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Nonlinear calculation of stopping powers for protons and antiprotons in solids:
The Barkas effect
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We calculate the electronic energy loss of protons and antiprotons in solids for a wide range of energies
using a self-consistent method based on the extension of the Friedel sum rule to finite velocities. The calcu-
lations show the importance of nonlinear effects in the interaction of the moving particles with valence
electrons in the intermediate range of energies around the stopping power maximum. The calculations give the
magnitude and the velocity dependence of these effects, and provide a consistent theoretical explanation of
recent experimental results for aluminum and silicon.
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I. INTRODUCTION dence with ion velocityy. These results may be useful at
high velocities or for smalfg values, where a perturbative
The discovery of different penetration ranges for positivepicture can be constructed. But for slow protons agaal-
and negative pions in matter made by Barkas and co-workenses in the metallic range, the differences in the stopping
[1] was the first evidence of deviations from the quadraticpowers, as compared with the more exact density-functional
dependence on projectile charge predicted by the Bethe values, are too larggl4].
theory of the stopping power of energetic partid@s The Previous theoretical evaluations of the Barkas effect at

origin of this difference was already proposed by Barkas dugoy energies for theo-p case have been based on the non-
to higher-order, orZ® terms, in the perturbative Bom ap- perturbative (or nonlineay framework of the density-
proximation. The first calculation of this so-called Barkasfynctional theory (DFT) [15,16]. Other calculations have
effect, was made by Ashley, Ritchie, and Braf@l#d] and it sed trial potentials with appropriate parameters to represent
was further studied by other authdis,6]. More recent de- npoplinear screening conditiofd7—19. The possibility to
velopments based on the quantum oscillator mdd@el9]  extend the DFT to the case of moving particles is still an
provide general scaling functions for the?,Z%, and Z*  gpen question; the main difficulties arise from the break-
terms, respectively, which can be used to estimate the cofown of the spherical symmetry of the dynamical potential,
tributions from the different atomic shells. A quantitative and the increasing range Of the interactions due to the Weak_
analysis of the Barkas effect based on these previous modelsing screening conditionisvhich requires the inclusion of
has been made by Bichsl0]. . an increasing number of scattering tefman intermediate
Recent advances in experimental techniques have madeghproach may be to include the velocity-dependent terms in
possible to obtain low-energy antiprotons with energieshe momentum transfer equations, while keeping the scatter-
down to a few tens of keV’s, and then to launch a set ofing potential frozen(equal to the DFT potential for static
investigations on interactions of prot_ons and ant_lprotons W'”barticles, but this procedure yields too small stopping power
matter[11]. The most recent experiments provide valuableygjyes since the increasing range of the potential is not taken
information on thep-p differences in the stopping powers into account[18,20. In a recent publication, Nagy and
for various solid elements at energies around and below thapagyi have formulated a model based on quantum calcula-
stopping power maximurfil2,13. This collection of data is tions of transport cross sections for velocity-dependent po-
of great interest to test theoretical models aiming to describéentials, averaging over the nonhomogeneous electron den-
the Barkas effect, since the stopping power differences besity distribution to include the contribution from inner shells
come very large in this energy range. However, the perturf21].
bative methods, which are useful at high energies, begin to Here we propose an alternative approach to this problem,
fail near the stopping power maximum. We note in particularwhich is based on an extension of the Friedel sum rule to
that the results from the perturbative expansions predict inite velocities and a self-consistent optimization of the scat-
behavior of thez® term that increases to lower energies fol- tering potential and related phase shifts. The main assump-
lowing a (Z/v)*® dependencg3—6]. Therefore the usual per- tion of the model lies in the spherical symmetry of the aver-
turbative expansion becomes questionable in the lower erage potential, however the self-consistent method used in the
ergy range. optimization has been found to give very good results for the
On the other hand, using many-body techniques and themean energy loss even at high velociti@2,23. On the
random-phase approximation, a formulation of the quadratiother hand, the main advantage of this model is that it may
response function of a free electron gas has been recenthe solved in an exact quantum-mechanical way for any ve-
developed[14]. This formulation provides th&€? and Z3 locity of interest, and it provides a closed approach to calcu-
terms in the perturbative expansion, showing also the depemate the nonlinear effects in the relevant range of intermedi-
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ate velocities, i.e., around the stopping power maximumtion, with a screening parameterwhich is adjusted for each
which is usually the most complex range for stopping powerlion velocity as follows: for each value af, many phase
calculationg[24]. shifts §,(k) are calculated by numerical integration of the
Using this approach we evaluate the energy losses of pra&schralinger equation, and then Eq4) and(2) are used to
tons and antiprotons in aluminum and silicon, where theevaluate the extended sum rule. These calculations are re-
main contribution to the stopping power maximum is givenpeated by an iteration routine, varying the valueaofintil
by valence electrons. The calculations are compared witthe sum rule(1) is satisfied. With increasing velocities the
experimental results on the relevant range of energies, anghlues ofa decrease and the convergence of the partial-wave
provide clear evidence of the magnitude and velocity depenseries becomes slower; for the largest velocities considered

dence of the nonlinear effects in this energy range. here (~10 a.u.lx becomes of the order of 0.05 a.u., and one
should include up to 600 phase shifts to maintain a good
Il. MODEL precision in the results. However, for large values| afe

o ) . _have found it more convenient to use the semiclassical ap-
_ The generalization of the Friedel sum rule to finite veloci- ,roximation to calculate thé, values[22]. The calculations
ties and the application to the energy loss problem were deyith this method have been always straightforward, and no

veloped in Ref[22], so we give here only a brief descrip- yquples in converging to the self-consistent solution have
tion. In the present context, the extended sum rule for &een found.

particle with velocityy may be written in the form Once this self-consistent screening condition is achieved,
oc the stopping powe$=(dE/dx) is calculated using a former
32 (214 1)G(v,vp) =24, (1) result[22,26 expressed in terms of the transport cross sec-
=0 tion o, namely(atomic units are used

whereZ,==*1 for protons and antiprotons ang is the 9 5
Fermi velocity of the solid. The functioB,(v,vg) takes into Suatone 1 J”Fu dUJIU+U|dkk40' ko)l 14 v2—u
account the contribution of eadawave component to the ‘3" 42,2 ], lo—ul ne K2

screening charge, and may be expressed as an integral of the 3
phase shift contributions over a displaced Fermi sphere

(DFS), as follows: This expression takes into account the angular integration

over the relative(electron-ion velocities, here represented

1 dé(k) IO
Gi(v,vg)= EJ J#}dﬂ dk by k (with k=u—1v), and the integration of electron veloci-
DF tiesu between 0 and [22].
_fkma daido] o , Here
= —ak_|9(kv)dk, 2
41 o .
where  Kyin=max0y —ve},Kna=v+vg; the  function Utr(kav)zﬁzo (I+1)sir[ §(k,v) = 814 1(k,v)] (4

g(k,v) takes into account the angular part of the integration
over the DFS, and its value is given in RE22] for the cases
v<vg andv>vg. (k) denotes the phase shifts of the is the transport cross section corresponding to the scattering
electron wave function due to the scattering process, whiclf electrons in the moving-ion potential. We note that
is described in the center of mass systewincident with the  depends also on the ion velocitydue to the optimization of
massive ion in the present approximadioand[d &, (k)/dk] the scattering potentialthrough the adjustment of the
gives the contribution of thé wave to the accumulation of screening paramete) as described beforfnote that the
screening charge. It may be shown from these expressiomqghase shifts in Eq4) also depend omn].
that one retrieves the usual Friedel sum rule in the low- We use this model to represent the contribution of valence
velocity limit (v<vg), and a perturbative form of the sum electrons to the energy loss. So in the following we refer to
rule for high velocities ¢>v¢) [22,25. this calculations as thgalence electron stopping power
The scattering potential was assumed of the form of a&xtended sum rulenethod(or VESP-ESR. This gives the
simple screened potential, with a dynamical screening pamain contribution to the stopping power for low and inter-
rametera, whose value is adjusted in a self-consistent waymediate energies, including the stopping power maximum.
according to the extended sum rule. In our previous calculaHowever, with increasing energies the role of inner shells
tions[22] we have considered in detail the results obtainedbecomes also important. Then, in order to consider the ap-
using either a Yukawa or a hydrogenic form for the screenegblication of this model to calculate the stopping power of
potential, and we have shown that a very good agreement solids in an extended energy range, we should include the
obtained in both cases for the whole ranger gvalues of  additional contributions from the inner shells. There are vari-
interest by comparing with the more exact results obtainedus perturbative models which may be used in this case
by the density-functional theory, provided that the potential[7—9,27-29, however some of them use a first-order Born
parameters are adjusted according to the Friedel sum rule. lpproximation and yield only th? term. A useful descrip-
particular, a very close agreement was obtained using #on for these contributions is the one given by the oscillator
Yukawa type of potentialcf. Fig. 4 of Ref.[22]). Based on model[7—-9] which allows us to evaluate tH#?,Z3, andz*
these results, we assumed here this form of screening funterms, in the stopping power expansion:
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FIG. 1. Energy loss of protons and antiprotons in aluminum.  FIG. 2. Energy loss of protons and antiprotons in silicon. The
The dashed lines show the contributions to the energy loss given byashed lines show the contributions to the energy loss given by
valence electrons, calculated according to the VESP-ESR modelalence electrons, calculated according to the VESP-ESR model,
while the solid lines show the total energy Idgwluding the inner-  while the solid lines show the total energy ldsscluding the inner-
shell contributions The points show the experimental results for shell contributions The points show the experimental results for
protons(from Refs.[30-33) and antiprotongfrom Ref.[13]). protons(from Refs.[34,35) and antiprotongfrom Ref.[13]).

and with solid lines the total stopping power values. We
observe that the position and magnitude of the maxima pre-
dicted by the model are in good agreement with the experi-
(55 ments. As expected, we find that valence electrons play the
dominant role in the stopping process for energies around the
wheren, is the atomic density of the solid. It is expected thatmaximum.
this will yield the relevant terms of a convergent expansion We note also that the theoretical evaluations of stopping
for relatively large velocities, as long ds)(v)>ZL,(v) powers for antiprotons using the oscillator model for all the
>72L,(v). Therefore, the total stopping power will be cal- atomic shells, as given in Ref13], yield also very good
culated here by the sum of Eg&8) and (5), namely,S,,;  results in the cases of aluminum and silicon. However, if the
= SJalence™ Sinner shells same model is used to calculate the corresponding values for
These calculations have been performed for the cases gfotons(and using also the same shell parameters from Ref.
protons and antiprotons in aluminum and silicon. Thesd13]), one obtains values which are about 75% larger for Al
cases are of great interest due to the recently reported meand 50% large for Si, and the position of the maxima is
surements by Mier et al. [13], these being the two elements displaced to lower energies.
where experimental data exist down to the lowest energies On the other hand, the quadratic response mpbél is
for antiprotons (30 keV), and where the role of valence also unable to account quantitatively for the stopping power
electrons is dominant. In the case of heavy targets the innemaximum in real targetf21]. Hence, the convenience of a
shell corrections become more important as compared witfully nonlinear model to evaluate the energy loss due to va-
the VESP-ESR results, and so the uncertainty of the calcuence electrons becomes evident.
lations would probably increase. We finally note that the present calculations for protons
did not include the contribution of capture and loss processes
in the intermediate range of energies. Calculations using
first-order Born approximations for various proces§gs|
The results of these calculations are shown in Figs. 1 anghdicate that the corrections may be of about 10-15% at
2, where we compare the results obtained from the present1. Other calculations by several authd&d,14,37 have
calculations with existing stopping power data for protonsdisregarded or neglected this contribution. A precise evalua-
and antiprotons on a wide range of energies. The data faion of these effects in the intermediate range of velocities
protons were taken from various sourck30-35, while  would deserve further study, although it lies beyond the
those of antiprotons are taken from REE3]. In each case scope of this paper. In any case, it is clear that the use of
we show with dashed lines the contribution to the stoppingantiprotons provides the best probe for studying the energy
power due to valence electr¢fiom the VESP-ESR modgl  loss phenomenon in the absence of any electron capture and
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Z[Lo(v)+Z1L41(v) +Z3L,(v)],

Ill. RESULTS AND DISCUSSION
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loss effect, and it may be the best way to test the theoreticaented here provides a self-consistent nonperturbative picture
models on nonlinear effects. of the energy loss process and of the Barkas effect in the
The present model gives a suitable estimation of the magmportant energy range around the stopping maximum. The
nitude of the dynamical nonlinear effects on a wide range opresent model yields the contribution of valence electrons
energies. The calculations fgy and p indicate that one which dominate the stopping process at low and intermediate
should also expect important nonlinear effects for the slowenergies for light targets. The contributions from inner
ing down of atomic ions in solids through the intermediateshells, which are increasingly important for energies above
energy range. The application of this model may providethe stopping maximum, appear to be fairly well represented
also a useful approach to the relevant question of describing the upper energy range by the atomic oscillator model.
the maximum of the stopping power curves for different
ions.
In summary, we have shown that a consistent description ACKNOWLEDGMENTS
of the Barkas effect in the range of intermediate energies, as
expressed by the differences in the stopping power values for The authors gratefully acknowledge financial support
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