
PHYSICAL REVIEW A MAY 1999VOLUME 59, NUMBER 5
Influence of ppp ions on pion absorption in H2
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The existence of three-body resonances in the molecular ionppp has been shown by means of a variational
calculation in Jacobi coordinates. The relativistic and strong-force corrections to the Coulombic binding ener-
gies and the decay widths of the resonances have been calculated. We consider two mechanisms that supply the
pp atom with large kinetic energies before the moment of pion absorption by the proton, with significant
impact on the interpretation of experiments measuring the mass differencemp22mp0 from pion absorption in
pionic atoms. These mechanisms are~a! the formation and subsequent Coulomb decay of the metastableppp
states and~b! pion absorption from themolecular ppp state, giving, respectively, a discrete or a continuous
distribution of kinetic energies of the resultingpp atoms.@S1050-2947~99!08005-1#

PACS number~s!: 36.10.2k
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I. INTRODUCTION

The fate of the pions entering hydrogen is of importan
for precision spectroscopy experiments, and/or experim
studying the strong-force aspects of the nuclear pion abs
tion by the hydrogen nuclei. The present paper addre
questions of interest for the new generation of experime
determining the strong-force shift and width of the 1s energy
level of thepp atom, and concentrates on problems relev
for an experiment aiming at the determination of the m
difference between negative and neutral pions,mp22mp0

@1#. Knowledge of this mass difference is important in stu
ies of the rare pionb decay through the reaction

p6→p01e61n ~1!

and allows tests of the standard weak interaction the
through comparisons of the predicted decay rate with exp
mental findings. In particular, the conserved vector curr
~CVC! hypothesis, predicting the same weak coupling c
stantGv for pion and nucleon~pure vector! b decays, can be
tested. According to this hypothesis the pion and nucle
decay rates are proportional to each other via the fifth po
of the (mp22mp0) mass difference@2,3#.

The mass difference can be deduced from the time
flight studies of the neutrons produced in the capture reac

p21p→p01n ~2!

from the bound states of the pionic atomspp2 @4#. If the
initial velocity of the pionic atoms were zero, the energy
all neutrons would be the same and could be related to
particle masses through the energy balance

mp2p5mp21mp2Eb5En1Ep0

5~mn
21pn

2!1/21~mp0
2

1pp0
2

!1/2, ~3!

whereEn is the neutron energy,Ep0 and En are pion and
neutron~total! energies, respectively,Eb is the binding en-
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ergy of the pionic atom,pn is the momentum of the neutron
andpp0 is the momentum of the neutral pion.~We have set
the speed of lightc51.! However, the deduced mass diffe
ence is very sensitive to the initial kinetic energy of the
onic atoms, and therefore to details of the pionic cascade@5#.
This aspect has become especially important in view of
cent experiments which detected an excess of very energ
pionic atoms@1,6,7# and other deviations from the prevailin
kinematical model. In the present paper we attempt to cla
these unexpected features of the pionic cascade with the
of our recently presented side-path theory@8–11#.

The side-path theory originally relates to the muonic c
cade in the mixture of deuterium and tritium during the cyc
of the muon catalyzed fusion (mCF). In that cycle, the
muons are captured by both deuterium and tritium form
dm andtm, and the collisional muon transfer was previous
thought to proceed one sidedly and irreversibly from deu
rium to tritium. The reverse transfer was thought not possi
because of the isotopic energy difference. Such a theory g
a too low population of the ground state ofdm(1s), which
was inconsistent with the experiment.

We have shown thattm(2s)1D2 collisions lead to for-
mation of the three-body resonancesdtm* , situated in the
dissociative continuum ofdtm just below thetm(2s)1d
threshold. Fast formation of these states and their follow
decay into thedm(1s)1t channel can be considered as res
nantly enhanced muon transfer. This opens a new mod
muon return fromtm to dm, referred to as a side path. Th
side-path mechanism resolved the longstanding puzzle
mCF, bringing into agreement the experimental and theo
ical values of the muon cycling rate~the average time be
tween consecutived-t fusions! and of the population of the
ground state of muonic deuterium~the so calledq1s frac-
tion!.

Calculations in this paper show that similar states ex
below thepp(nl)1p thresholds in pionic molecules, whic
similarly can be formed inpp(nl)2H2 collisions. When the
ppp resonances decay into thepp(n8l 8)1p ~where n8
3440 ©1999 The American Physical Society
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PRA 59 3441INFLUENCE OFppp IONS ON PION ABSORPTION IN H2
,n) channel the resulting pionic atoms will be very ene
getic. A competing decay channel of theppp molecule is
the intramolecular absorption of the pion by one of the p
tons. We show that the vibrational motion of the protons
the molecular state will then result in an experimental sig
ture resembling that of absorption from app atom with high
momentum. Thus the formation of metastableppp mol-
ecules opens new and previously unconsidered acceler
mechanisms for pionic atoms during the pion cascade.

In what follows we propose a new side path in the pi
kinetics based on excited state chemistry of pionic ato
We show that the rate of resonantly enhanced pion tran
via the side path is comparable to other deexcitation rate
pionic atoms. This alters the populations of low-lying stat
A detailed knowledge of the populations of pionic atoms a
their velocities is a prerequisite for correct interpretation
the neutron time-of-flight spectra. The objective of t
present paper is to understand the influence of the side
on the mass-difference experiment outlined above.

In Sec. II we discuss howppp molecules can be forme
and indicate their different decay channels. In Sec. III
present our calculation of the Coulombic energies ofppp
resonances. Corrections to the Coulombic energy from
strong interaction and vacuum polarization are added in S
IV. The Coulomb decay of theppp molecule, which results
in a pp atom with a discrete high kinetic energy, is studi
using the method of complex scaling in Sec. V. In Sec.
we discuss the continuous kinetic energy component fr
the intramolecular pion absorption. Finally we try to estima
the relevant effective rates in the pion cascade in Sec. V

II. FORMATION AND DECAY OF METASTABLE
MOLECULAR STATES ppp

We consider the formation of a metastable hybrid m
ecule through the collision of app atom with a H2 molecule
according to

~pp!nl1~H2!n iKi
→@~ppp!spee#nK . ~4!

Here s denotes a collection of quantum numbers, to
discussed in Sec. III below, specifying the state of theppp
molecule,n and l are the principal and angular momentu
quantum numbers of the pionic hydrogen atom, andn i , Ki
andn, K are vibrational and rotational quantum numbers
the initial H2 molecule and of the metastable hybrid mo
ecule, respectively. The resonance is formed through
Vesman mechanism@12# generalized to theexcited statesof
mesic molecules@9,10#. On the scale of the H2 molecule the
pp atom is an almost point-like neutral particle. Thus it c
penetrate the electron cloud of the H2 molecule and collide
with one of its protons, forming appp molecule. On the
larger scale the hybrid molecule formed in this way can
regarded as an isotope of the H2 molecule, with theppp
molecule as one of its nuclei. The binding energyEb of the
metastableppp state is absorbed by a rovibrational excit
tion of the hydrogen molecule from the initial staten iKi to
the statenK of the new hybrid molecule@(ppp)spee#. The
resonant collision energyEres is given by

Eres5DErovib2Eb , ~5!
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whereDErovib is the increase in rovibrational energy. Thu
the Vesman mechanism requires the existence of metas
states of theppp molecule with a binding energy less tha
the dissociation energy of H2 (.4.5 eV). In the following
section we will show that such states indeed do exist.

The metastable state can decay through a number of
ferent channels. There is decay back to the initial chann

@~ppp!spee#nK→~pp!nl f
1~H2!n fK f

, ~6!

Auger decay,

@~ppp!spee#nK→@~ppp!sf
pe#n fK f

1e2, ~7!

radiative decay,

@~ppp!spee#nK→@~ppp!sf
pee#nK1g, ~8!

Coulomb decay,

~ppp!s→~pp!nf l f
1p, ~9!

and nuclear absorption,

~ppp!s→p1n1p0. ~10!

When the metastable state decays through Coulomb
cay, Eq. ~9!, the pp atom in the final state will gain the
kinetic energy

Tpp5
mpp

me
S 1

nf
2

2
1

ni
2

2EbD Y S 11
mp1mp

mp
D Ry,

~11!

where 1 Ry513.6057 eV,me is the mass of the electron
and mpp5121.497 MeV/c2 is the pion-proton reduced
mass.

The Coulomb decay can take place either directly or a
an intermediate Auger decay, Eq.~7!, or radiative decay, Eq
~8!. The latter intermediate processes will stabilize the m
ecule against backscattering, Eq.~6!, but not against nuclea
absorption. Possible acceleration of pionic atoms throu
nuclear absorption from a molecular state will be discus
in Sec. VI. The most important task is therefore to estab
the existence of three-body resonances inppp which would
be accessible to the Vesman formation mechanism, an
estimate whether the Coulomb decay or the intramolec
absorption of these resonances can compete with other d
processes.

III. COULOMBIC ENERGY LEVELS
OF METASTABLE ppp

The energy eigenvalues ofppp were obtained variation-
ally by use of the coupled rearrangement channel met
devised by Kamimura@13#. This method uses Jacobian c
ordinates inboth rearrangement channelsa,b shown in Fig.
1. The Hamiltonian included all nonrelativistic Coulomb in
teractions without any simplifying approximations. Th
Hamiltonian is invariant under rotations of the entire mo
ecule, inversion ofall spatial coordinatesI(Ira52ra , and
IRa52Ra , a5a,b), and inversion of the internuclear co
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ordinate only~i.e., spatial permutation of the two proton!
In (Inrb52rb , andInRb5Rb). The symmetry of the wave
function can thus be characterized by the correspond
quantum numbersJ50,1, . . . , MJ52J, . . . ,J, p561
andq561. HereJ andMJ are the usual rotational quantu
numbers and the quantum numbersp and q are defined
through

IFJMJ

pq 5p~21!JFJMJ

pq , ~12!

InFJMJ

pq 5q~21!JFJMJ

pq . ~13!

Different states of the same symmetry are designated
the quantum numbern of the nearest higher atomic thres
old, and a vibrational quantum numberv. Thus the molecu-
lar state is fully specified bys5$n,v,J,M j ,p,q%. Obviously
the pion inversion operator~defined byIprb5rb , IpRb5
2Rb) is Ip5I In . Thus the states can be classified
gerade/ungeradesymmetry according to whetherpq561.

The wave functionFJM
pq , is expanded in terms of Gaus

ian basis functions spanned over the two rearrangem
channelsa5a,b.

FJMJ

pq 5(
a

(
l ,L

(
i 51

i max

(
I 51

I max ca i l IL

A2
@11q~21!JIn#ga i l IL ,

~14!

ga i l IL 5r a
l Ra

Le2~r a /r a i !
2
e2~Ra /RaI !

2
@Yl~ r̂a! ^ YL~R̂a!#JMJ

,
~15!

where for each rearrangement channell is the angular mo-
mentum of the two-body subsystem connected byra , andL
is the angular momentum of the third particle with respec
this subsystem. Of coursel and L are not conserved sepa
rately, but vectorially add up to the conserved total angu
momentumJ. The nonlinear variational parametersr a i and
RaI are chosen as

r a i5r a1S r an

r a1
D ~ i 21!/~ i max21!

,

~16!

RaI5Ra1S RaN

Ra1
D ~ I 21!/~ I max21!

.

The geometrical progression allows for an accurate
scription of both short and long range behavior.

Since the two protons are identical the third possible
arrangement channel~see Fig. 1! was not needed after th
program had been modified to include the exchange co
bution. Thus the number of Gaussians necessary to obta
given accuracy has been halved, and consequently exec
times and memory requirements were reduced by alm

FIG. 1. The Jacobian coordinate systems used. The origin oRi

is at the center of mass of the two particles connected byr i .
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75%. The sizes of the largest basis sets used for the diffe
symmetries are shown in Table I.

The resonances are embedded in the scattering contin
of free pp(n51,2), so the Rayleigh-Ritz procedure will no
be applicable. Instead we apply the stabilization techniq
@8#, where one introduces a real scaling parametera through
the transformation

r→ra, T→T/a2, V→V/a,

whereT and V are the kinetic and potential energy matr
elements, respectively. Varyinga one obtains a stabilization
graph as shown in Fig. 2 from where the resonant ener
can be deduced. The stabilization technique based on
scaling delivers the resonance position on the energy sc
To obtain the concomitant lifetimes a complex scaling p
rameter must be used; such a calculation is presented in
V.

We present our calculated energy eigenvalues in eV r
tive to the thresholds for dissociation to a pionic hydrog
atom and a proton, where the atomic energies are given

En52
mpp

me

1

n2
Ry, n51,2, . . . . ~17!

TABLE I. Sizes of the largest basis sets used for the differ
symmetries.N is the number of Gaussians,N the number of con-
figurations$a,l ,L% summed over in Eq.~14!, andl max is the highest
angular momentum included.

J q p N N l max

0 1 1 2751 7 4
0 21 1 2063 7 4
1 1 1 4564 9 3
1 21 1 4280 9 3
1 1 21 2545 6 4
1 21 21 1680 5 4

FIG. 2. Stabilization graph showing metastable states of
ppp molecule below then53 threshold with symmetryJ50, p
5q51.
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TABLE II. Binding energiesEb of ppp resonances under then52 threshold. For each (p,q) symmetry
the three columns contain the binding energy from the three-body calculation, the binding energy
Born-Oppenheimer approximation, and the Born-Oppenheimer designation of the state.

J50 v p5q51 p51, q521

0 236.17 232.33 3dsg 21.06 20.31 4f su

1 100.15 98.85 3dsg 5.77 5.50 4f su

2 26.62 26.55 3dsg 1.57 1.48 4f su

3 6.76 6.59 3dsg

4 1.82 1.74 3dsg

J51 v p5q51 p51, q521

0 220.37 214.44 3dsg 18.67 17.59 4f su

1 89.63 86.72 3dsg 13.18 5.90 2ppu

2 21.84 21.00 3dsg 4.76 4.45 4f su

3 5.30 4.95 3dsg 1.23 1.12 4f su

4 1.35 1.23 3dsg

J51 v p521, q51

0 13.11 5.90 2ppu
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We have calculated energy eigenvalues for both bo
and metastable states up to then53 threshold for rotationa
symmetriesJ50, 1 andp, q561. Our results reveal thre
truly bound states withJ<1, all with the proton inversion
symmetryq51. For inversion symmetryp51 we found one
bound state for eachJ, with binding energies relative to th
n51 atomic threshold 2294.86 eV for J50, and
280.23 eV forJ51. Forp521 we found one bound stat
with J51 and binding energy213.11 eV relative to the
n52 atomic threshold.

The stabilized eigenvalues forn52, 3 andJ50, 1 are
shown in Tables II and III. The first column shows the e
genvalues obtained with Coulomb interaction only. For co
parison we also show the energies obtained using the B
Oppenheimer approximation. The potential curves w
calculated using the method described in@14#, while the ro-
vibrational problem was solved using the programLEVEL 6.0

by LeRoy @15#.
When the Born-Oppenheimer approximation is appl

there are several ways in which the Hamiltonian can be se
rated into electronic, rovibrational, and neglected terms@16#.
We used the reduced proton-pion mass in the kinetic term
the electronic Hamiltonian since with this choice one obta
the correct atomic threshold energies. Notice that this cho
invalidates the proof that the Born-Oppenheimer energy
lower bound for the correct energy as given in@17#. For L
Þ0 states~where L is the electronic angular momentu
along the internuclear axis! the centrifugal barrier may be
introduced in several ways. We have used the standard
scription @J(J11)2L2#/R2 ~whereJ still is the total angu-
lar momentum of the molecule!. This choice was found to
give the most exact energies for the 5gp and 4f p states. For
the 2pp state, however, the Born-Oppenheimer energy us
this prescription is far off,25.90 eV compared to the exac
value 213.18 eV. For this case a much better Bor
Oppenheimer energy213.48 eV was obtained by removin
the centrifugal barrier altogether.

The errors of the Born-Oppenheimer energies are sma
d

-
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e

d
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s
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er

for ppp than for asymmetric exotic molecules likedtm
since for symmetric molecules the energy of the dissocia
limit is correct in the Born-Oppenheimer approximation.

Let us now discuss the consequences of the the ang
momental andL of the two sub-systemsp-p andp-p for p
symmetry. Within the framework of the Born-Oppenheim
approximationL is the rotational quantum number of th
nuclei, which in this approximation is a conserved quant
number, andl is the angular momentum of the pion, who
projectionm along the internuclear axis is conserved. On t
other hand, in a nonadiabatic treatment such as ours only
total angular momentumJ is conserved. Thus the angula
part of the wave function is a sum over combinations ofl ,L

of the type @Yl( r̂a) ^ YL(R̂a)#JMJ
@cf. Eq. ~15!#. From the

definition of I and Eq. ~12! one then sees thatp5
(21)J1 l 1L, since according to the rules for adding angu
momentauL2 l u<J<L1 l one sees that forJ50 only p
51 is possible, while forJ.0 both paritiesp561 are pos-
sible. Within the Born-Oppenheimer approximation thep5
61 states are degenerate. This degeneracy is the same
the two possible projections along the internuclear axis of
pion angular momentum,m56umu, whenumu.0. When the
full Hamiltonian is consideredm is no longer a conserved
quantum number, and thus the degeneracy is broken
terms of nonadiabatic couplings between Born-Oppenhei
states the full Hamiltonian includes a coupling between ths
andp states. But forp521 no s state exists, and thus th
s-p coupling is absent. By comparing the energies of
p521 states with the energies of the correspondingp5
11 states in Table III one can then deduce that the con
bution from thes-p coupling to the total nonadiabatic en
ergy shift is on the order of 0.1 eV.

Notice that it is not possible for ap521 state to disso-
ciate to ans-state atom. Therefore the first dissociatio
threshold forp521 states is then52, and consequently
any p521 state with energy less than this threshold ene
is a truly bound state embedded in a continuum of a differ
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TABLE III. Binding energiesEb of ppp resonances under then53 threshold. For each (p,q) symmetry
the three columns contain the binding energy from the three-body calculation, the binding energy
Born-Oppenheimer approximation, and the Born-Oppenheimer designation of the state.

J50 v p5q51 p51, q521

0 118.78 118.28 5gsg 24.73 23.93 6hsu

1 70.78 70.77 5gsg 12.17 11.71 6hsu

2 35.91 36.19 5gsg 5.81 5.53 6hsu

3 16.11 16.11 5gsg 2.76 2.60 6hsu

4 7.51 7.38 5gsg 1.31 1.22 6hsu

5 5.48 4.65 4dsg 0.62 0.57 6hsu

6 3.53 3.43 5gsg

7 1.68 1.60 5gsg

8 0.80 0.75 5gsg

9 0.38 0.35 5gsg

J51 v p5q51 p51, q521

0 116.37 115.58 5gsg 72.46 72.15 4f pu

1 68.81 68.56 5gsg 30.78 31.12 4f pu

2 34.42 34.54 5gsg 23.84 23.05 6hsu

3 15.22 15.15 5gsg 11.58 11.13 6hsu

4 10.02 10.24 5gpg 8.80 9.28 4f pu

5 7.01 6.86 5gsg 5.47 5.19 6hsu

6 3.30 3.16 5gsg 2.74 2.94 4f pu

7 3.24 3.40 5gpg 2.56 2.41 6hsu

8 1.98 1.24 4dsg 1.15 1.12 6hsu

9 1.50 1.46 5gsg 0.81 0.97 4f pu

10 1.01 1.14 5gpg 0.52 0.52 6hsu

11 0.67 0.68 5gsg

12 0.30 0.31 5gsg

13 0.24 0.38 5gpg

J51 v p521, q51 p521, q521

0 72.51 72.15 4f pu 10.10 10.24 5gpg

1 30.87 31.12 4f pu 3.30 3.40 5gpg

2 8.96 9.28 4f pu 1.09 1.14 5gpg

3 2.82 2.94 4f pu 0.36 0.38 5gpg

4 0.92 0.97 4f pu
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symmetry. Similar ‘‘anomalous parity’’ states have prev
ously been calculated for muonic molecules@18#.

IV. CORRECTIONS

The eigenvalues calculated with the purely Coulom
Hamiltonian have been corrected for vacuum polarizat
and the strong interaction between the pion and the prot

In the calculation of the energy shifts and widths due
the strong nuclear force we assumed a contact interac
between pointlike particles. Using the coordinates in Fig
the strong interaction can be represented by a pseudop
tial @19#

VSI5C~11In!d~ra!, ~18!

where the operatorIn ensures that the interaction with th
second proton is included. First order perturbation the
with respect to the complex pseudopotentialVSI then gives
the energy shiftDESI , and the widthGSI @20#,
c
n
s.

on
1
en-

y

DESI52 Re$C%E uFJM
pq ~ra50,Ra!u2dRa , ~19!

GSI/2522 Im$C%E uFJM
pq ~ra50,Ra!u2dRa . ~20!

We have determined the constantC52(1.810.12i )a0
3 eV

~wherea0 is the pionic Bohr radius! from the experimental
value of the strong interaction shift for the pionic hydrog
atom in its 1s state DE1s527.1 eV, andG1s50.97 eV
@21#, respectively.

The vacuum polarization was calculated using the met
described in@22#.

Energy corrections for the states under then52 and n
53 are shown in Tables IV and V, respectively. The ene
shifts of the 1s, 2s, and 3s atomicstates due to the stron
interaction are27.1 eV, 20.89 eV,20.26 eV and due to
vacuum polarization23.24 eV,20.37 eV,20.11 eV, re-
spectively. Forp and d states the strong interaction shif
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TABLE IV. Corrections to the Coulombic binding energiesEb of ppp resonances under then52
threshold. The first and second columns show the increase in binding energy due to vacuum pola
DEVP and to the strong interactionDESI , respectively. The third column is the corrected binding ene
relative to the shifted atomic 2s threshold forp51, and relative to the 2p threshold forp521.

DEVP DESI Eb DEVP DESI Eb

J50 v p5q51 p51, q521

0 0.29 0.64 235.84 0.20 0.44 20.45
1 0.23 0.51 99.63 0.21 0.44 5.16
2 0.21 0.45 26.02 0.21 0.45 0.97
3 0.21 0.45 6.16
4 0.21 0.45 1.22

J51 v p5q51 p51, q521

0 0.28 0.61 220.00 0.19 0.42 18.03
1 0.22 0.49 89.09 0.04 0.02 11.99
2 0.20 0.44 21.23 0.20 0.44 4.15
3 0.20 0.44 4.69 0.21 0.45 0.63
4 0.21 0.45 0.75

J51 v p521, q51

0 0.03 0.00 13.10
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vanish. There is, however, still a small vacuum polarizat
shift for the p states,20.04 eV for 2p and 20.01 eV for
3p.

The combined~vacuum polarization plus strong intera
tion! energy shifts of themolecular states classified asp
states in the Born-Oppenheimer approximation are v
small. This is to be expected since these states have s
pion densities at the protons. The combined energy cor
tions to theboundstates under then51 threshold due to the
strong interaction and vacuum polarization are211.53 eV
for J50, and210.20 eV forJ51.

The rate for pion absorptionGabs is obtained from Eq.
~20!. For s states close to thenth threshold we have found
Gabs5G1s /n451.4731015/n4 s21 to be a good approxima
tion. This can be understood since states close to the thr
old can be viewed as appnl atom perturbed by the secon
proton. Through the Stark effect the electric field from t
second proton will mix alln possible values of the quantum
numberl statistically. Thus the probability forl 50 is 1/n,
which, multiplied by the atomics-state pion density at the
proton ucns(0)u25uc1s(0)u2/n3, gives the estimate cited
above.

Any molecular resonant state with inversion symmetryp
51 @cf. Eq. ~12!# which gets shifted just above anns thresh-
old will decay very rapidly because it couples strongly to t
continuum in which it is embedded. Since the molecu
states normally are shifted less than the atomics state the
result will be that the molecular resonant states with an~un-
corrected! binding energy very close to the threshold w
disappear. In Tables IV and V we present the binding ene
relative to theshiftedatomic threshold.

The states with inversion symmetryp521 form an ex-
ception. As discussed above theycannot dissociate to an
atom in ans state. Also, since they do not couple tos states,
the pion density at the protons will vanish completely. Co
sequently, according to Eqs.~19! and~20! there is no energy
n

y
all
c-

sh-

r

y

-

shift due to the strong interaction, and pion absorption by
protons will not occur. The energy shift caused by vacu
polarization for these (p521) states is small, about
20.006 eV for the states under then53 threshold, and
20.03 eV under then52 threshold.

V. COULOMBIC LIFETIMES

In order to calculate the Coulombic lifetimes we em
ployed the method of complex scaling@23#. The complex
dilatation operator is defined as

U~u! f ~r !5e3u/2f ~eur !. ~21!

The complex dilated Hamiltonian is then

H~u!5U~u!HU21~u!5e22uT1e2uV. ~22!

The stationary solutions of the complex dilated eigenva
problem correspond to the complex energies of the re
nances. To assureu independence of resonances~guaranteed
by the exact theory! the eigenvalues of the concomitant m
trix eigenvalue problem are stabilized with respect to
condition]E/]u50.

The dilatation operation leaves the overlap matrixS un-
changed. One can therefore reduce the generalized ei
value problemH(u)cu5EuScu to a standard eigenvalu
problem by a single Cholesky decomposition@24# of S
5LL T, whereL is lower triangular, for allu. The resulting
eigenvalue problem

L21H~u!~LT!21cu5Eucu ~23!

is complex symmetric. This symmetry can be utilized
reducingL21H(u)(LT)21 to a tridiagonal matrix using the
Lanczos method@24,25#. We have also used reduction to
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TABLE V. Corrections to the Coulombic binding energiesEb of ppp resonances under then53 thresh-
old. The first and second columns show the increase in binding energy due to vacuum polarizationDEVP and
to the strong interactionDESI , respectively. The third column is the corrected binding energy relative to
shifted atomic threshold. Thep521 states are omitted from the table since their strong interaction sh
0, and their vacuum polarization shift is small, typically20.006 eV.

DEVP DESI Eb DEVP DESI Eb

J50 v p5q51 p51, q521

0 0.06 0.13 118.60 0.04 0.09 24.49
1 0.05 0.11 70.57 0.04 0.09 11.93
2 0.05 0.09 35.68 0.04 0.09 5.57
3 0.04 0.09 15.87 0.04 0.09 2.52
4 0.04 0.09 7.27 0.04 0.09 1.07
5 0.03 0.08 5.22 0.05 0.09 0.38
6 0.04 0.09 3.29
7 0.04 0.09 1.44
8 0.04 0.09 0.56
9 0.05 0.10 0.17

J51 v p5q51 p51, q521

0 0.06 0.13 116.19 0.01 0.00 72.10
1 0.05 0.11 68.60 0.01 0.00 30.42
2 0.04 0.09 34.19 0.04 0.09 23.60
3 0.04 0.09 14.98 0.04 0.09 11.34
4 0.01 0.00 9.66 0.01 0.00 8.44
5 0.04 0.09 6.77 0.04 0.09 5.23
6 0.04 0.09 3.06 0.01 0.00 2.38
7 0.01 0.01 2.89 0.04 0.09 2.32
8 0.03 0.08 1.72 0.05 0.09 0.92
9 0.04 0.09 1.26 0.01 0.01 0.46
10 0.01 0.01 0.66 0.05 0.09 0.29
11 0.05 0.09 0.44
12 0.05 0.10 0.08
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Hessenberg matrix by the Arnoldi method@24#. We found
that the latter method, although more time consuming, w
numerically more stable.

The complex calculation is more demanding computati
ally than the real stabilization technique presented in Sec.
Therefore it limits the length of the expansion~14!. The po-
sitions of resonances obtained by the real stabilization te
nique are used as the starting point for the complex sta
zation based on]E/]u50. It should be kept in mind that i
is the complex procedure which gives the correct resona
positions, and the real stabilization technique gives only
proximate values. On the other hand, the smaller basis
necessitated by the complex procedure imply slower con
gence.

We present in Table VI the complex energies for the nu
ber of resonances for which reasonably good converge
was obtained. An exception is then53, v54 state, which in
the Born-Oppenheimer approximation is the ground state
the 4dsg potential. At most 3904 Gaussians were used. T
convergence of the results as a function of basis-set siz
shown in Table VII for a few representative resonances.
amples of paths in the complex plane for the stateJ5v
50, p5q51 under then52 threshold are given in Fig. 3

For states closer to the threshold the imaginary part of
s

-
II.
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energy becomes progressively smaller, and therefore no
able widths could be obtained. The same is true for sta
with q521 symmetry.

The above mentioned properties of the Coulomb wid
can be understood through a qualitative argument. Since
average interproton distance of the molecular states is la
the pion density will be concentrated close to one of
protons in a state resembling a Stark mixed state of thepp
atom. If the perturbation from the weakly bound second p
ton is small this state is orthogonal to all atomic states w
different principal quantum numbern. ~The 4dsg state again
will have a shorter binding distance and thus be more n
adiabatic than 5gsg states of comparable energy.! Thus the
probability for Coulomb decay will decrease with decreas
binding energy close to threshold. In fact the most likely pa
for the Coulomb decay is the transfer of the pion from o
proton to the other@26#, i.e., since the protons are identica
through the exchange mechanism. The probability for C
lomb decay depends on the magnitude of the wave func
for small interproton distances. Forq521 states the pion
density is zero at the midpoint between the protons. Thus
pion density of aq521 state is generally more concentrat
at the protons, while for aq511 state there is some accu
mulation of pion density between the protons. Thus the pr



the real

PRA 59 3447INFLUENCE OFppp IONS ON PION ABSORPTION IN H2
TABLE VI. Results from complex scaling for states of symmetryJ50, p5q51 under then52,3
thresholds. The columns show the corresponding atomic threshold, the vibrational quantum number,
and imaginary parts of the energy, and the Coulomb widthGCoul52 Im$E%/\. The corrections due to vacuum
polarization and strong interaction are not included in this table.

n v Re$E% ~eV! Im$E% @meV# G (1012 s21)

2 0 2236.17 21.3 4.1
2 1 2100.15 21.9 5.7
2 2 226.62 20.9 2.7
2 3 26.76 20.2 0.6
3 0 2118.78 26 18
3 1 270.78 28 24
3 2 235.91 210 30
3 3 216.11 25 15
3 5 25.48 28 24
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ability for transferof the pion from one proton to the othe
as in the Coulomb decay, is less likely for aq521 state.

VI. INTRAMOLECULAR ABSORPTION OF THE PION

The pion in appp state may of course be absorbed
one of the protons before the three-body state has dec
through any of the other channels. Here we investigate
effects from such an intramolecular absorption on a neu
time-of-flight spectrum.

In this context it is important to understand exactly how
kinetic energy in the initial channel may cause a line bro
ening of the neutron time-of-flight spectrum. Let us first co
sider the case where pion absorption occurs from a pio
atom with binding energyEn and no kinetic energy. For th
sake of clarity we treat the problem nonrelativistically a
set\5c51. The relativistic treatment is given in@27#.

The nonrelativistic energy balance is, from Eq.~3!,

mp21mp2En5mn1
kn

2

2mn
1mp01

kp0
2

2mp0

. ~24!
ed
e
n

-
-
ic

From momentum conservationkn5kp0. The binding energy
En varies with the order of 100 eV between different atom
thresholds. In principle one should have a separate pea
the neutron time of flight spectrum for every different initi
staten.

Let us investigate the sensitivity of the time of flight wit
regard to the change of the initialpp binding energy. The
relative variation of neutron momentum relates to a variat
of the binding energyDE.100 eV as

UDkn

kn
U5 mnp

kn
UDE

kn
U.1.531025, ~25!

wheremnp is then-p0 reduced mass andkn528 MeV, the
corresponding change in the neutron time of flight at
distancel is uDtu.(231023 ns/m! l . Since this difference is
small compared to experimental resolution we may repl
En in Eq. ~24! by its average valueĒn . We define Q

5mp22mp01mp2mn2Ēn53.3 MeV.
Now, let us see what happens if the pionic atom has

initial kinetic energyTpp.10 eV. The energy balance give
TABLE VII. Convergence of the real and complex parts of the resonance energy~in eV! as a function of
the number of Gaussians in the basis set.

N n52, v50 n52, v53 n53, v50 n53, v53 n53, v55

2500 2236.17303 26.76326 2118.7782 215.966 25.48030
20.00133i 20.00011i 20.0091i 20.015i 20.0059i

3000 2236.17312 26.76339 2118.779 216.116 25.48179
20.00137i 20.00023i 20.0075i 20.028i 20.0089i

3300 2236.17310 26.76338 2118.7801 216.1078 25.4815
20.00136i 20.000185i 20.0064i 20.0075i 20.0081i

3500 2236.17314 26.76339 2118.7805 216.1058 25.4820
20.00133i 20.000175i 20.0070i 20.0054i 20.0084i

3700 2236.17312 26.76341 2118.7807 216.108 25.4819
20.001367i 20.000181i 20.0063i 20.0047i 20.0085i

3784 2236.17312 26.76340 2118.7811 216.1065 25.4820
20.001385i 20.000174i 20.0062i 20.0049i 20.0080i

3904 2236.17312 26.76341 2118.7814 216.1081 25.4821
20.001340i 20.000186i 20.0057i 20.0031i 20.0083i
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Q1Tpp5
kn

2

2mn
1

kp0
2

2mp0

. ~26!

We have just seen that the addition~or subtraction! of an
energy,100 eV in the initial channel does not considerab
change the neutron time of flight. By the same argument
can neglectTpp on the left of Eq.~26!. However, since we
are now adding atranslationalkinetic energy rather than a
internal binding energythere will also be an effect from th
conservation of momentum.

The neutron time of flight changes because the cente
mass of thep-p2 system~and consequently then-p0 sys-
tem! is moving with a momentumk ~in the laboratory sys-
tem!. To see the effect of this we write down the ener
balance, neglectingTpp but including the additional momen
tum k in the momentum balance

Q5
kn

2

2mn
1

kp0
2

2mp0

, ~27!

kn1kp05k. ~28!

Inserting Eq.~28! in Eq. ~27! and neglecting another term o
orderTpp one has

Q5
kn

2

2mnp
2

knk cosu

mp0

, ~29!

whereu is the angle betweenkn andk. Thus one has

Dkn

kn
5

mnp

mp0

cosu
Dk

kn
54.631023 cosu, ~30!

where Dk52(mp1mp2)Tpp.0.15 MeV. The change in
neutron time of flight is thenDt5(0.5 ns/m)l cosu). Thus
the broadening of the peak in the neutron time-of-flight sp
trum is symmetric and of the order of nanoseconds, whic
two orders of magnitude larger than the change due to
indetermination of the initial binding energy.

Turning now to pion absorption from appp state the
energy balance reads

FIG. 3. Scaling paths in the complex plane using different ba
sets for the staten52, J50, v50, p5q51. The numbers in the
graph indicate the number of Gaussians used to calculate the d
ent scaling paths. The markers show steps of 0.01 rad in the c
plex scaling parameteru. The resonance is located atE5
2236.17320.0013i eV.
e

of

-
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e

Q2Eb5
kn

2

2mn
1

kp0
2

2mp0

1
kp

2

2mp
, ~31!

where Eb.10 eV is the additional molecular binding en
ergy, andkp is the final momentum of the ‘‘spectator’’ pro
ton, i.e., the proton that does not take part in the nucl
reaction. None of the energy released by the pion absorp
will be transferred to the spectator proton because the fi
state interaction ceases to exist due to the neutrality of
decay fragments. Thuskp will be determined by the initial
motion of the proton, i.e., by the molecular vibration
Within the framework of the Born-Oppenheimer approxim
tion, the maximumkp can be determined from the depth
the potential well. For a given proton separation the to
kinetic energy of the molecular vibration can then be e
mated from the distance between the potential curve of
electronic state and the energy of the vibrational state. T
kinetic energy is shared between the two protons. Under
n53 the depth of the deepest potential well is about 120
giving a maximum kinetic energy of the spectator proton
about 60 eV. The kinetic energies of the neutron and the p
are about three orders of magnitude larger than that of
proton in the final state.

Once again we neglect all energies less than 100 eV
Eq. ~31! and write down the momentum balance~assuming
the molecule is initially at rest!

Q5
kn

2

2mn
1

kp0
2

2mp0

, ~32!

05kn1kp01kp . ~33!

Equations~32! and ~33! are identical to Eqs.~27! and ~28!
with k52kp . Thus, pion absorption from appp state
where the spectator proton has the final momentumkp gives
the same broadening of the neutron time-of-flight spectr
as pion absorption from app atom with initial momentum
kp . The corresponding kinetic energy that a free atom wo
have to have in order to give the same broadening, i.e.,
‘‘apparent’’ kinetic energy of the intra-molecular pion ab
sorption with final proton momentumkp , is then Tpp

5kp
2/2(mp1mp2).
In order to calculate the distribution of apparent kine

energiesTpp from an intra-molecular pion absorption w
give below a rigorous derivation, i.e., beyond the Bor
Oppenheimer approximation, of the correspondingkp distri-
bution.

The strong interaction Hamiltonian can be represented
terms of creation and annihilation operators for particle ty
i at positionx, ai(x) andai

†(x), as

HSI5C8E an
†~x!ap~x!ap0

†
~x!ap2~x!dx~1H.c.!, ~34!

wherex is the position where the absorption occurs.
Since two out of the three particles in the final state

neutral the final wave function is simply a product of pla
waves of the proton, neutron, and neutral pion,

is
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C f~r p ,rn ,rp0!5
1

~2p!9/2
eikp•rpeikn•rneikp0•rp0, ~35!

whereka and ra are the wave vectors and positions in t
laboratory system of the respective particles.

Using the form Eq.~34! for the strong interaction, and th
initial and final wave functions, Eqs.~14! and~35!, the tran-
sition rate for the intramolecular absorption is

wf i5
4pC8

~2p!9\
U E E e2 i ~kn1kp0!•xe2 ikp•rpFJM

pq

3~0,r p2x!dr pdxU2

d~Ei2Ef !, ~36!

where we have multiplied the rate by a factor 2 to acco
for the possibility of absorption occurring at both protons
is worth noticing that, notwithstanding the constantC8, Eq.
~36! expresses a rigorous transition rate due to the fact
the exact final wave function is available for neutral p
ticles. We now make the change of variables

R5r p2x, ~37!

Rcm5
1

mp01mp1mn

@mpr p1~mn1mp0!x#, ~38!

and integrate overRcm, to obtain

wf i5
4pC8

~2p!3\
U E e2 ikp•RFJM

pq ~0,R!dRU2

3d~Ei2Ef !d~kn1kp01kp!. ~39!

The ~laboratory frame! velocity of the neutron in the fina
state is about 0.03c @1#. It is thus adequate to use nonrelati
istic kinematics. The dependence onkp in the final-state en-
ra
ill
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ic
t
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ergy Ef can be neglected sincekp!kn ,kp0. Integrating Eq.
~39! first over kp0, which eliminates thed function of the
momenta, we can then use the relation

]kn

]Ef
5

\2kn

2mnp
~40!

to eliminate thed function of energy by integrating overkn .
The transition rate to the momentum space elementdkp is
then

wf i5
4C8mnpkn

p\3
U E e2 ikp•RFJM

pq ~0,R!dRU2

dkp , ~41!

wherekn now is a constant determined by the energy b
ance. WritingFJM

pq (0,R)5f(R)YJM(R̂), and using the rela-
tion

eikp•R54p(
l 50

`

(
m52 l

l

i l j l~kpR!Ylm* ~ k̂p!Ylm~R̂!, ~42!

Eq. ~41! is simplified to

wf i5~4p!2
4C8mnpkn

p\3
U E j J~kpR!f~R!R2dRU2

kp
2dkp ,

~43!

which is the momentum-differential transition rate. In ord
to normalize it we will divide Eq.~43! by the total rate,
which is most conveniently obtained by integrating Eq.~41!
over dkp . We get

wf i~ total!5~2p!3
4C8mnpkn

p\3 E uf~R!R2u2dR. ~44!

This result corresponds to Eq.~20! above. The normalized
probability that after a given absorption from appp state the
spectator proton will have momentum between\kp and
\(kp1dkp) is then
P~kp!dkp5
2

p
U E j J~kpR!f~R!R2dRU2

kp
2dkpY E uf~R!u2R2dR. ~45!
-
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The apparent kinetic energyTpp from the intramolecular
absorption will form a continuous distribution. The accele
tion of pionic atoms through Coulombic deexcitations w
give peaks at some discrete energies. For the resonance
diated Coulomb decay of appp state Eq.~9! these energies
are given by Eq.~11!, while for the direct Coulombic deex
citation process

~pp!ni
1p→~pp!nf

1p ~46!

Eq. ~11! can be used insertingEb50. In Ref.@7# the experi-
mental data were fitted to four such high energy peaks
responding to theni→nf transitions 6→5, 5→4, 4→3, and
3→2 ~the component from 2→1 is too small to be seen in
experiments!. All peaks except the one with highest kinet
-

e-

r-

energy, theoretically 209 eV, coming from the 3→2 transi-
tion, showed fitted energies significantlybelow the theoreti-
cal value@7#. One reason for this could be that the Coulom
bic deexcitation occurs via a molecular state as descri
above, and thus according to Eq.~11! the gain of kinetic
energy has to be reduced by the molecular binding ene
For the states in the Vesman region this reduction is onl
couple of eV, but if there is an intermediate Auger decay
binding energy has to be at least 15 eV~the ionization energy
of H2), reducing the energy gain by more than 7 eV. Th
argument does, however, require that the formation ofppp
molecules competes favorably with the direct Coulombic
excitation Eq.~46! also for more highly excited pionic at
oms.

Another reason could be that in addition to the discr
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peaks there is a continuous component originating from
presence of intramolecular absorption. It is then suffici
that a significant amount ofppp molecules are formed from
one of the excited states of thepp atom. For instance, a
continuous distribution originating from the intramolecul
absorption fromppp states formed frompp atoms withn
53 would extend into the energy region where discr
peaks from~either direct or resonance mediated! Coulomb
decay of more highly excited atoms are located, shift
these peaks. It would, however, not affect the fitted energ
the discreteni53→nf52 peak at 209 eV since the continu
ous distribution does not extend to such high kinetic en
gies. Whether or not a continuous distribution from intram
lecular absorption does significantly affect the experimen
results of course depends on how large it is compared to
discrete peaks.

An example of how nuclear absorption from the thre
body staten53, J50, p5q51, v56 can mimic the effect
of accelerated pionic atoms is shown in Fig. 4. On they axis
the quantityS(E)5*E

`P(Tpp)dTpp , i.e., the probability that
the apparent kinetic energyTpp is larger thanE is shown~in
percent!. As one would expect from a simple Born
Oppenheimer picture the acceleration is very small in m
cases. We do, however, see that a tail extends to highe
ergies, one hasTpp.1 eV for 36% of all absorptions, an
Tpp.10 eV for 7% of all absorptions. Thus we predict th
in addition to the sharp peaks there should also be a con
ous component in the spectrum. AtTpp.60 eV this com-
ponent vanishes completely, which is consistent with de
of the potential curve, which is roughly 120 eV, and cor
sponds to approximately 50%-50% partitioning of the kine
energy between the two protons in the initial channel. Fig
4 shows the contribution from one resonance only; as
contributions from several resonances are added the dist
tion will be smoother.

VII. DISCUSSION

Our calculations indicate that severalppp states exist
within the energy region accessible to the formation mec
nism according to Eq.~4!. To determine whether this mecha
nism really is relevant in the pionic cascade one has to
culate the partial formation rates leading to all the differe

FIG. 4. Nuclear absorption from the three-body resonancn
53, J50, p5q51, v56. S(E) shows the probability that the ap
parent kinetic energy of a pionic atomTpp is larger thanE.
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decay processes, Eqs.~6!,~7!,~8!,~9!,~10!.
All rates mentioned above can be used to construct

cross section for the resonant formation and decay of
ppp molecule, by means of the Breit-Wigner formula

s r5
p

k2

GentG r

~E2Eres!
21~Gent1GAug1GCoul1Gabs!

2/4
,

~47!

wherer 5$ent, Aug, Coul, abs%, andG r is the partial width
of the corresponding decay channel. From Eq.~47! we obtain
the partial rates for formation of appp state and its decay
through channelr as

l r5rvs r , ~48!

where r is the density~which here will be assumed to b
liquid hydrogen density!, and v is the relative velocity be-
tween thepp atom and the H2 molecule in the initial chan-
nel. The Breit-Wigner formula does not take into account
interferences between different resonances. In a more ca
analysis one is required to diagonalize the coupling matri
between all possible degenerate and nondegenerate sta
the hybrid andppp molecules and the final and initial chan
nels. Here we are, however, only making a first estimate
the formation rates.

The widths for formation and back decay, Eqs.~4!,~6!,
and for Auger decay, Eq.~7!, of muonic resonances unde
the n52 threshold were investigated in@10#. Using these
results as an estimate for pionic molecules, and assum
that similar values are valid under then53 threshold, we
obtainGent.1013–1014 s21 andGAug.1012–1013 s21.

Our complex scaling calculations for the Coulomb wid
were not able to give converged widths for vibrational sta
close to the threshold. Extrapolating the width dependenc
low-lying vibrational states, we can, however, deduce t
close to then52 threshold the widths are,1011 s21, and
close to then53 threshold,1012 s21. Thus the Coulomb
decay channel will be less important than Auger decay
the states that can be formed by the Vesman mechanism
is, however, possible that perturbations from the surrou
ings will increase the Coulomb width. The resonances cl
to the thresholds are states with a quite large separation
tween the protons. Thus they are not small on the scale o
H2 molecule. To improve the calculation it is therefore a
visable to include the effects from the surrounding H2 sys-
tem.

For more deeply bound resonant states the Coulomb
cay channel becomes more important, while the pertur
tions from the surroundings are less important. As has
ready been discussed~and presented in Table VI! the
Coulomb widths reach 531012 s21 for n52, and 3
31013 s21 for n53.

For the pion absorption width we use the results from S
IV, i.e., for vibrational states in the Vesman regionGabs
59.231013 s21 under then52 threshold andGabs51.8
31013 s21 under then53 threshold. The rate for radiativ
decays@cf. Eq. ~8!# is typically orders of magnitude smalle
so it can be neglected. The estimated partial widths are s
marized in Table VIII.
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TABLE VIII. Estimates of the partial widths for the various channels in s21. Gent is the width for entering
the resonance and for back decay,Gabs the width for nuclear absorption,GAug the Auger width,GCoul the
Coulomb width, andG rad the radiative width.

Width (s21) n52, J50, p5q50, v54 n53, J50, p5q50, v57

Gent 1013–1014 1013–1014

Gabs 1014 231013

GAug 1012–1013 1012–1013

GCoul .1010–531012 .1011–331013

G rad .1011 .231010
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In Fig. 5 we illustrate how estimates of the formation ra
lAug ~for states close to threshold! depend on the collision
energy. In these estimates we have used the cross se
given by Eq.~47! with Gent51013 s21 ~assumed to be ap
proximately constant!, GAug5231012 s21, GCoul53
31011 s21. In the first frame we illustrate as state where
Gabs51.831013 s21. The second frame illustrates ap state
whereGabs.0. By inspecting formula~47! one sees that the
partial rates for nuclear absorption and Coulomb decay
labs5lAugGabs/GAug.9lAug ~for the s state! and lCoul
5lAugGCoul/GAug.0.15lAug . The rate is sensitive both t
the widths of the competing channels in the denominato
Eq. ~47! and to the resonance energyEres. The precision in
Eres, and thus through Eq.~5! in Eb andDErovib , necessary
for an accurate calculation of the partial rates is about 0
eV.

Note that each curve in Fig. 5 represents the contribu
to the total rate fromone metastableppp state only. From
Table V one sees that under then53 threshold there are
seven states ofJ50 symmetry and 12 states ofJ51 sym-
metry within the energy region (Eb,4.5 eV) accessible to
formation by the Vesman mechanism. Each of these
contribute with a different partial rate, and at a different re
nant energyEres. The resonant energy is obtained by matc
ing the binding energy of theppp state with the energy o
the most suitable rovibrational excitation of the hybrid m
ecule ~5!. The separation between the vibrational levels
the hybrid molecule is about 0.4 eV, which consequen
should be the maximum value ofEres. As the contributions
from all resonances are included the overall rate sho
therefore both increase at maximum and should be relati
large over a wider range (0 –Eres

max.0.4 eV) of collisional
energies.

After the Auger process the pion will be bound with
binding energy of at least the ionization energy of H2, 15.5

FIG. 5. An estimate oflAug ~for the formation ofppp followed
by its Auger decay! using Eq.~47! and the widths in the text. The
left frame is for as state and the right frame for ap state~no pion
absorption!. In both frames the solid line isEres50.1 eV and the
dashed lineEres50.025 eV. Liquid hydrogen density has been a
sumed.
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eV. Thus the final state after Auger decay lies outside
Vesman region, and therefore it cannot decay back into
initial channel. The two dominant decay processes from
state will be Coulomb decay and intramolecular pion abso
tion. According to Table VI the Coulombic rate from th
final state after Auger decay is for the states of symmetrJ
50, p5q51 under then52 threshold at leastGCoul52.7
31012 s21, which is much less than the rate for nucle
absorption,Gabs51014 s21.

Under then53 threshold our calculations predict a sta
(J50, v53, p5q51) with binding energy that barely ex
ceeds the minimum energy released during the Auger tra
tion. This state could therefore be populated very effectiv
through Auger decay from a very weakly bound reson
state. The Coulomb decay width for this state isGCoul51.5
31013 s21, which is of the same order as the rate f
nuclear absorptionGabs5231013 s21. Other more deeply
bound resonant states with somewhat larger Coulomb wid
also exist. Thus we expect a sizable fraction of the Au
decays under theni53 threshold to finally give an accelera
tion of the pionic atom by the energy characteristic for t
direct Coulomb decay less the molecular binding energy
~11!. For the Auger decays that are not followed by an a
celeration through the Coulomb decay the intramolecu
pion absorption gives a high energy component ofTpp even
larger than for the state shown in Fig. 4~because the wave
function is confined to smallerR values! but it will extend to
a somewhat lower maximum energy~because of the large
binding energy of the state!.

The ppp* side path~characterized by the formation an
decay of metastableppp molecules! is expected to lead to
the following new features of the cascade.

~1! The decay through the intramolecular absorption giv
a continuous distribution of pionic atoms in the energy ran
0–60 eV, in contradistinction to the discrete distributio
originating from the direct Coulomb deexcitation. This pr
cess~at room temperature, 0.04 eV! is some ten times faste
than the direct Coulomb deexcitation, and although it in m
cases results in low energy~0–10 eV! pionic atoms, it has a
considerable effect on the cascade in that it influences
disappearance rate of excitedpp atoms out of the initial
~entrance! channel.

~2! The Coulomb decay results in a cluster of energ
confined to the interval 0–2 eV below the characteristic
ergy of direct Coulomb deexcitation. This process, howev
needs to compete with a~faster! Auger process@see~3! be-
low#.
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~3! The decay via the Auger channel gives again a~less
excited! ppp state, and therefore ends up with intramolec
lar decay described in~1! above, or in a series of discret
energies of pionic atoms according to~2!. In the latter case
the discrete energies are shifted downwards with respec
the characteristic energy of direct Coulomb deexcitation
7–50 eV @the exact energies are given by Eq.~11!, with
binding energies given in Table V#. The rate of this proces
is comparable to the rate for direct Coulombni53→nf52
deexcitation~see Fig. 5!. For highern’s the direct transition
rate increases rapidly. Therefore the resonant process sh
become progressively less important for more highly exci
pionic atoms. For the transitionni52→nf51 the resonant
process would dominate over the direct process, but in
case nuclear absorption will totally dominate over all oth
processes. It should be noted that our approach delivers
total widths for the Coulomb decay, meaning that we au
matically incorporate the possibility of decays withDn5ni
2nf.1 according to Eq.~46!.

In the discussion above we have compared these new
celeration processes to the direct process, which so far
alone been considered responsible for the reacceleratio
pionic atoms. The most recent calculation of this rate w
made by Ponomarev and Solovev@28#. Their result for the
nonresonant transitionni53→nf52 at collisional energy
corresponding to room temperature~0.04 eV! is 3.1
31010 s21, i.e., of the same order of magnitude as the re
nant Auger process estimated above. The cascade of p
hydrogen atoms has been simulated using Monte C
methods@5,6#. To obtain agreement with experimental fin
ings a scaling of the theoretical rate for the direct Coulo
deexcitation~taken from an older calculation by Bracci an
Fiorentini@29# which yielded much higher rates than those
@28#! had to be introduced. For theni53→nf52 transition
at 0.04 eV the optimum rate for direct Coulomb deexcitat
would then be about 331011 s21. It is our hope that the
inclusion of the three effects mentioned above, together w
improved calculations of the direct Coulomb deexcitati
such as those in@28#, in Monte Carlo simulations will im-
prove the agreement with experimental results without
scalings.
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VIII. CONCLUSIONS

We have shown that there exists a number of metast
molecular ppp states located just below thepp(n52,3)
1p thresholds, and proposed that these states can be fo
in pp-H2 collisions. Our estimates of the relevant rates sh
that the formation of such states can play an important r
for the acceleration of excited pionic hydrogen atoms und
going cascade in molecular hydrogen. Two different acc
eration mechanisms are important, the Coulomb decay, w
or without an intermediate Auger decay, of appp state,
giving a discrete kinetic energy to thepp atom, and the
intramolecular absorption from appp state, giving a con-
tinuous distribution of apparent kinetic energy. To impro
the assessment of the importance of these mechanisms
has to~a! improve our estimate of the different partial fo
mation rates, particularly, include the effects on theppp
molecule from the surroundings,~b! take into account the
combined effect of many resonances, possibly include in
ferences between them, and~c! improve the estimate of the
competing acceleration via direct Coulomb deexcitation.
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