FIG. 13. Same as Fig. 12 but for a locked phase configurat
Full line corresponds to the combinatorial estimate@Eq. ~9!# and
dots display the numerical results.
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probability obtained numerically. The discrepancy betwe
the estimate and the numerical value then becomes dram

This discrepancy can be understood by analyzing the
of resonances within perturbation theory. Under the para
eters we have used in the simulations, the energy of the
harmonic is slightly detuned~from above! from the 1s-2p
resonance. As a result, the matrix elements correspondin
transitions of the type

M}X
n

^ f uzun&^nuzu1s&
v1s1v272vn

E27* Ei , ~12!

wherei refers to the second photon absorbed, flip their s
compared to those transitions which are far off resonanc

Let us analyze in more detail the two-photon MPI tran
tions. From the two possible paths starting from the grou
state leading to photodetachment,s→p→s and s→p→d,
the second one clearly dominates over the first one. Th
because transitions that increase their principal quan
number and their angular momentum in the same direc
are always favored compared to the others@16#. Therefore,
we focus on two-photon transitions of the types→p→d and
present the values ofM in Table I.

The table has to be interpreted as follows: rows refer
the first absorbed photon and columns to the second one
example, the first row displays the values of the matrix e
ments corresponding to transitions in which the first a
sorbed photon is the 19th harmonic and the second one
one indicated by the column label, i.e., transition amplitu
of the type(@^ f uzun&^nuzu1s&/(v1s1v192vn)#E19Ei .

As it should be, we observe that the values of the ma
elements~i! decrease as the energy of the final state increa
and ~ii ! decrease for transitions far from resonances. Imm
diately after a resonance has been crossed, the matrix
ment flips its sign. Thus, with the parameters we have u
in the simulation, all matrix elements corresponding to
absorption from the ground state of a photon from the 2
harmonic@Eq. ~12!# flip their sign compared to all the othe
matrix elements shown in the table.

This relative sign flip strongly affects the total ionizatio
probability in the phase-locked case, for whichP(PL)

}u(Mi u2, i.e., proportional to the square of the sum of t

TABLE I. Two-photon transition matrix elements as a functio
of the order of each photon.

Matrix elements:s→p→d

19 21 23 25 27 29 31

19 284.1 266.1 258.2 249.1 241.8 235.8 230.9

21 290.5 274.4 261.9 252.0 244.2 237.9 232.7

23 2105.4 286.2 271.4 259.9 250.8 242.7 237.5

25 2168.1 2136.4 2112.4 294.0 279.5 268.0 258.6

27 132.1 105.1 85.3 70.5 59.1 50.2 43.1

29 220.6 219.9 216.9 214.5 212.5 210.9 29.5

31 2183.0 2151.7 2125.3 2105.2 289.5 276.8 266.6
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individual matrix elements. It also has consequences for r
dom phase configurations but there the effects are less
matic. It is easier to understand the difference between b
cases with an example. Consider an incident field contain
harmonics 25, 27, and 29. Such an incident field leads to
possible final electron energy states, which, ordered by
creasing energy, correspond to~i! 25125 ~absorption of two
photons from harmonic 25!; ~ii ! 25127, 27125; ~iii ! 25
129, 27127, 29125; ~iv! 27129, 29127, and finally~v!
29129. Remember that in order to have interference effe
we need at least three different quantum paths contributin
the process. Therefore, the partial ionization probabilities
sociated to states~i!, ~ii !, ~iv!, and~v! are the same regardles
of the relative phase of the harmonics. The partial ionizat
probability associated to state~iii ! which contains contribu-
tions from three different quantum paths depends on the r
tive phases of the harmonics. For phase-locked harmonic
is proportional touM (25129)1M (27127)1M (29125)u2. On the
other hand, if the harmonics have a random phase, the pa
ionization probability associated to the final state~iii ! is pro-
portional to uM (25129)1M (29125)u21uM27127u2. Comparing
both expressions, we note that it is only in the phase-loc
case where the sign ofM (27127) plays a definite role since i
acts effectively as a destructive interference term. Notice
the values of the matrix elements corresponding to tra
tions 27125 and 27129 do modify the partial ionization
probabilities associated to the final states~ii ! and~iv!, respec-
tively, but they do it exactly in the same way for both cas
locked and random phase configurations.

To corroborate our findings we have extended our
merical results up to the 33rd harmonic (N58). For the
parameters we have used, the photon energy of harmoni
is slightly higher than the atomic transition 1s→3p. Conse-
quently, the matrix elements corresponding to absorpt
from the ground state of a photon from harmonic 33 w
again flip their sign, and again act as an effective destruc
interference for locked phase configurations. As a result,
disagreement between the ionization probability and
combinatorial estimate should increase. Our numerical
sults support this conclusion.

In spite of the discrepancy between our numerical res
and the combinatorial estimates, it should be stressed
that nevertheless the overall behavior of the ionization pr
ability for random and phase-locked configurations rema
distinct, allowing in principle for a distinction between bo
cases.

We would like to remark here that according to what w
have seen, it might also occur that for aparticular final state
energy, its associated partial transition probability becom
larger for incident harmonics with random phases than
phase-locked harmonics. Such a partial peak inversion d
onstrates that the effects due to atomic resonances ca
some cases be strong enough to compensate the effect
to quantum phase interference.

To summarize, we have shown that the overall behav
of the ionization probability clearly depends on the relati
phase configuration of the incident harmonics. Furthermo
we have shown that for phase-locked configurations and
cident harmonic fields near resonance, the total ioniza
probability strongly departs from the combinatorial estima
and it no longer follows theN3 power law@Eq. ~9!#. If, on
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the contrary, the incident harmonics are all far from atom
resonances, the combinatorial estimate accurately pre
the exact results@Eqs.~9! and~10!#. We stress, however, tha
most two-photon ionization experiments involving a set
harmonics are bound to show the effects of resonances
nally, for incident harmonics with random phases, the av
age value of the ionization probability agrees relatively w
with the combinatorial approach, i.e.,N2.

V. CONCLUSIONS

In conclusion, we have shown that in two-photon ATI
hydrogen atoms by multiple orders of high-order harmon
measurable quantities such as the ionization yield or the p
toelectron spectra significantly depend on the relative ph
of the harmonics. It should therefore be possible to de
mine experimentally the phase configuration of the high h
monics and, in particular, if the phases are locked. T
method suggested by the calculation is a measuremen
these quantities as a function of the number of selected
monics. Clearly this is a difficult task. One difficulty lies i
the relatively low photon harmonic flux currently achievab
109 photons using 100 fs lasers in argon, and 107 photons
using 30 fs in neon@1#. Such a flux is in general too low to
.
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observe two-photon processes. However, several possibi
to increase the harmonic fluxes are under investigat
based on shortening the duration of the pump pulses@1,2,17#
or improving the phase matching@20#. Furthermore, initial
states prepared as coherent superpositions of two or m
bound states can potentially increase the harmonic gen
tion efficiency in the part of the spectrum we are interested
@18,19#. Another challenge to be faced in a real experime
will be the making of multilayer mirrors with different band
widths to vary the number of selected harmonics witho
changing their relative phases. In spite of these obstacles
think that such an experiment is not out of reach and co
be useful in asserting the existence of subfemtosecond
monic pulses in the cases of locked phases.
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