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Nonlinear calculation of stopping powers for protons and antiprotons in solids:
The Barkas effect

N. R. Arista and A. F. Lifschitz
Centro Atómico Bariloche and Instituto Balseiro, Comisio´n Nacional de Energı´a Atómica, 8400 Bariloche, Argentina

~Received 6 July 1998; revised manuscript received 19 October 1998!

We calculate the electronic energy loss of protons and antiprotons in solids for a wide range of energies
using a self-consistent method based on the extension of the Friedel sum rule to finite velocities. The calcu-
lations show the importance of nonlinear effects in the interaction of the moving particles with valence
electrons in the intermediate range of energies around the stopping power maximum. The calculations give the
magnitude and the velocity dependence of these effects, and provide a consistent theoretical explanation of
recent experimental results for aluminum and silicon.
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PACS number~s!: 34.50.Bw, 34.50.Fa, 79.20.Rf
ive
ke
ti

du
-
as

co
e
d

de
ie
o
it

bl
s
th

rib
b
tu
n
la
ct
l-

-
e

th
at
n

e

at
e

ing
nal

at

n-

sent

an
k-

ial,
ak-

f

s in
tter-
c
er
ken
d
ula-
po-
den-
lls

em,
to

at-
mp-
er-
the

the

ay
ve-
cu-
di-
I. INTRODUCTION

The discovery of different penetration ranges for posit
and negative pions in matter made by Barkas and co-wor
@1# was the first evidence of deviations from the quadra
dependence on projectile chargeZ, predicted by the Bethe
theory of the stopping power of energetic particles@2#. The
origin of this difference was already proposed by Barkas
to higher-order, orZ3 terms, in the perturbative Born ap
proximation. The first calculation of this so-called Bark
effect, was made by Ashley, Ritchie, and Brandt@3,4# and it
was further studied by other authors@5,6#. More recent de-
velopments based on the quantum oscillator model@7–9#
provide general scaling functions for theZ2,Z3, and Z4

terms, respectively, which can be used to estimate the
tributions from the different atomic shells. A quantitativ
analysis of the Barkas effect based on these previous mo
has been made by Bichsel@10#.

Recent advances in experimental techniques have ma
possible to obtain low-energy antiprotons with energ
down to a few tens of keV’s, and then to launch a set
investigations on interactions of protons and antiprotons w
matter @11#. The most recent experiments provide valua
information on thep-p̄ differences in the stopping power
for various solid elements at energies around and below
stopping power maximum@12,13#. This collection of data is
of great interest to test theoretical models aiming to desc
the Barkas effect, since the stopping power differences
come very large in this energy range. However, the per
bative methods, which are useful at high energies, begi
fail near the stopping power maximum. We note in particu
that the results from the perturbative expansions predi
behavior of theZ3 term that increases to lower energies fo
lowing a (Z/v)3 dependence@3–6#. Therefore the usual per
turbative expansion becomes questionable in the lower
ergy range.

On the other hand, using many-body techniques and
random-phase approximation, a formulation of the quadr
response function of a free electron gas has been rece
developed@14#. This formulation provides theZ2 and Z3

terms in the perturbative expansion, showing also the dep
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dence with ion velocityv. These results may be useful
high velocities or for smallr s values, where a perturbativ
picture can be constructed. But for slow protons andr s val-
ues in the metallic range, the differences in the stopp
powers, as compared with the more exact density-functio
values, are too large@14#.

Previous theoretical evaluations of the Barkas effect

low energies for thep-p̄ case have been based on the no
perturbative ~or nonlinear! framework of the density-
functional theory ~DFT! @15,16#. Other calculations have
used trial potentials with appropriate parameters to repre
nonlinear screening conditions@17–19#. The possibility to
extend the DFT to the case of moving particles is still
open question; the main difficulties arise from the brea
down of the spherical symmetry of the dynamical potent
and the increasing range of the interactions due to the we
ening screening conditions~which requires the inclusion o
an increasing number of scattering terms!. An intermediate
approach may be to include the velocity-dependent term
the momentum transfer equations, while keeping the sca
ing potential frozen~equal to the DFT potential for stati
particles!, but this procedure yields too small stopping pow
values since the increasing range of the potential is not ta
into account @18,20#. In a recent publication, Nagy an
Apagyi have formulated a model based on quantum calc
tions of transport cross sections for velocity-dependent
tentials, averaging over the nonhomogeneous electron
sity distribution to include the contribution from inner she
@21#.

Here we propose an alternative approach to this probl
which is based on an extension of the Friedel sum rule
finite velocities and a self-consistent optimization of the sc
tering potential and related phase shifts. The main assu
tion of the model lies in the spherical symmetry of the av
age potential, however the self-consistent method used in
optimization has been found to give very good results for
mean energy loss even at high velocities@22,23#. On the
other hand, the main advantage of this model is that it m
be solved in an exact quantum-mechanical way for any
locity of interest, and it provides a closed approach to cal
late the nonlinear effects in the relevant range of interme
2719 ©1999 The American Physical Society
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2720 PRA 59N.R. ARISTA AND A.F. LIFSCHITZ
ate velocities, i.e., around the stopping power maximu
which is usually the most complex range for stopping pow
calculations@24#.

Using this approach we evaluate the energy losses of
tons and antiprotons in aluminum and silicon, where
main contribution to the stopping power maximum is giv
by valence electrons. The calculations are compared w
experimental results on the relevant range of energies,
provide clear evidence of the magnitude and velocity dep
dence of the nonlinear effects in this energy range.

II. MODEL

The generalization of the Friedel sum rule to finite velo
ties and the application to the energy loss problem were
veloped in Ref.@22#, so we give here only a brief descrip
tion. In the present context, the extended sum rule fo
particle with velocityv may be written in the form

2

p (
l 50

`

~2l 11!Gl~v,vF!5Z1 , ~1!

where Z1561 for protons and antiprotons andvF is the
Fermi velocity of the solid. The functionGl(v,vF) takes into
account the contribution of eachl-wave component to the
screening charge, and may be expressed as an integral o
phase shift contributions over a displaced Fermi sph
~DFS!, as follows:

Gl~v,vF!5
1

4pEDFS
Fdd l~k!

dk GdV dk

5E
kmin

kmaxFdd l~k!

dk Gg~k,v !dk, ~2!

where kmin5max$0,v2vF%,kmax5v1vF ; the function
g(k,v) takes into account the angular part of the integrat
over the DFS, and its value is given in Ref.@22# for the cases
v,vF and v.vF . d l(k) denotes the phase shifts of th
electron wave function due to the scattering process, wh
is described in the center of mass system~coincident with the
massive ion in the present approximation!, and@dd l(k)/dk#
gives the contribution of thel wave to the accumulation o
screening charge. It may be shown from these express
that one retrieves the usual Friedel sum rule in the lo
velocity limit (v,vF), and a perturbative form of the sum
rule for high velocities (v.vF) @22,25#.

The scattering potential was assumed of the form o
simple screened potential, with a dynamical screening
rametera, whose value is adjusted in a self-consistent w
according to the extended sum rule. In our previous calc
tions @22# we have considered in detail the results obtain
using either a Yukawa or a hydrogenic form for the scree
potential, and we have shown that a very good agreeme
obtained in both cases for the whole range ofr s values of
interest by comparing with the more exact results obtai
by the density-functional theory, provided that the poten
parameters are adjusted according to the Friedel sum rul
particular, a very close agreement was obtained usin
Yukawa type of potential~cf. Fig. 4 of Ref.@22#!. Based on
these results, we assumed here this form of screening f
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tion, with a screening parametera which is adjusted for each
ion velocity as follows: for each value ofa, many phase
shifts d l(k) are calculated by numerical integration of th
Schrödinger equation, and then Eqs.~1! and ~2! are used to
evaluate the extended sum rule. These calculations are
peated by an iteration routine, varying the value ofa until
the sum rule~1! is satisfied. With increasing velocities th
values ofa decrease and the convergence of the partial-w
series becomes slower; for the largest velocities conside
here (;10 a.u.)a becomes of the order of 0.05 a.u., and o
should include up to 600 phase shifts to maintain a go
precision in the results. However, for large values ofl we
have found it more convenient to use the semiclassical
proximation to calculate thed l values@22#. The calculations
with this method have been always straightforward, and
troubles in converging to the self-consistent solution ha
been found.

Once this self-consistent screening condition is achiev
the stopping powerS5^dE/dx& is calculated using a forme
result @22,26# expressed in terms of the transport cross s
tion s tr , namely~atomic units are used!

Svalence5
1

4p2v2E0

vF
u duE

uv2uu

uv1uu
dkk4s tr~k,v !F11

v22u2

k2 G .

~3!

This expression takes into account the angular integra
over the relative~electron-ion! velocities, here represente
by k ~with kW5uW 2vW ), and the integration of electron veloc
ties u between 0 andvF @22#.

Here

s tr~k,v !5
4p

k2 (
l 50

`

~ l 11!sin2@d l~k,v !2d l 11~k,v !# ~4!

is the transport cross section corresponding to the scatte
of electrons in the moving-ion potential. We note thats tr
depends also on the ion velocityv due to the optimization of
the scattering potential~through the adjustment of th
screening parametera) as described before@note that the
phase shifts in Eq.~4! also depend onv].

We use this model to represent the contribution of vale
electrons to the energy loss. So in the following we refer
this calculations as thevalence electron stopping power–
extended sum rulemethod~or VESP-ESR!. This gives the
main contribution to the stopping power for low and inte
mediate energies, including the stopping power maximu
However, with increasing energies the role of inner she
becomes also important. Then, in order to consider the
plication of this model to calculate the stopping power
solids in an extended energy range, we should include
additional contributions from the inner shells. There are va
ous perturbative models which may be used in this c
@7–9,27–29#, however some of them use a first-order Bo
approximation and yield only theZ2 term. A useful descrip-
tion for these contributions is the one given by the oscilla
model @7–9# which allows us to evaluate theZ2,Z3, andZ4

terms, in the stopping power expansion:
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Sinner shells5
4pZ2na

v2
Z1

2@L0~v !1Z1L1~v !1Z1
2L2~v !#,

~5!

wherena is the atomic density of the solid. It is expected th
this will yield the relevant terms of a convergent expans
for relatively large velocities, as long asL0(v).Z1L1(v)
.Z1

2L2(v). Therefore, the total stopping power will be ca
culated here by the sum of Eqs.~3! and ~5!, namely,Stotal
5Svalence1Sinner shells.

These calculations have been performed for the case
protons and antiprotons in aluminum and silicon. The
cases are of great interest due to the recently reported m
surements by Mo” ller et al. @13#, these being the two elemen
where experimental data exist down to the lowest ener
for antiprotons (;30 keV), and where the role of valenc
electrons is dominant. In the case of heavy targets the in
shell corrections become more important as compared
the VESP-ESR results, and so the uncertainty of the ca
lations would probably increase.

III. RESULTS AND DISCUSSION

The results of these calculations are shown in Figs. 1
2, where we compare the results obtained from the pre
calculations with existing stopping power data for proto
and antiprotons on a wide range of energies. The data
protons were taken from various sources@30–35#, while
those of antiprotons are taken from Ref.@13#. In each case
we show with dashed lines the contribution to the stopp
power due to valence electron~from the VESP-ESR model!,

FIG. 1. Energy loss of protons and antiprotons in aluminu
The dashed lines show the contributions to the energy loss give
valence electrons, calculated according to the VESP-ESR mo
while the solid lines show the total energy loss~including the inner-
shell contributions!. The points show the experimental results f
protons~from Refs.@30–33#! and antiprotons~from Ref. @13#!.
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and with solid lines the total stopping power values. W
observe that the position and magnitude of the maxima p
dicted by the model are in good agreement with the exp
ments. As expected, we find that valence electrons play
dominant role in the stopping process for energies around
maximum.

We note also that the theoretical evaluations of stopp
powers for antiprotons using the oscillator model for all t
atomic shells, as given in Ref.@13#, yield also very good
results in the cases of aluminum and silicon. However, if
same model is used to calculate the corresponding value
protons~and using also the same shell parameters from R
@13#!, one obtains values which are about 75% larger for
and 50% large for Si, and the position of the maxima
displaced to lower energies.

On the other hand, the quadratic response model@14# is
also unable to account quantitatively for the stopping pow
maximum in real targets@21#. Hence, the convenience of
fully nonlinear model to evaluate the energy loss due to
lence electrons becomes evident.

We finally note that the present calculations for proto
did not include the contribution of capture and loss proces
in the intermediate range of energies. Calculations us
first-order Born approximations for various processes@36#
indicate that the corrections may be of about 10–15 % av
'1. Other calculations by several authors@21,14,37# have
disregarded or neglected this contribution. A precise eva
tion of these effects in the intermediate range of velocit
would deserve further study, although it lies beyond t
scope of this paper. In any case, it is clear that the use
antiprotons provides the best probe for studying the ene
loss phenomenon in the absence of any electron capture

.
by
el,

FIG. 2. Energy loss of protons and antiprotons in silicon. T
dashed lines show the contributions to the energy loss given
valence electrons, calculated according to the VESP-ESR mo
while the solid lines show the total energy loss~including the inner-
shell contributions!. The points show the experimental results f
protons~from Refs.@34,35#! and antiprotons~from Ref. @13#!.
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2722 PRA 59N.R. ARISTA AND A.F. LIFSCHITZ
loss effect, and it may be the best way to test the theore
models on nonlinear effects.

The present model gives a suitable estimation of the m
nitude of the dynamical nonlinear effects on a wide range
energies. The calculations forp and p̄ indicate that one
should also expect important nonlinear effects for the slo
ing down of atomic ions in solids through the intermedia
energy range. The application of this model may prov
also a useful approach to the relevant question of descri
the maximum of the stopping power curves for differe
ions.

In summary, we have shown that a consistent descrip
of the Barkas effect in the range of intermediate energies
expressed by the differences in the stopping power values
protons and antiprotons in solids, requires a study of dyna
cal nonlinear effects which cannot be well represented by
usual perturbative expansions. The VESP-ESR model
n,
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sented here provides a self-consistent nonperturbative pic
of the energy loss process and of the Barkas effect in
important energy range around the stopping maximum. T
present model yields the contribution of valence electro
which dominate the stopping process at low and intermed
energies for light targets. The contributions from inn
shells, which are increasingly important for energies abo
the stopping maximum, appear to be fairly well represen
in the upper energy range by the atomic oscillator mode
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