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Self-channeling and pulse shortening of femtosecond pulses in multiphoton-ionized
dispersive dielectric solids
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The self-focusing of femtosecond optical pulses in dielectric solids is studied under the influence of the
combined effects of diffraction, Kerr nonlinearity, normal group velocity dispersion, and self-induced multi-
photon ionization. The numerical simulations show a significant pulse shortening with a compression factor of
5.5 and self-channeling of the beam when the critical power is exceeded.@S1050-2947~99!09703-6#

PACS number~s!: 42.65.Jx, 42.65.Re, 42.50.Hz
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Recently there has been considerable interest in the in
tigation of self-focusing of femtosecond optical pulses@1–7#.
In a Kerr medium with a positive nonlinear refractive ind
change a laser beam in the long pulse regime self-focus
the powerP in the beam is greater than the critical power
self-focusingPcr . After a sufficiently long interaction length
transverse instabilities arise which result in the filamentat
of the beam. For femtosecond pulses the effect of mate
dispersion modifies drastically the spatiotemporal propa
tion. In the positive group velocity dispersion~GVD! regime
the dispersion increases the self-focusing threshold and
lead to temporal splitting of the pulse@1–3#. In the pulse
spectra supercontinuum generation and conical emission
cur at the pulse splitting threshold as a result of the com
nation of diffraction, Kerr nonlinearity, and dispersion@3#.
Lately a striking observation has been reported on the pro
gation of intense femtosecond pulses in air with powers
the gigawatt range@5,6#. In these experiments after an initia
narrowing owing to self-focusing, self-channeling of th
pulse beam has been observed over distances of severa
of meters. The self-trapping over distances larger than
Rayleigh length has been interpreted as a counterbalanc
the self-focusing due to the Kerr effect and the defocus
effect due to the formation of a low-density plasma@5,7#.
Under such conditions the beam breakup into filaments
ing to self-focusing can be prevented and under certain c
ditions a stabilized self-trapped@or (211)-dimensional op-
tical solitonlike# beam can exist. Theoretically the evolutio
of an optical high-power beam in gases under the influe
of the Kerr nonlinearity and the nonlinear index change
multiphoton ionization was numerically studied in Ref.@5#
and by the use of a variational approach in Ref.@7#.

In this Brief Report we present a numerical study of t
spatiotemporal evolution of femtosecond pulses in dielec
solids @8#. In solids the role of the GVD is more dominan
and the characteristic parameters for the optical Kerr ef
as well as for the multiphoton ionization differ by some o
ders of magnitude in comparison to those in gases. Des
these distinct physical conditions, the results of our num
cal investigation show the possibility of self-channeling
high-peak-power femtosecond pulses with powers somew
above the critical powerPcr and beam diameter in the orde
of ten mm. The refraction index change by the Kerr effe
and the optical field-induced ionization can be described
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the relation Dn5n2uAu220.5Ne /(n0Ncr), where A is the
slowly varying amplitude of the electric field strength,n0 is
the linear refractive index,n2 is the nonlinear coefficient due
to the Kerr effect,Ncr5mv0

2e0(11d2)/e2 is the critical
plasma density, andNe is the number density of free plasm
electrons.d stands ford5(v0tc)

21 with tc as the electron-
phonon transport~momentum! collision time. In the follow-
ing we consider the case in which multiphoton ionizati
dominates compared with the tunneling ionization and wh
the avalanche ionization plays no significant role becaus
the shortness of the pulses. The electron density there
can be calculated by the Keldysh expression for the proba
ity of multiphoton ionization in condensed media given
@9#
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5BuAu2n, ~1!

where I i is the ionization energy corresponding to the tra
sition energy across the gap between the valence band t
conduction band,m8 is the reduced exciton mass wit
(m8)215(me)

211(mh)21, me andmh are the electron and
the hole mass, respectively,v0 is the optical frequency,n is
the number of quanta necessary for ionization,n
5mod@ I i /(\v0)11#, F(s)5exp(2s2)*0

s exp(s82)ds8 repre-
sents Dawson’s integral, ands5@2n22I i /(\v0)#1/2.

The reduced Maxwell equation for the slowly varying am
plitude can then be written in the dimensionless form
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with C5(k2n2w0
2/n0)1/2A, h5( t̃ 2 z̃/vg)/t0 , z5 z̃/
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2), x5 x̃/w0 , y5 ỹ/w0 , a5kk9w0

2/t0
2, G50.5@k2t0 /
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Here x̃, ỹ, andz̃ are the physical coordinates andt̃ is the
time. w0 is the beam radius~2w0 is the FWHM!, t0 is the
pulse duration,k95d2k/d2v is the GVD parameter,vg is the
group velocity, andk52pn0 /l is the wave number. The
constantB has been defined in relation~1!. g is the nonlinear
coefficient forn-photon absorption andG describes the reac
tion of the plasma to the optical field.

Equation ~2! is numerically solved with the help of
beam progation method with the initial condition of the for
C5C(x,y,z50,h)5C0 exp@2(x2

1y2)ln 2/2#/cosh(1.76h). The following dimensionless pa
rameters were chosen:a50.016, n55, G51.1531027,
g5431027, and C05A2 ln 2P0 /Pcr51.44. These param
eters correspond, for example, to typical experimental
rameters in fused silica with I i57.8 eV, k953.4
310226s2/m, n051.4, n256.12310223m2/V2, and l
5790 nm,t0550 fs, w0510.3mm, andP0 /Pcr51.5 or P0

53.23 MW, where Pcr5p@n0
2/(k2n2)#e0c is the critical

power of self-focusing. The electron-phonon collision tim
tc depends on the electron energy with values for fu
silica in the range from 10214s up to 10216s ~Ref. @10#!. The
averaged kinetic energy of the electrons can be roughly
timated by the above-threshold-ionization energy of the f
electrons which yields with the parameters in Ref.@10# the
estimated,0.1. Multiplying Eq. ~2! with C* and integrat-
ing over the transverse coordinates and the time we find
conditions 0.18gzuCmaxu8,1 and 0.15dGzuCmaxu10,1,
where the nonlinear loss is small. In agreement with exp
mental observations~compare, e.g., Refs.@12,13#!, from
these estimations it follows that for the conditions conside
here the nonlinear loss associated with the multiphoton
sorption and electron-ion scatterings influences only wea
the pulse propagation but it restricts the maximum length
a self-trapped regime.

In Fig. 1 the evolution of the normalized peak axial inte
sity I 5uC(0,0,z,hmax)u2 is depicted versus the propagatio
distancez. As expected, in the initial stage self-focusin
leads to an increase of the intensity and a beam narrow
until the intensity of the pulse is high enough to generat
low-density plasma in the dielectric solid. The counteract
self-defocusing caused by the plasma leads to a s
channeled beam which is stabilized against further s
focusing, and spatial instabilities by the pure Kerr effect d
appear. The self-channeled regime remains stable
distances much larger than the Rayleigh length. The m
mum intensity level is mainly determined by the conditi
that the nonlinear refractive index changes induced by

FIG. 1. Normalized axial peak intensity in dependence on
normalized propagation distancez.
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Kerr effect and by the plasma cancel each other. This yie
the conditionaGuCmaxu2n22'1, wherea is a pulse shape an
beam factor in the order of unity. In our exact numeric
calculations we have found that this condition is fulfilled
Fig. 1 as well as for rather different parameters. The osci
tions of the intensity in Fig. 1 after the beam reached
self-trapped region are typical for (211)-dimensional beam
propagation in media with a saturable nonlinear refract
index changeDn(uAu2), which can also be found for a re
fractive index of the formDn5n2uAu2/(11uAu2/I sat) ~see
@11#!. Such oscillations are long-lived over large distanc
and do not converge to the spatial soliton solution even w
out the influence of the GVD, however such a stable soli
solution characterized by constant beam parameters e
for definite input parameters and input shape of the beam
the above-mentioned types of nonlinearity~see Refs.@7# and
@11#!.

In Fig. 2 the initial beam shape~a! and the beam shap
after a propagation length ofz55.66@Fig. 2~b!# are depicted
where z55.66 corresponds to a physical length ofz̃
51.18 mm. As seen after propagation, the self-channe
beam is narrower by a factor of 2.3. In Fig. 3 the tempo
shape of the pulse at the input~dotted line! and after propa-
gation ~solid line! is shown. Take note of the appearance
small side maxima in the pulse shape of Fig. 3 which
related to the corresponding spectral continuum generat
Clearly, the nonlinear evolution leads to a large amount
compression whereby the compression factor is about
and the peak intensity is 27.5 times larger than the in
intensity. In physical units the peak intensity isI 51.84
31013W/cm2 and the pulse duration ist059.1 fs. By com-
parison, in a fiber in the normal-dispersion regime the co
bination of self-phase-modulation

e

FIG. 2. Beam shape~a! at the input and~b! after propagation at
z55.66.

FIG. 3. Temporal shape at the input~dotted line! and after
propagation atz55.66~solid line!. The input intensity is multiplied
by a factor of 10.
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~SPM! and GVD broadens invariably the pulse as it prop
gates. The physical reason for the pulse shortening predi
here is connected with the space-time coupling. The hig
intensity in the pulse maximum experiences a higher foc
ing and the wings with lower intensity are suppressed. P
viously it was shown that the inclusion of the diffractio
term in planar wave guides can lead to a pulse compres
with a compression factor smaller than 2 followed by pu
splitting @4#.

In contrast to the self-channeling described here, in R
@14# pulse splitting into two pulses has been observed in b
BK7 glass for pulses with 1 mJ and 85 fs duration. The
observations confirm previous theoretical studies in Ref.@2#
where Eq.~2! was solved without the terms associated w
multiphoton ionization (G5g50) and a pulse splitting due
to the influences of GVD was predicted. However, this co
pletely different behavior in self-focusing of ultrashort puls
in Refs.@2, 14# compared with our results is no contradictio
but can be explained by the different beam parameters s
ied in Refs.@2, 14# and here. Note that self-trapping as d
scribed here can only occur in a rather restricted range
input and material parameters because of the trade-off
tween the different competing effects described in Eq.~2!.
The experiments and the theoretical simulation in Ref.@14#
were done for similar parameters as considered here bu
about a five times larger beam radius or corresponding 126

times smallerG and 80 times larger parametera. Under such
conditions the ionization does not play a significant role
beam propagation. Self-channeling can only occur if
critical lengthzch—where the channel is formed—is small
compared with the distance at the onset of pulse splittingzsp.
The self-channeling distancezch is only slightly smaller than
the critical self-focusing lengthzSF which in our notation is
given by zch,zSF50.53@(p0

1/220.852)220.0719#21/2 with
p05P0 /Pcr . Thus on the one hand forp051.5 we obtain
zSF51.5 while from Fig. 1 a self-channeling distancezch
51.3 can be obtained. On the other hand, the splitting
tance can be estimated by the following estimation. T
combined effects of SPM and GVD lead to a broadening
the pulse and reduce the peak power from its initial valuep0
to the critical powerp(z)51 if the dispersion plays a domi
nant role. The numerical calculation of Rothenberg@2# has
directly shown that pulse splitting occurs at a distancezsp
where the power is reduced to the critical power:p(zsp)
51. The pulse broadening owing to SPM and normal GV
can be described by an analytical expression derived in
variational approach with a Gaussian trial pulse shape fu
tion @15#:
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a F ~y21!

A11j
S y1

1

11j D 1/2

1
1

2

j

~11j!3/2 ln XG ~3!

with X5$2(11j)(y21)1/2@y2(1/11j)#1/212y(11j)
2j%(21j)21, y5tL /tL0 , and j5p0 /&a. By using the
conservation lawp(z)tL5p0tL0 and settingp(zsp)51 we
obtain from Eq.~3! the splitting distancezsp5z(y5p0). For
the above considered parametersa50.016 andp051.5 we
obtain zsp54.1, i.e., the ionization dominates, and se
channeling prevents pulse splitting. In contrast to parame
as considered in Ref.@1# with p053 anda55, the splitting
distance from Eq.~3! is zsp'0.2, in good agreement with th
numerical results. In that case withzsp,zch ionization does
not play a role and pulse splitting occurs preventing a p
sible self-channeling. More generally, the condition for se
channeling can be expressed by a relation for the param
a with a,acr . The critical parameteracr is determined by
the relationzsp(p0 ,a5acr)5zSF(p0). By using Eq.~3! and
the relation forzSF, the critical parameteracr(p0) can be
found which yields forp051.5 the valueacr50.07.

The narrow set of parameters required to achieve a s
channeled regime is determined by the following conditio
The peak power should not exceedPcr by more than a factor
of 3 (Pcr,P,3Pcr), otherwise beam filamentation occur
On the one hand, the input beam radius has to be sm
enough in order that ionization comes into play before be
filamentation or damage occurs (G.1029) and large enough
to avoid damage@PtL /(pw2),Jdam'5 J/cm2#. Note the
sensitive dependence of the parameterG on w0 and n2 ~G
;w0

22n12n2
2n with n55!. On the other hand, pulse duratio

and beam radius are limited by the requirementa,acr ,
whereacr determines the dominance of the dispersion le
ing to pulse splitting.

Finally let us remark that recently experimental obser
tions of self-channeled fs-pulse propagation in dielectric s
ids have been reported@12,13#. The presented study gives a
insight and understanding of these observations. Our res
agree rather well with these measurements concerning
spatial self-trapping behavior whereas the pulse shape o
channeled beam has not been resolved.

In conclusion we have presented a study of self-focus
of femtosecond pulses in normally dispersive dielectric s
ids. It has been shown that the pulses can be self-chann
due to the influence of multiphoton-ionization while simu
taneously a significant pulse shortening appears.
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