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Calculated polarizabilities of intermediate-size Si clusters
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We have used a first-principles, density-functional-based method to calculate the electric polarizabilities and
dipole moments for several low-energy geometries of Si clusters in the size range 10<N<20. The polariz-
ability per atom is found to be a slowly varying, nonmonotonic function of N. Over this size range the
polarizability appears to be correlated most strongly to cluster shape and not with either the dipole moment or
the highest occupied–lowest unoccupied molecular-orbital gap. The calculations indicate that the polarizability
per atom for Si clusters approaches the bulk limit from above as a function of size.@S1050-2947~99!07305-9#

PACS number~s!: 36.40.2c, 36.40.Cg, 61.46.1w, 71.24.1q
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I. INTRODUCTION

One of the fundamental goals of cluster science is to
derstand how the properties of clusters evolve with clus
size. Progress toward this goal has been slow, however,
in part to a lack of reliable information about the arrang
ment of the atoms in clusters. Recently, some of us use
accurate tight-binding model combined with a powerful g
netic algorithm~GA!-based search technique to identify t
likely equilibrium structures for Si clusters in the size ran
10<N<20 @1#. The structures were further optimized usin
first-principles, local-density approximation~LDA ! @2,3# cal-
culations, and were checked for consistency with experim
tal, ion mobility data@1#. Further analysis of the ionizatio
potentials of these clusters@4# and of the cluster dissociatio
energies@5# ~and hence binding energies! firmly establishes
these structures as the species observed in the experim

Combining the new structures with those forN<10 that
were previously known, it is now possible to shift attenti
to the physical properties of the Si clusters, to study h
they behave over the 1<N<20 atom size range. In this pa
per we focus on the electric polarizabilities of the cluste
The polarizability is a basic property of an electronic syste
related in the bulk limit to the static dielectric constant. It
of particular interest for Si clusters because it can be see
a rough measure of the ‘‘metallic’’ character of the cluste
as compared with the semiconducting nature of bulk Si. I
also possible that comparisons between measured and
puted polarizabilities may be used to help identify clus
structures@6#.

Electric polarizabilities for small Si clusters in the ran
1<N<10 have been computed previously using fir
principles methods@7–9#, as well as values for selected oth
Si cluster models@10#. The basic result of these calculation
is that the polarizability per atom of the small clusters
larger than the corresponding value for bulk Si, inferred fro
the bulk dielectric constant on the basis of the Clausi
Mossotti relation. This has been interpreted in terms of
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enhanced polarizability of electrons in dangling-bond sta
on the cluster surfaces@7#. Here we show that this trend
continues for clusters in the range 10<N<20.

In Sec. II we discuss our LDA-based method for comp
ing cluster polarizabilities. We then present and discuss
results of the calculations. We end the paper with a b
summary.

II. COMPUTATIONAL METHOD

To determine the cluster polarizabilities using the LD
an external electric fieldF is introduced into the standar
LDA calculation. The field adds a term to the potent
‘‘seen’’ by the electrons:

Vext52er•F. ~1!

The Kohn-Sham equations are solved self-consistently in
presence of this extra potential, and the resulting orb
wave functions are used to evaluate the total energy in
presence of the external field. The mean cluster polarizab
is then defined as

ā5
1

3
Tr@a#, ~2!

where the elements of the polarizability tensor are

a i j 52
]2E

]Fi]F j
5

]m i

]F j
. ~3!

HereE is the cluster total energy andm i is a component of
the cluster electric dipole. The polarizability is evaluated u
ing a finite difference approach, in which

a i i 5
m i~dFi !2m i~2dFi !

2dFi
. ~4!
3685 ©1999 The American Physical Society
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We use a field strength ofdFi50.005 a.u. to evaluate th
derivatives. Fields of this size have been shown to yi
well-converged results for the derivative@7,11#.

The field strength used in the calculations correspond
about 2.63109 V/m, or about two orders of magnitude larg
than typical laboratory fields used to make polarizabil
measurements@6# ~about 23107 V/m). For the calculated
dipole moments and polarizabilities for Si clusters discus
below, the energy shifts of the clusters in the laboratory fi
would be very small. For the largest dipole moment cal
lated ~3.98 D for Si18a ; see Table I!, the energy gained by
aligning the dipole in the laboratory field would be on
about 1.631023 eV. This is over an order of magnitud
smaller thankT at room temperature, and two orders of ma
nitude smaller than typical total energy differences betw
cluster isomers~e.g., 0.27 eV for the two lowest energy Si18
isomers! @12#. The laboratory fields are thus not large enou
to affect the energy balance between competing low-ene
structures.

The calculations reported here were performed using
all-electron, Gaussian-orbital-based implementation of
LDA known asNRLMOL @13,14#. TheNRLMOL codes feature

TABLE I. Calculated binding energiesEb , HOMO-LUMO
gapsEg , dipole moments (m), and polarizabilities (a) for Sin . The
values listed for the clusters through Si10 are taken from Ref.@8#.
The values for Si20c and Si21 are taken from Refs.@15# and @10#.
The values forEb include a small, systematic shift of about 0.0
eV/atom when compared to the results in Ref.@4# The differences
are due to the use of different LDA functionals.

Eb /atom Eg m a
Cluster ~eV! ~eV! ~Debye! (Å 3)

Si1 - - 0.00 5.88
Si2 21.994 0.00 0.00 7.84
Si3 22.965 1.01 0.32 5.21
Si4 23.541 1.07 0.00 5.07
Si5 23.825 1.98 0.01 4.82
Si6 24.041 2.11 0.21 4.51
Si7 24.187 2.10 0.00 4.36
Si8 24.122 1.42 0.00 4.54
Si9 24.234 1.99 0.28 4.38
Si10 24.357 2.03 0.73 4.32
Si11 24.292 1.06 0.82 4.51
Si12 24.324 2.12 0.14 4.59
Si13 24.322 0.93 1.22 4.52
Si14 24.368 1.70 1.06 4.52
Si15 24.397 2.11 2.32 4.55
Si16a 24.352 0.64 0.00 4.79
Si16b 24.350 1.64 0.00 4.66
Si17 24.400 1.49 1.01 4.80
Si18a 24.418 1.90 3.98 4.88
Si18b 24.405 0.57 0.00 4.80
Si19a 24.426 0.87 1.08 4.58
Si19b 24.411 1.15 3.32 4.88
Si20a 24.432 0.97 1.04 4.55
Si20b 24.417 0.79 0.18 5.22
Si20c 24.37 0.84 0.02 4.83
Si21 24.40 0.54 0.79 4.58
d

to

d
d
-

-
n

h
gy

n
e

an accurate numerical integration scheme for evalua
cluster total energies and electric dipoles. We use large b
sets including sixs-type, fivep-type, and fourd-type orbitals
centered on each atom, to insure convergence of the re
with respect to basis sets@15#. We use the exchange
correlation functional of Perdew, Burke, and Ernzerhof@16#
~PBE!, at the LDA level. Benchmark calculations on sma
hydrocarbons and the water molecule found that grad
corrections to the LDA had only a minor impact on calc
lated polarizabilities@11#. To test this directly for Si clusters
we computed the polarizability of Si11 at both the LDA and
generalized gradient approximation~GGA! levels of theory,
obtaining 4.51 and 4.53 Å3, respectively. Because of th
small differences between LDA and GGA values, we opt
use the simpler LDA level of theory here.

For the clusters in the range 11<N<20, we used the new
structures obtained by Hoet al. @1#, without additional relax-
ation. Since these structures were not obtained using theNR-

LMOL codes, we first explicitly tested the structures to insu
that numerical differences between independent LDA co
would not lead to significant differences in optimized stru
tures. We reoptimized the structure for Si12 within the NRL-

MOL codes, starting from the Hoet al. geometry. The addi-
tional relaxation was very small, changing the total energy
the cluster by only 0.02 eV. The change in the calcula
polarizability was also very small, from 4.59 to 4.54 Å3 for
the unrelaxed and relaxed structures, respectively.

III. RESULTS AND DISCUSSION

The basic results of our calculations are tabulated in Ta
I, where we list the binding energy per atom (Eb), highest
occupied–lowest unoccupied molecular-orbital~HOMO-
LUMO! gap (Eg), dipole moment (m), and mean polariz-
ability per atom (a), for the lowest-energy clusters with 1
<N<20. The GA search produced two isomers differing
binding energy by less than 0.02 eV/atom forN516 and
18–20. Results are shown in Table I for each of these st
tures. We also include previous results@8# for SiN with 1
<N<10 for completeness, as well as results for two ad
tional isomers, one for Si20 ~referred to below as Si20c) and
one for Si21 @15#.

A note is in order regarding the value of the polarizabil
of Si2. The value shown in Table I, 7.84 Å3/atom, was ob-
tained for the ground state of the dimer, a spin triplet st
with a bond length of 2.270 Å . The paramagnetic state o
the dimer lies above the triplet state in energy, and ha
shorter bond length of 2.195 Å . The polarizability of the
paramagnetic dimer was found to be 6.40 Å3/atom. This
latter value is in good agreement with the value 6.
Å 3/atom reported earlier@7#, and suggests that that calcul
tion was based on the paramagnetic state.

In Fig. 1 we show for reference the proposed equilibriu
structure for Si10 and the two lowest-energy models for Si18
and Si20, respectively. Si10, Si18a , Si18b , and Si20b all con-
tain the basic building block that appears in most of t
equilibrium structures over this range, the tricapped trigo
prism ~TTP! @1#. In Si10, the TTP unit is seen from the side
with a cap atom added to the top face of the prism; Si18a is a
stack of a TTP unit and a distorted TTP unit; Si18b is a
symmetric stack of two TTP units; and Si20b is a quasisym-
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metric stack of two Si10 units. The compact structure of Si20a
is clearly different from the prolate Si20b isomer.

The results in Table I show that among the propert
listed onlyEb , the cluster binding energy, changes smoot
over this size range.Eg and m change dramatically from
cluster to cluster with no overall trend. The values fora also
show significant variation, but with an apparent correlat
to overall cluster shape that we now discuss.

If we focus on the range Si10–Si20, the clusters up to Si15
have relatively compact structures that can be viewed as
units with capping atoms added to various faces and
edges, as in the case of Si10, depicted in Fig. 1. Beginning
with Si15, the structures can be described as a TTP unit w
an additional structure bonded to an end face of the pri
This stacking of structures increases the aspect ratio of
clusters, making them increasingly prolate. The stack
trend continues over the larger clusters in the range, cu
nating in the Si20b structure shown in the figure, a stack
two Si10’s. The polarizabilities of these clusters increase
they become more prolate, from 4.55 Å3 for Si15 to 5.22 Å3

for Si20b . For the compact isomers Si19a and Si20a , the po-
larizabilities are considerably smaller, 4.58 and 4.55 Å3, in
line with the values found for the clusters withN,15.

These values of the polarizability for prolate and comp
clusters are consistent with the values found previously fo
compact isomer of Si21, 4.58 Å3, and for a prolate isomer o
Si20, 4.83 Å3 @10#. The Si21 model is roughly similar to the
Si20a structure shown in Fig. 1, while the Si20c structure fea-
tures a significantly different arrangement of the atoms t
the prolate isomers for Si18–Si20. The fact that the polariz-
abiity of these models are similar to those found for the ot
compact and prolate clusters reinforces the idea that the
larizability can be related to cluster shape, rather than to

FIG. 1. Cluster structures for selected Si clusters in the 10<N
<20 size range. Depicted are Si10, two prolate isomers for Si18,
and one prolate and one compact isomer for Si20.
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detailed arrangements of the atoms.
What accounts for the systematic difference in the po

izability for compact versus prolate clusters? Simple o
electron perturbation theory of the polarizability yields

axx52(
k,l

8 e2z^kuxu l & z2

e l2ek
~5!

where the one electron matrix elements are between o
pied and unoccupied orbitals, ande l2ek is the correspond-
ing transition energy.~The prime over the summation ind
cated that terms withk5l are to be omitted.! Focusing on the
energy denominator, this expression suggests the rough
of thumb thatā should be inversely proportional toEg , the
cluster HOMO-LUMO gap. However, Vasiliev, Ogut, an
Chelikowsky@7# pointed out that contributions from trans
tions aboveEg can dominate this expression, and th
showed that the inverse relationship betweenā andEg does
not hold in general.

The values in Table I also show that there is no sim
relationship betweenā and Eg for Si clusters in this size
range. In some cases a cluster that has a large value ofEg has
a large value ofā as well, while in other cases the opposi
is true. An interesting example is provided by the two S18
isomers shown in Fig. 1. Both are prolate, but one is a sy
metric stack of nearly ideal TTP units, while the other is
TTP unit plus a very distorted TTP unit. The latter structu
has a much larger band gap, 1.90 versus 0.57 eV, but
polarizabilities for the clusters are very similar, 4.88 Å3 vs
4.80 Å3. In this example,Eg is seen to be a local property o
the cluster, related to a local rearrangement of the ato
whereas the polarizability is apparently tied to the over
shape of the cluster.

There is also little correlation between cluster dipole m
ment,m, andā in Table I. The value ofm fluctuates consid-
erably from cluster to cluster, and reflects primarily the clu
ter symmetry. Components of the electric dipole in directio
perpendicular to either reflection planes or rotation axes m
vanish by symmetry. Highly symmetric clusters thus ha
small or vanishing dipole moments. The two prolate S18
isomers again provide a good example. Si18b is a symmetric
stack of TTP units, and it thus has a vanishing dipole m
ment. The symmetry in the stacking direction is broken
Si18a , however, resulting in a different distribution of ele
tron charge density in the upper and lower halves of
structure and a large dipole moment of 3.98 D.

To understand the differences ina between prolate and
compact clusters it is useful to consider some of the im
cations of these shapes on bonding in the clusters. In Tab
we show the average coordination numbers and mean b
lengths for the compact and prolate isomers for Si19 and
Si20. As shown in the table, the prolate structures ha
higher coordination numbers and longer bond lengths t
the compact structures.~Here we have done the bond coun
ing by assuming a bond to exist between any two ato
separated by 2.6 Å or less.! The connection between averag
coordination number and bond length has a ready phys
interpretation. The greater the number of bonds in a clus
the smaller the valence charge density that can be assoc
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with each individual bond. Each bond is then weaker, a
thus somewhat longer than in a comparable system w
fewer bonds. That the individual bonds are weaker in
prolate structures can be seen by comparing the binding
ergyper bondfor the different Si19 and Si20 isomers. For the
compact structures we obtain 2.6 eV and 2.8 eV/bond,
spectively, but only 2.1 and 2.0 eV/bond for the prolate is
mers.

A rationale for the polarizability trends can now be give
The compact structures have relatively fewer and sho
bonds, binding the valence electrons tighter and in a sma
spatial volume than the prolate clusters. Since atomic po
izabilities can be related to the volume occupied by the e
trons, we can expect smaller polarizabilities for the comp
clusters than for the prolate clusters. The same qualita
result linking the polarizability to the volume occupied b
the orbitals can be obtained from perturbation theory@17#,
although the broad assumptions required in the deriva
make it difficult to apply the result in more than a qualitati
way.

The atomic arrangements seen in Fig. 1 are clearly v
different from the bulk Si diamond structure. It is therefo
not surprising that the cluster properties shown in Table I
far from the corresponding bulk values. The LDA value f
the bulk cohesive energy, 5.38 eV/atom@18#, for example,
far exceeds the cluster binding energies given in the table
obtain a bulk value for the polarizability per atom we can u
the Clausius-Mossotti relation

ā5
3

4p S e21

e12D vat, ~6!

wherevat is the volume per Si atom in the Si unit cell, ande
is the static dielectric constant of the bulk. Takinge511.8
andvat519.47 ~the latter also from the LDA calculation o
Ref. @18#! we arrive at a value for the bulk atomic polari
ability of 3.64 Å3/atom. This value is considerably small
than the values for the clusters in Table I. Note thatā for the
compact isomers is much closer to the bulk value. The
that the bulk value is so small can be understood on the b
of the argument given above, inasmuch as the short b
bond lengths~2.33 Å! correspond to smaller effective vo
umes for the valence electrons and thus a smaller polariz
ity than in the clusters.

The systematic differences between the values ofā for
prolate and compact clusters are interesting in light of
periments that show that a shape transition from prolate
compact structures occurs for Si clusters at around 26 at
@19#. According to the results in Table I, we would expect

TABLE II. Average coordination number,̂n&, average bond

length r̄ , and polarizabilitya for compact (Si19a and Si20a) and
prolate (Si19b and Si20b) clusters.

Cluster ^n& r̄ (Å ) a

Si19a 3.47 2.44 4.58
Si19b 4.21 2.46 4.88
Si20a 3.20 2.40 4.55
Si20b 4.40 2.47 5.21
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see a transition in the value of the cluster polarizability fro
values around 5.0 Å3 to values closer to 4.5 Å3 over this
size range. Since the measurements would average ove
polarizabilities of all the clusters present, the transition m
be gradual, rather than steplike, depending on the rela
population of prolate versus compact clusters present o
the transition region.

Polarizabilities for Si clusters between nine and 120
oms have been measured recently@6,20,21#. In contrast to
our calculated results, which show relatively small variatio
in the value ofā over the size range 10<N<20, with all
values significantly larger than the bulk limit, the measu
ments show large variations inā over this range and an
average value lying significantly below the bulk limit. Th
experimental data include large error bars, which may
plain the differences between theory and experiment
would be interesting to see measurements that improve
the error bars in Ref.@6#. For example, in order observe
transition in polarizabilities coinciding with a shape tran
tion in the clusters, the measurements would need to res
changes on the order of 10%. There is no clear transition
the value ofā occuring at aroundN526 in the current data
@6#. We note, for reference, that the polarizabilities for alk
and aluminum clusters are known to decrease with size
approach the bulk limit from above@22,23#.

A close agreement between theory and experiment wo
require that temperature effects be taken into account. At
temperatures the dipole moment of a cluster tends to a
with an external field. This alignment has the effect of co
tibuting an extra term to the cluster’s polarizability. The to
effective polarizability can be shown to be

āeff5ā1
m2

3kT
. ~7!

For clusters with large dipole moments like Si15, Si18a and
Si19b , the second term is roughly equal toā at room tem-
perature. At low temperatures the dipole-related term do
natesā for these clusters. Since the prolate clusters tend
have larger dipole moments than the compact clusters, a
rately measuring cluster dipole moments could be ano
approach to identifying cluster shape transitions. An imp
tant point in this context is that the expression for the eff
tive polarizability given above assumes the clusters to be
thermal equilibrium in the external field. This condition ma
not be satisfied in beam experiments in which the clus
spend a very short time in the external field.

While experiments@19# have shown the prolate to com
pact transition to occur atN526, theEb results in Table I
suggest that the compact structures are already much m
stable atN519. This apparent contradiction may be resolv
in part by noting that atomization energies are well known
be overestimated in the LDA, a situation that is corrected
some extent using gradient-corrected functionals~GGA’s!
@24#. We have found previously that the GGA systematica
favors prolate Si clusters over compact ones@25#. To test
whether this trend holds for the clusters studied here,
computed the GGA binding energies for Si20a and Si20b ,
using the relaxed LDA geometries for both. Within the PB
form of the LDA, Si20a is 0.49 eV more stable than Si20b . In
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the PBE version of the GGA, the two structures are ess
tially degenerate, with the compact structures being lower
only 0.02 eV. Thus the GGA results indicate that atN520,
the prolate clusters are essentially isoenergetic with the c
pact structures. These results are in complete agreement
the calculations of Ref.@4#, where similar calculations wer
done using different GGA functionals.

IV. SUMMARY

In this paper we have presented calculated electric po
izabilities of Si clusters in the size range 1<N<20. The
calculations confirm and extend earlier theoretical results@7#
that show static polarizabilities for Si clusters are larger th
the bulk limit based on the Clausius-Mossotti relation. W
find no connection between the values ofa and either the
HOMO-LUMO gap or the cluster dipole moment. Inste
the polarizability appears most closely related to the ove
shape of the clusters. The polarizability of prolate cluster
about 10% larger than that of compact clusters at the s
cluster size. This suggests that measurements of the pol
ability could be useful as a probe of cluster shape, com
menting the results of ion mobility experiments@19#. Be-
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cause the cluster polarizability is less sensitive to lo
atomic rearrangements than other properties like the gap
dipole moment, it is arguably the best indicator of the dev
opment of bulklike electronic behavior in clusters. It ther
fore will be interesting to extend these calculations to lar
cluster sizes as more structures become available.
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