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Evaluation of hadronic vacuum polarization contribution to muonium hyperfine splitting
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The contribution of hadronic vacuum polarization to the hyperfine splitting of the muonium ground state is
evaluated with the account of modern experimental data on the cross section ofe1e2→annihilation into
hadrons.@S1050-2947~99!01903-4#

PACS number~s!: 36.10.2k
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In the framework of the quasipotential method, the p
ticle interaction operator for 1g and 2g processes takes th
form @1–3#

V5V1g1V2g5Vc1DV,

V1g5T1g , V2g5T2g2T1g3Gf3T1g , ~1!

whereVc is the Coulomb potential,T1g andT2g are one- and
two-photon scattering amplitudes off the energy shell, a
@Gf #215(b22pW 2)/2mR is the free two-particle Green func
tion (mR is relativistic reduced mass! @4#. Then the corre-
sponding correction in the energy spectrum may be writ
as follows:

DE5^cn
cuDVucn

c&, ~2!

wherecn
c is the ordinary Coulomb wave function. The ha

ronic vacuum polarization contribution to the energy sp
trum is determined by the Feynman diagrams represente
Fig. 1 by means of Eq.~1!. To take into account vacuum
polarization in these one-loop diagrams, we must do the
lowing substitution in the photon propagator@2#:

1

k21 i«
→S a

p D 2E
sth

` r~s!ds

k22s1 i«
, ~3!

where the spectral functionr(s) is connected with known
cross section ofe1e2 annihilation into hadronssh,

r~s!5
R~s!

3s
5

sh~e1e2→hadrons!

3ssmm~e1e2→m1m2!
, ~4!

and smm(e1e2→m1m2)54pa2/3s is the e1e2 annihila-
tion cross section to muonic pairs. Introducing Feynma
parametrization~parameterl!, we can write the contribution
of hadronic vacuum polarization~HVP! to muonium ground-
state hyperfine splitting in the form@2#
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DEhfs
h ~me!5S a

p D 2

memmẼFE
4mp

2

` R~s!ds

3s

3E
0

1 1626l2l2

mm
2 l21s~12l!

dl, ~5!

whereme , mm , andmp are the masses of electron, muo
and charged pion, andẼF58a4me

2mm
2 /3(me1mm)3 is the

Fermi energy of the muonium. The inner integral in Eq.~5!
can be calculated analytically. For the calculation of the
ternal integral, we have used the parametrization ofR(s),
which accounts for modern experimental data on the ann
lation cross section ofe1e2 into hadrons@5–13#.

The cross sectionsh may be expressed as a sum of term
@2,3#:

sh5spp
h 1s res

h 1sbackground
h . ~6!

The main contribution to the cross sectionsh is deter-
mined by the processe11e2→p11p2. The cross section
of this reaction is proportional to the modulus squared of
pion form factorFp . The corresponding spectral functio
~4! may be presented in the form

rpp~s!5
~s24mp

2 !3/2

12s5/2 uFp~s!u2. ~7!

Contrary to our recent calculation@14#, to perform integra-
tions in Eq.~5! for this case we have used the expression
the pion form factor, obtained in@15#:

FIG. 1. Feynman diagrams, defining the hadronic vacuum
larization contribution to the hyperfine structure of atom (me).
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Fp~s!5
mr

mr
22s2 imrGr~s!

expH 2
s

96p2f p
2 ReFAS mp

2

s
,
mp

2

mr
2 D

1
1

2
AS mK

2

s
,
mK

2

mr
2 D G J , ~8!

where the function

AS mP
2

s
,
mP

2

m2 D 5 lnS mP
2

m2 D 1
8mP

2

s
2

5

3
1sP

3 lnS sP11

sP21D ,

sP5A124mP
2 /s, ~9!

Gr~s!52
mrs

96p2f p
2 ImFAS mp

2

s
,
mp

2

mr
2 D 1

1

2
AS mK

2

s
,
mK

2

mr
2 D G ,

~10!

wheref p592.4260.0760.25 MeV@16#, andmK andmr are
the masses ofK6 andr mesons. This pion form factor give
a good description of the experimental data up to energie
the order of 1 GeV in terms ofmp , mK , mr , and f p . To
obtain the resonance contribution tosh, the Breit-Wigner
representation has been exploited. The contribution
sbackground

h was found by fitting of the experimental poin
@5–13#. For a description of the experimental data, we ha
used the polynomial fitR(s)5(k50

n ck(As)k of high order on
n. The coefficientsck were determined by means of the lea
squares method. The region ofAs.60 GeV was described
by the QCD formula, following from the assumption o
asymptotic freedom with six quarks. The results of our c
culations are presented in Table I. The total contribution
HVP to hyperfine muonium splitting is equal to

DEhfs
h ~me!5~3.598860.1045!S a

p D 2 memm

mp
2 ẼF

50.239760.0070 kHz. ~11!

This value is in accordance with the result obtained in@3#:
DEhfs

h 50.25060.016 kHz. The more than twice higher pr
cision of Eq.~11! is explained by the account of new expe
mental data and by more accurate data treatment@11#. The
rt
of

f

e

-

l-
f

new value~11! allows one to increase the accuracy of testi
the radiative corrections to the ground-state hyperfine sp
ting in muonium. It is important because the precision
hyperfine muonium splitting measurements in the new L
Alamos experiment is of the order of 1022 kHz. Much the-
oretical effort was spent in the last years in order to calcu
the new contributions to the muonium hyperfine splitting o
high degree ina and me /mm @17,18,19#. The theoretical
value DEhfs

th 54 463 302.69~1.34! ~0.21! ~0.16! kHz @17#,
taking into account Eq.~11!, is in good agreement with the
experimental resultDEhfs

expt54 463 302.88~16! kHz @1#. The
first and second errors inDEhfs

th reflect the uncertainties in th
measurements ofa21 @20# and mm /me . The third error is
purely theoretical and dominated by the coefficients in
a(Za)2 anda(Za)3 ln(Za) corrections@18#.
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TABLE I. Contributions to muonium hyperfine splitting.

Final state
Energy rangeAs

~GeV!
DEhfs

h ~me!YS a

p D 2 memm

mp
2 ẼF

r,v→2p ~0.28, 0.81! 2.051860.0134
v→3p ~0.42, 0.81! 0.186960.0061
f 0.212260.0077
J/C 0.053860.0059
Y 0.000660.0001
Hadrons ~0.81, 1.4! 0.556260.0260
Hadrons ~1.4, 2.2! 0.240660.0199
Hadrons ~2.2, 3.1! 0.125260.0110
Hadrons ~3.1, 5.0! 0.090660.0122
Hadrons ~5.0, 10.0! 0.056060.0015
Hadrons ~10.0, 40.0! 0.022760.0007
Hadrons ~40.0, 60.0! 0.001260.0001
Hadrons As>60.0 0.0010

Summary contribution 3.598860.1045
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