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Bell measurements for teleportation

N. Lutkenhaus, J. Calsamiglia, and K.-A. Suominen
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In this paper we investigate the possibility of making complete Bell measurements on a product Hilbert
space of two two-level bosonic systems. We restrict our tools to linear elements, such as beam splitters and
phase shifters, delay lines and electronically switched linear elements, photodetectors, and auxiliary bosons. As
a result we show that with these tools a never failing Bell measurement is impossible.
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[. INTRODUCTION optical gates, but the teleported state has to be prepared be-
forehand over one of the entangled photf#ik So, in some
Bell measurements project states of two two-level syssense that scheme differs from the “genuine” teleportation
tems onto the complete set of orthogonal maximally en-Since it does not have some very crucial properties, like the
tangled stategBell states. The motivation to deal with Bell ability to teleport entangled states or mixed states. This ob-

states comes from the fact that they are key ingredients i tacle could, of course, be overcome if one had the possibil-

guantum information. Bell states provide quantum correlasy. to swap the unknown state to the Einstein-Podolsky-

tions which can be used in certain striking applications suc Rosen (EPR) photon. But, this again requires quantum-

e . . uantum interactioinot linear operator On the other hand,
as teleportation in which a quantum state is transferred fronE\ne Innsbruck experiment can be considered as a “genuine”
one particle to another in a “disembodied” wa¥], quan-

A i A - ! teleportation but it has the important drawback that it only
tum dense coding in which two bits of information can be g cceeds in 50% of the caséa the remaining cases the
communicated by only encoding a single two-level systemyiginal state is destroy@dFor the same reason the Inns-
[2], and entanglement swappiri@.4], which allows en-  pruck dense coding experimefitl] can only reach a com-
tanglement of two particles that do not have any commorunication rate of 1.58 bits per photon instead of 2 bits per
past, and opens a source full of new applications since iphoton.
provides a simple way of creating multiparticle entanglement Recently, Kwiat and Weinfurtef12] have presented a
[5,6]. But to take full advantage of these applications onemethod which allows complete Bell measurements and that
needs to be able to prepare and measure Bell states. Thperates on the product Hilbert spaces of two systems, but it
problem of creating Bell states has been solved in opticahdds a very restrictive requirement too. That is, the particles
implementations by using parametric down-conversion in aieed to be entangled in some other degree of freedom be-
nonlinear crysta[7]. Particular Bell states can be preparedforehand(so half of the job is already doheNotwithstand-
from any maximally entangled pair by simple local unitary ing, this method still represents important progress since it
transformations. The question arises of whether it is possiblallows, in principle, realization of all applications which ful-
to perform a complete Bell measurement with linear devicedill the condition that the Bell measurement is performed
(like beam splitters and phase shifferk is clear that this over photons which already have quantum correlatiassn
can be achieved once one has the ability to perform a corthe case of quantum dense coding
trolled NOT operation (cNOT) on the two systems, which At this stage we choose to call a physical scheme a Bell
transforms the four Bell states into four disentangled basignalyzer only if it operates on product Hilbert spaces of two
states. In principle we need to do less. As we are not interfwo-level systems. A generalization to systems with other
ested in the state of the system after the measurement, it catructure than a two-level system is the measurement used in
be vandalized by the measurement. The only important thinghe teleportation of continuous variables3] which success-
is the measurement result identifying unambiguously a Belfully projects on singlet states.
state. In this paper we prove that all these turnabouts are more
In an earlier paper Cerf, Adami, and Kwig8] have than justified since we present a no-go theorem for the Bell
shown that it is possible to implement quantum logic inanalyzer for experimentally accessible measurements involv-
purely linear optical systems. These operations, however, dimg only linear quantum elements. We now lay out the
not operate on a product of Hilbert spaces of two systemdramework for this theorem in a language which clearly has
instead they operate on the product of Hilbert spaces of twthe experimental situation of the teleportation experiment
degrees of freedongpolarization and momentumof the  performed at Innsbruck in mind. This means especially that
same system. Therefore these results can be used to implye concentrate on bosonic input states. Results concerning
ment quantum logic circuits but not to perform most of thefermionic input or input of distinguishable particles can be
applications mentioned above. For example, in the case dbund in the work of Vaidman and Yordri4].
teleportation there have been two recent experimental real- The Hilbert space of the input states is spanned by states
izations[9,10]. Boschiet al. presented results in which Bell describing two photons coming into the measurement from
measurement is realized with 100% efficiency using lineatwo different spatial directions, each carrying two polariza-
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tion modes. Therefore we can describe the input states in a 1 2 3 4
subspace of the excitations of four modes with photon cre-
ation operators),a},bl,b}. Herea andb refer to spatial

modes, while “1” and “2" refer to polarization modes. The
Hilbert space of interest is spanned by the orthonormal set of

Bell states given by PB PB
_ L nt gt
|\I'1>—E(a bz—azb1)[0), @ BS
a1 32 I)l b2
|\P2> \/—(a1b2+a2 1)|0>' @) FIG. 1. The Innsbruck detection scheme uses an initial 50/50
beam splitte(BS), mixing modesa! with b] anda} with b}. Then
each of the resulting outputs is separated from each other using a
1 polarizing beam splitte(PB).
[W3)= ﬁ<a*b*—azb£>|0>, 3
Only the first four events allow assigning unambiguously
Bell states to the outcomes. The total fraction of these events
|Wy)= \/—(a1b1+ ajb})|0), (4)  for teleportation, where all Bell states are equally probable,

is 50%. The state demolishing projection on entangled states

is indeed possible using only linear elements, but not 100%
where |0) describes the vacuum state. Although we usedfficient.

spatial modes and polarization to motivate this form of Bell
states, it should be noted that any two pairs of bosonic cre-
ation operatorgall four commuting can be chosen for the
theorem to be valid. This includes all possible degrees of
freedom of the boson. In the photon case it includes espe- Before we continue we shall describe our tools more pre-
cially polarization, time, spatial mode, and frequency. Forcisely. We restrict our measurement apparatus to linear ele-
example, all wave packets containing one photon can benents only. This means that the vector of creation operators
modeled. The Bell measurement we are looking for is deof the input modes is mapped by a unitary matrix onto the
scribed by a positive operator valued meastt®VM) [15]  vector of creation operators of the output modes. Retickl.

given by a collection of positive operatofs, with =F,  [17] have shown that all these unitary mappings can be real-
=1. Each operatoF corresponds to one classically distin- ized using only beam splitters and phase shifters. The num-
guishable measurement outcome, for example, that detectologr of modes is not necessarily 4. we can couple to more
“1” and “2" out of four detectors go “click” and the rest modes using beam splitters so that the input states are de-
do not. The probabilityp, for the outcomek to occur while  scribed by the direct product of the Hilbert space of the Bell
the input is being described by density matpixs given by  states and the initial state of the additional modes. All those
p«=Tr(pF,) . A Bell measurement with 100% efficiency is modes are mapped into output modes, where we place detec-
characterized by the property that &l are triggered with tors. We assume these detectors to be ideal, so that they are
probability Tr(py Fy) # 0 for only one of the four Bell state described as performing a POVM measurement on the moni-

inputs py (i=1,...,4). This allows us to rephrase the tored mode where each POVM eleméif = k) (K| is

problem as one oflistinguishingbetween four orthogonal the Projection onto a Fock state of that mode. For experimen-
equally probable Bell states with 100% efficiency. To illus- tal reasons, one would like to reduce this to a simpler detec-
trate the formalism we look at the Innsbruck detectionto’ that cannot distinguish the number of photons by which it

scheme[16] (Fig. 1), which consists of eight POVM ele- is triggered. The simple * cI_|ck “no click” detector is
ments, corresponding to the events described by a POVM with two element$0)(0| and

S-1lk)(k|. However, we will show that even a fancier de-

tector does not allow us to implement a Bell measurement
that never fails. The last tool introduced here is the ability to
perform conditional measurements. With that we mean that

II. DESCRIPTION OF THE CONSIDERED
MEASUREMENTS

could have been
triggered by

detectors going “click”

“1” and “4” v, we monitor one selected mode while keeping the other
“2" and “3" v, modes in a waiting loop. Then we can perform some linear
g ey operation on the remaining modes depending on the outcome
1" and “2 v, . >

wog g of the measurement with all the tools described above. The
3” and “4 v, : ; -

wpo 2 ohot - v general strategy is shown schematically in Fig. 2.

- S€es ~ pnotons 3 Or ¥y Vaidman and Yorar14] have arrived at the conclusion

2" sees 2 photons W3 orW, that a Bell state analyzer cannot be built using only linear
“3" sees 2 photons W3orv, devices, but their measurement apparatus does only a very
“4" sees 2 photons V,orv, restrictive type of measurement. It is not allowed to make



PRA 59 BELL MEASUREMENTS FOR TELEPORTATION 3297

A conditional states
e ssscecsssce e
- vl 1 D-1
selected dl IIll|| "
.......... - mode ———N3!
....... auxiliary
kl Uz(kl) modes
U
auxiliary | {1l (]------- A
U1 modes
a_ a
1 2 C 1 LIy} c D_4
"""" bl bz ¢,
a a C C Bell auxiliary
L2 R D-4 modes modes
b b, c, - -
Bell ili FIG. 3. The initial step takes the input state at stage A from the
i‘ auxt dary input mode description via the linear transformatidmo the output
modes modes mode description at stage B. Depending on the detected photon

. number in moded we find different conditional states for the four
FIG. 2. The general scheme mixes the modes of the Bell statg .|| state inputs at stage C

with auxiliary modes(not necessarily in the vacuum stat&hen

one selected mode is measured and, depending on the measurem]g,-nt

outcome, the other output modes are mixed with new modes anfgget E{hsalrl]nggry rt.:f;nnsf?]rgariouc;c '; Sﬁ.?:rrazleelpasgfnsznse
inputs linearly and again a mode is selected to be measured. Th hl h w Id f : rms uni {) P ; : \éj L
process can be repeated over and over again. each photon, and of CoursecaioT cannot be performed by

these meanpU, =U®U acts on the symmetric subspace of

use of auxiliary photons and no conditional measurementd€_Single-photon Hilbert space produl ®7,;, dim(U)
>2]. Even if this kind of operation preserves the entangle-

are allowed either. Both tools might be very useful and we X ;
do not see any essential reason to disregard them. For ifit€nt the Hilbert space might be large enough to span out-

stance, the apparatus proposed by Vaidman and Yoran cal uts which trigger different combinations of detectors for
not distinguish between the four disentangled basis states &ffferent input Bell states.
the form

IV. NO-GO THEOREM

DI D=1 DI

for which a conditional measurement is needed.

We now show that it is not possible to construct a Bell
measurement using only the tools mentioned above to realize
a measurement for which all POVM elements are projections
on one of the four orthogonal Bell states.

Il CRITICISM OF A PRIORI ARGUMENTS AGAINST To do so we concentrate on the first step of our measure-
LINEAR BELL MEASUREMENTS ment setup: We measure the photon number in one selected
moded (see Fig. 3. For each result we will find the remain-

Intuitively, one needs to operate a “nonlinear” measuring. . - -
device to perform Bell measurements in the sense that orf@9 modes in four conditional states corresponding to each

two-level system has to interact with the other. In the case of€!l State input. We then show that there is always at least

photons there is no direct interaction between them. One caf® Photon number detection event in the first mode that

try to couple them through a third system such as an ato ads to nonorthogonz(ii.e., not distinguishabJeconditional

[18] or map the state of the photons into atom or ion stateStates in the remaining mpdes. .

and perform there the desired measuremii®]. These In stage A(Fig. 3 thg input state can be described as a

schemes are closest to the simple idea of performiogar ~ Product of two polynomials in the creation operators of the

operation, a Hadamard transform, and then projecting on th@uxmary and the Bell state modes, respectively, acting on the

disentangled base, but they bring up a whole new range dfacutm(denoted by0)):

roblems(e.g., weak coupling, decoherence, pulse shape de-

gign) that brgeaks with th% ic?ea of having sirrr)1ple and F::on- |‘I’i(t0tab>:Paux(ij) P\pi(aI,aZ,bT,bZHO).

trolled “table-top” optical implementations of quantum in-

formation applications. Therefore it is worth checking the Since we use detectors with photon number resolution it

possibility of performing it by linear means. is enough to assume that the auxiliary input is in a state of
It is true that linear operations cannot make the two inpudefinite photon number. Thelﬁau,g(c;') contains only prod-

photons interact, they can only make them interfere. Theredcts of a fixed number of creation operators, and
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PBeu(aI,aE,bI,bZ) contains only products of two creation ~ TO prove this statement we obse_rve that the overl_ap of
operators. Now the modes of the Bell state inputtwo conditional states belonging to different Bell state input
a;,a,,by,b, and the auxiliary modes; are linearly mapped ! andj is given by

by the unitary transformatiob into the output moded and

e.. At stage B the state is described b ~p o=t o= =
‘ ? d (@@ =(0]Q}, Q1,Qawlv 0)

(total)y _ 5 IEPNAYE T af ~ o~ — e~
W) =Pauld’ @) Py (d7,20]0). =S (0@ R} (1, B 0)

We expand the two polynomials in powers @f as
=(01Q4uRal0)(01Q},Qu |0).  (®)

Padf,eh=(dHNwQ, (el +- -, 5 -

awl 7,8 = (A7 Qaud &) ) The first step makes use of the commutativity®@§, and
~ ¢t £ Newr " Qaux following the commutativity of the two sets of creation
Py (d',e)=(d")"EelQy (g)+ - -. (6)  operators for the auxiliary modes and the Bell modes
([Pauxs Pq,i]:O). Furthermore, the first step inserts the iden-
tity operator of the Fock space for all involved modes. We

- denote byn the vector of photon numbers in each involved
consequence, the polynomidly, can be zero for some  mode. The second step then uses the fact that only one of

Similarly N, is defined as the order ' of the polynomial  these terms is nonzero. This is a consequencé@ﬂO}

P aux- being a state with total photon numberRlg., while the

In the moded we will find a range of photon numbers. To conjugate statén|Q!, is a (2—Ngey)-photon state if and
prove the theorem it suffices to see that for any of these = :
events the conditional staté®(°@) that arise for each of On?\/l i <nr|]_<_0|.' ear that th ¢ auxili H q
the Bell states are not perfectly distinguishable. We concen- t ow t.dat Itis clf]elar_t agt.lg. use OB a”umtlatlry P oltons .togs
trate on the measurement outcomes in this mode which leddPt Provide any nhelp in building a Bell staté analyzer, It 1S
to the maximum photon number detected in that madde, much ‘casier to ch_eck 'f the orthogonality condition of the
— Ny Nggy. The state|d>i‘t°ta')) of the remaining modes conditional states is fulfilled when only one or two photons

X . . . are detected in the selected matid o do this, we introduce
conditioned on the occurrence of this event is then given b)é formalism for the linear mapping of modes

Ngey is defined as the maximal order i among the four
polynomialsﬁq,i and it is independent of the indéxAs a

Consider the unnormalized input state
| D) = Qaud€])Qu, (€])]0). (7)

The reason for starting out from the event of detecting the |\If)=ﬂ(a’{b’{+ a}b}) +ﬂ(aJ{bI+ aZbZ)
N photons in the selected modes that the problem reduces V2 V2
to a much simpler form in which the measuring apparatus is
not allowed to make use of auxiliary photons. That is, by M3 4+ rh Mttt
) . : o " +—= — +— - .
imposing the orthogonality condition of the conditional \/E(albz azb1) \/E(albz 2zb,)(0). (9)
states on this particular event, we prove that the contribution

Qaud€]) of the auxiliary photons cannot make nonorthogo-BYy choosing one of the weighs; as one and the others as
nal states orthogonal in the sense that two conditional staté®ro, we recover the four Bell states. This state can be writ-

| (I)i(total)> are orthogonal if and only if the states ten with the help of a symmetric real matifiz as
|®;)=Qy,(d",e))[0) |wy=(al,a}.bl,b}, ...)M(al,a},bl,bl, ...)T|0),
are orthogonal. with
0 0 M1t pue pmatpg O 0
0 0 M3—ps M1~ p2 O 0
M = 232 M1ty p3T g 0 0 0 0
M3t g 1 M2 0 0 0 0
0 0 0 0 0 0
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A linear transformation of the modes is now equivalent to a ag
the transformation
b bg
- _| 0 cg
M=uUT™MU I

dr

for some matrixJ of dimensionD XD (with D=4) satisfy-

ing UUT=1. The choiceD=4 corresponds to an enlarge- i i

ment of the number of modes due to additional unexcited1€®ar,Pr,Cr,dr areD—1 dimensional row vectors. Then
input modes of beam splitters. The output modes are nowly; is given by

d,e;, ....ep_y. The entries of the matrif reveal the dis- L
tinguishability of the Bell states in the following way: if two M. = 0 1+(aCs+ bds) + w-(ace—bd
photons are detected in the matlthen the presence @f; in L 2\/5( #(aCk R)F pa(ack R

the matrix elemenM ,; reveals which Bell state¥; could . _
have contributed to this event. For all Bell states that con- + p3(bCr+adg) — pa(bcr—adg)). (12

tribute, the conditional stqte of the remaining .modes ISFrom this it follows that the conditional states ai&p to
vacuum. It turns out that this event cannot be attributed to Formalization

single Bell state. To prove this statement we calculdtg

with a general first column of the matri given asv, |¥1)=(a cr+b dg)e'|0), 13
=(a,b,c,d, ...)": .

|\P2>:(a CR_b dR)e|0>, (14)

~ T 1 1 |¥3)=(a dr+b cr)e'0), (19

My=v;Mv,=—u, (ac+bd)+ —=u,(ac—bd)

V2 V2 W=(a da-b cael0), 16

1 1 ; ; —(at toONT

b ua(ad+be)+ ——= py(ad—be). (10) with the vector of creation operatoss=(el, ... .ej_)".

The six different overlaps between these stategugrdo the
missing normalization factors

V2 V2

To be able to attribute the event of two photons in one mode (W |¥,)=|al?cg|?>—|b|?|dg|?, (17)
unambiguously to one Bell state, one and only one of the ) )
coefficients of theu;’s should be nonzero. It is easily veri- (4| W3)=a*b|cg|*+Db*a|dgl|, (18)
fied that this condition cannot be satisfied. . - 5
If we impose that three of the coefficients vanish we ob- (¥4|W,)=b*a|dg|"—a*Db|cg|*, (19
tain two possible solutions, ) )
(W,|W3)=a*b|cg|“—b*aldg|*, (20)
a=0,b=0 Vc,d, ie, v;=(0,0¢c,d), (W,|W,)=—a*Db|cg|?—b*a|dg|?, (22)
11
_ (W3|W,)=|al?|dr|*—|b]?|cgl?. (22
c=0,d=0 Va,b, ie., v;=(a,b,0,0).
These overlaps are zero if
But for both solutiondVl ;;=0. Therefore a perfect Bell ana- (la]*=1b]?)(|cr|*+|dg|*)=0, (23
lyzer can never detect two photons in the selected mode. ) ) ) )
Now we have left only the case where only one photon is (lal*+1b]*)(|cr|*~|dr|*) =0, (24
detected. N s
After a single-photon detection at modethe first line of a*b|cg|*=0, (29
M, denoted by , ;, tells us the state of the remaining modes. b* a|dg|2=0. (26)

Their state is derived from the unnormalized state
Since the column vectov; cannot be a zero vectofa]?

. +|b|?#0) this simplifies to
|@)y=My(d"el, ... .eb )T

|crl®=|dRl?, 27
by choosing, as before, one of tlg to be one, and the rest 2(|a|2—|b|?)|cx|?=0 (28)
to be zero. We have shown above that the first columd of ’
is of the formv,=(a,b,0,0) orv,;=(0,0c,d) in order to b*a|cg|2=0, (29)

avoid two photons entering the selected mode. Due to the
symmetry of the problem we can restrict ourselves to the firsfrom which we can conclude thatg|2=|dg|>=0. But for
situation,v;=(a,b,0,0). We now writeU in the form this choice the matrixJ does not have rank 4 and so the
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restriction onU given byUUT=1 can no longer be satisfied. numbers between 50% and, in a limit, 100% can be allowed
Obviously now we can discard the only remaining case; thdoy a POVM measurement, which either gives the correct
zero-photon case represents a bad choice of the mhstlee  Bell state or gives an inconclusive result. Something that can
it would be disconnected from the incoming Bell modes.help to gain some insight into the problem is to investigate
This is the final blow to the attempt to do Bell measurementghe possibility of projecting witljor asymptotically close jo

with linear elements. 100% efficiency over a not maximally entangled béiset
still with some entanglement
V. CONCLUSION The fact that the first step in our proof was to rule out the

. ) use of an auxiliary system does not mean that it could not be
In this paper we have shown that no experimental setup very useful tool when considering the case of obtaining an
using only linear elements can implement a Bell state anagfficiency bigger than 50%. Following the same procedure as
lyzer. Even the “nonlinear experimentalist” performing in this proof, and trying to evaluate the maximum distin-
photon number measurements and acting conditioned on tr&,ishabi“ty of the conditional stat¢g0] that appear in each

measurement result cannot achieve a Bell measuremegfage, could be a way to obtain the real upper bound to the
which never fails. Included in the proof is the possibility to ge|| measurement efficiency.

insert entangled states in auxiliary modes into the measure-
ment device.
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