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Total electron loss, charge transfer, and ionization in proton-hydrogen collisions at 10–100 keV
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A three-dimensional lattice solution of the time-dependent Schro¨dinger equation for low quantum states
(n<3) is combined with classical trajectory Monte Carlo results for high quantum states (n>4) to predict
total electron loss and total charge-transfer cross sections for proton collisions with atomic hydrogen at
intermediate energies. The total charge-transfer cross sections range from 5% above to 10% below the furnace
target measurements of McClure@Phys. Rev.148, 47 ~1966!#, while the total electron-loss cross sections range
from 5% to 15% above the pulsed crossed-beams measurements of Shah, Elliot, and Gilbody@J. Phys. B20,
3501 ~1987!#. The calculation of ionization as a difference between electron loss and charge transfer leads to
theoretical ionization cross sections that are 10% to 35% larger than the crossed-beams measurements of Shah
and Gilbody@J. Phys. B14, 2361~1981!# and Shah, Elliott, and Gilbody@J. Phys. B20, 2481~1987!#.
@S1050-2947~99!08805-8#
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I. INTRODUCTION

Proton-hydrogen collisions continue to serve as a ben
mark for the development of new theoretical methods. T
direct solution of the time-dependent Schro¨dinger equation
~TDSE! on a numerical lattice@1–4# has had for many year
the potential for yielding accurate inelastic cross secti
over a wide energy range. Recently, substantial advance
computer technology have for the first time permitted
implementation of the lattice TDSE method on large thr
dimensional grids for the calculation of antiproton and p
ton collisions with hydrogen@5–7#. Besides yielding accu
rate cross sections of importance to astrophysical
laboratory plasma research, the lattice TDSE method giv
complete description of the electron dynamics within t
quantum-mechanical collision domain found at short inter
tion lengths.

In recent work@7# we applied the lattice TDSE method t
study excitation and charge transfer in proton collisions
energies of 10 to 100 keV with the hydrogen target in
ground state. We used two alternative numerical method
low-order finite differences method with a ‘‘staggered lea
frog’’ propagator and a high-order Fourier collocatio
method with a split-operator propagator. It was demonstra
that the cross sections for excitation to the 2s, 2p, 3s, 3p,
and 3d subshells of the target and cross sections for cap
to the 1s, 2s, 2p, 3s, 3p, and 3d subshells of the projec
tile are in good agreement with many recent theoretical
experimental results. The purpose of this paper is to re
total cross sections for electron loss, charge transfer,
ionization based on further lattice TDSE calculations for lo
n shells combined with classical trajectory Monte Ca
~CTMC! calculations for highn shells. In Sec. II we give a
brief outline of the computational methods, cross section
sults are presented in Sec. III, and a brief summary is gi
in Sec. IV. Atomic units are used throughout unless oth
wise noted.
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II. THEORY

We consider the time-dependent Schro¨dinger equation for
a bare ion (Zp) projectile colliding on a straight-line trajec
tory with a hydrogenic atom (Zt) target:

i
]C~rW,t !

]t
5S 2

1

2
¹22

Zt

r
2

Zp

R~ t ! DC~rW,t !, ~1!

where rW is the electron position vector with respect to t
target, andR(t) is the distance between the projectile and t
target that is located at the origin of Cartesian coordina
For example,

R~ t !5A~x2b!21@y2~y01vt !#21z2, ~2!

wherey0 and the impact parameterb locate the initial posi-
tion of the projectile, andv is the projectile velocity. Equa-
tion ~1! is solved numerically in a rectangular box with th
boundary conditionc50 at the walls fort.0; and the initial
conditionc5c1s in the interior att50. Standard numerica
techniques are used to avoid spurious wave reflections a
rectangular grid boundaries@7#.

Physical observables are obtained by projecting the t
wave function following the collision onto the stationa
states of the target. The probability of excitation or capture
a cnl m state is

Pnl m~v,b!5U E d3r cnl m* ~rW !C~rW,t5tmax!U2

, ~3!

where tmax is the propagation time. The cross section f
excitation or capture to thenl m state is

snl m~v !52pE
0

`

db bPnl m~v,b!. ~4!
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PRA 59 3589TOTAL ELECTRON LOSS, CHARGE TRANSFER, AND . . .
Excitation cross sections are computed in the rest fram
the hydrogen atom target, while capture cross sections
computed in the rest frame of the proton projectile.

The total cross section for electron loss from the tar
can be obtained from the probabilities of excitation by us
the relation

s loss52pE
0

`

db bS 12 (
all states

Pnl m
exc ~v,b! D , ~5!

while the total cross section for charge transfer from
target can be obtained from the probabilities of capture
using the relation

s trans52pE
0

`

db bS (
all states

Pnl m
cap ~v,b! D , ~6!

where the summation extends over all bound electron st
of the target. In principle, at a given impact energy, the to
ionization cross section can be extracted as the differe
between the total cross section for electron loss and the
cross section for charge transfer

s ion5s loss2s trans. ~7!

On a finite size lattice the direct solution of the tim
dependent Schrodinger equation leads only to a relativ
small number of excitation and capture probabilities. To o
tain the total electron loss and the total charge trans
which requires summing the contributions from an infin
number of excited states, the lattice results must be c
bined with high n-subshell cross sections available usi
other techniques. In the CTMC method the time evolution
the three-body system is obtained by a classical solution
Hamilton’s equations of motion. The initial conditions~i.e.,
the electron’s position and momentum! are chosen randomly
from a quantum-mechanical probability distribution. T
classical solution is repeated for a large number of projec
trajectories (;106) to determine cross sections within a st
tistical accuracy. Good agreement between the CTMC
sults and experiment can be interpreted as evidence th
high n and intermediate collision energies the three bo
dynamics are well described by those given by classical
jectories developing from an electronic orbital ensemble c
sen to mimic the quantum initial state@8,9#.

III. RESULTS

The lattice method and the lattice parameters used in
forming the calculations presented in this work are the sa
as those used before@7#. The low-order finite differences
method with a ‘‘staggered-leapfrog’’ propagator was appl
with a uniform mesh spacingdh50.2 in each direction of
the cubic boxL5@230;130#3, and the grid did not include
the point~0,0,0!. This size of lattice can only support ‘‘spec
troscopic’’ hydrogenic orbitals forn51, 2, and 3. The Fou-
rier collocation method calculations were performed w
spacingdh50.385 in a boxL5@226;126#3, on a grid that
included zero. The finite differences calculations were c
ried out at 10, 25, 40, 60, and 100 keV, while the Four
collocation calculations were carried out at 40 and 60 ke
corresponding to the peak of the ionization cross sect
of
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Summaries of the finite difference lattice results for capt
to the n-shell of the projectile and for excitation of th
n-shell of the target are displayed in Tables I and II, resp
tively.

The total cross sections for electron loss and charge tr
fer are calculated by summing up the contributions from
n-shells up to infinity. For this purpose, the lattice results
combined with CTMC results forn>4. Figure 1 shows a
typical CTMCn-level distribution where the computed cro
sections fluctuate around a statistical mean that falls of
1/n3. This high-n behavior is also characteristic of the re
ommended cross section data for excitation compiled
Janev and Smith@10#. The 1/n3 scaling relationship can be
used to sum up the residual contributions from alln shells
above a fixednmax using thez(3) Riemann zeta function
Overall, the CTMC contributions forn>4 to the total elec-
tron loss and charge transfer cross sections are less
10%, while the contributions abovenmax520 are extrapo-
lated to be less than 0.3%. The results are summarize
Tables I and II.

In Table III we compare total cross sections obtained w
the finite differences method to those obtained with the F
rier collocation method at 40 and 60 keV incident prot
energy, corresponding to the peak of the ionization cr
section for hydrogen. The Fourier collocation results
electron loss are only 3% lower than the finite differenc
results, while for charge transfer the Fourier collocation
sults are roughly 10% higher than the finite difference
sults. The larger numerical differences found for the to
charge transfer is due in part to the added complexity
propagating the atomic probability density across the latt
The fact that the Fourier collocation results for ionization
40 keV are almost 15% lower than the finite differences

TABLE I. Cross sections for the charge transfer to then shell of
the projectile as a function of the proton impact energy in the c
lision p1H(1s). The units are 10216 cm2.

E Finite differences Total CTMC

~keV! n51 n52 n53 Total n<3 4<n<20 4<n Total

10 7.894 0.534 0.097 8.520 0.024 0.025 8.5
25 2.960 0.563 0.163 3.687 0.095 0.098 3.7
40 1.134 0.282 0.091 1.503 0.101 0.104 1.6
60 0.377 0.096 0.033 0.505 0.052 0.053 0.5

100 0.065 0.015 0.005 0.086 0.008 0.008 0.0

TABLE II. Cross sections for then-shell excitation of the targe
and for electron loss as a function of the proton impact energy
the collisionp1H(1s). The units are 10216 cm2.

E Finite differences Total CTMC Loss

~keV! n52 n53 Total n<3 4<n<20 4<n n51 Total

10 0.272 0.072 0.344 0.030 0.031 9.240 8.8
25 0.655 0.154 0.809 0.063 0.064 5.919 5.0
40 0.923 0.210 1.133 0.090 0.092 4.694 3.4
60 1.011 0.213 1.223 0.110 0.113 3.767 2.4

100 0.961 0.182 1.143 0.109 0.112 2.779 1.5
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sults is due in large measure to the relative difference am
fication caused by the subtraction of a larger charge tran
cross section from a smaller electron loss cross section.

The finite differences and Fourier collocation calculatio
for the total charge-transfer cross section are compared
the furnace target measurements of McClure@11# in Fig. 2.
The finite differences results are slightly higher than the
perimental measurements at low energies and then fall be
experiment at the higher energies by at most 10%. The F
rier collocation results are 1% to 5% above the measu
ments at 40 and 60 keV. If the difference between the t
calculations is a reflection of numerical uncertainty, th
theory and experiment agree to within their respective e
bars for the total charge transfer cross section.

The finite differences and Fourier collocation calculatio
for the total electron loss cross section are compared with
pulsed crossed-beams measurements of Shahet al. @12# in
Fig. 3. Both lattice calculational results are 5% to 15% abo

FIG. 1. CTMC cross sectionn level distributions in the collision
p1H(1s) at 60 keV:~a! capture,~b! excitation. The high-n results
present statistical~Monte Carlo! fluctuations about a 1/n3 behavior
~dashed curve!.

TABLE III. The results of blending the CTMC cross section
with finite differences and Fourier collocation methods for the to
charge transfer, the total electron loss, and the total ionization.
units are 10216 cm2.

E Finite differences Fourier collocation

~keV! Capture Loss Ionization Capture Loss Ionizatio

40 1.607 3.468 1.861 1.804 3.388 1.584
60 0.559 2.430 1.871 0.613 2.347 1.734
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the measurements over the entire energy range. Thus, th
and experiment are in slight disagreement for the total e
tron loss cross section.

The total ionization cross section is extracted by tak
the difference between the total electron loss and the t
charge transfer cross sections. The finite differences
Fourier collocation calculations for the total ionization cro
section are compared to the crossed-beams measureme
Shah and Gilbody@13# and Shahet al. @14# in Fig. 4. At the
peak of the ionization cross section the finite differences
sults are 30% to 35% above the experimental measurem
while the Fourier collocation results are 10% to 25% abo
the measurements. Although the predicted shape of the
ization cross section as a function of proton energy agr
well with experiment, the slight disagreement betwe
theory and experiment for the electron loss cross section
been amplified by the use of Eq.~7! to obtain the total ion-
ization cross section.

The main contribution to the total cross sections for el
tron loss and charge transfer comes from the lattice TD
results for then<3 shells. In order to check whether th

l
he

FIG. 2. Total charge-transfer cross section as a function of p
ton impact energy. The solid curve presents the cubic spline in
polation of values computed with the finite differences method~dia-
monds!. The asterisks present the results of Fourier collocat
method. A comparison is made with experimental results of M
Clure @11# ~filled circles!.

FIG. 3. Total electron-loss cross section as a function of pro
impact energy. The solid curve presents the cubic spline interp
tion of values computed with the finite differences method~dia-
monds!. The asterisks present the results of the Fourier colloca
method. A comparison is made with the experimental results
Shahet al. @12# ~filled circles!.
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differences found in the two numerical methods are reas
able, we tested the sensitivity of the finite difference resu
by varying selected lattice parameters. We reduced the m
spacing fromdh50.20 todh50.15 keeping the box size th
same and then repeated the electron loss and charge tra
calculations at 60 keV. The excitation cross sections chan
by 2% to 4%, while the capture cross sections varied fr
2% to 6%. Calculations were also carried out at 100 k
using different combinations of mesh spacing and box s
with at most a 2% effect on contributions from then<2
shells. We repeated the finite difference calculations at
keV on a grid that included zero and found almost no cha
in the excitation and capture cross sections.

A smaller contribution to the total cross sections for ele
tron loss and charge transfer comes from the CTMC res
for the n>4 shells. At the peak of the ionization cross se
tion, the CTMC calculations for then>4 shells only con-
tribute between 3% to 5% of the total electron loss cr
section and 6% to 9% of the total charge transfer cross
tion. Thus, even substantial changes in the CTMC results
the n>4 shells translates into fairly small changes in t
total cross sections.

FIG. 4. Total ionization cross section as a function of prot
impact energy. The solid curve presents cubic spline interpola
of values computed with the finite differences method~diamonds!.
The asterisks present the results of the Fourier collocation met
A comparison is made with the experimental results of Shah
Gilbody @13# ~open circles! and Shahet al. @14# ~filled circles!.
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IV. SUMMARY

Total cross sections for electron loss and charge tran
in proton collisions with hydrogen in the 10–100 keV inte
mediate energy range are calculated using a lattice TD
method for then<3 shells combined with a CTMC metho
for the n>4 shells. The theoretical cross sections for to
charge transfer are in reasonable agreement with the fur
target measurements of McClure@11#, while the calculated
cross sections for total electron loss are uniformly 5%
15% above the pulsed crossed-beams measurements of
et al. @12#. The theoretical peak cross sections for total io
ization are between 10% and 35% above the crossed-be
measurements of Shah and Gilbody@13# and Shahet al. @14#.
The large relative discrepancy between theory and exp
ment can be mainly attributed to the indirect approach
extracting ionization cross sections in a way that amplifi
the uncertainties in the determination of the electron-loss
charge-transfer cross sections. Further work is needed to
velop a more direct method for the extraction of ionizati
probabilities and cross sections. In the meantime the ste
advance in computer technology promises to continually
crease the numerical uncertainty in atomic cross sec
methods based on the direct solution of the time-depend
Schrödinger equation.
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