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Multichannel communication using an infinite dimensional spatiotemporal chaotic system

J. K. White and J. V. Moloney
Arizona Center for Mathematical Sciences, University of Arizona, Tucson, Arizona 85721

~Received 26 October 1998!

Chaotic spatiotemporal dynamics generated by a nonlinear set of coupled partial differential equations are
synchronized via a scalar complex variable. Our results show that synchronization is robust to noise, and we
demonstrate chaotic communication in a high-dimensional system. We have also discovered that the added
dimensionality creates a new quasisynchronous state, enabling the transmission of multiple messages through
a single scalar complex channel. The feasibility of these novel ideas is demonstrated on a realistic numerical
model of chaotic semiconductor lasers.@S1050-2947~99!05503-1#

PACS number~s!: 89.70.1c, 05.45.2a, 42.55.Px, 42.65.Sf
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In 1993 it was shown that small perturbations could
used to encode a symbol sequence on a chaotic system@1#
and this was demonstrated using coupled electronic circ
@2#. Since then much interest has focused on using sync
nized chaotic systems to send and receive messages.
majority of work has concentrated on the case where th
are two identical systems synchronized through a weak c
trol signal @3#. To send a message, one of the parameter
the transmitter system is changed slightly and the resul
desynchronization is measured at the receiver. For
scheme to work, the synchronization must be fairly robus
that the system can recover synchronization after the m
sage is sent.

It was quickly realized that it might be possible to sy
chronize higher dimensional chaotic systems with more t
a single positive Liapunov exponent@4#. Further work
showed that it was also possible to synchronize large n
bers of coupled chaotic systems using a single complex
nal @5#. Synchronization of spatiotemporal chaos using a v
tor coupling was demonstrated numerically very recen
using both coupled reaction-diffusion and compl
Ginsburg-Landau partial differential equations~PDES! @6#.
An important observation of@5# was that as the dimension o
the synchronization manifold increases, its basin of attrac
shrinks and the system becomes sensitive to noise. Burs
desynchronization are observed to interrupt the lami
phases of the synchronized dynamics, consistent with
observation that a small amount of noise in a commun
tions channel can adversely affect the synchronization
globally coupled oscillators@7#. Thus it remains an open
question whether synchronization of high dimensional c
otic systems, coupled nonlinear PDES in particular, is rob
to noise and/or error signals representing transmitted m
sages. In other words, if one were to cause a loss of sync
nization ~e.g., to encode a message!, the system might no
regain a synchronized state.

Simultaneously in the optics community an effort was u
derway to apply these ideas to laser systems. In 1994
solid state lasers were synchronized@8# and communication
schemes were proposed@9#. Very recently, communication
has been demonstrated using coupled erbium-doped
ring lasers@10# and with semiconductor lasers using elect
optical feedback@11#. Synchronization and message enco
ing has been discussed in a simplified model of two coup
PRA 591050-2947/99/59~3!/2422~5!/$15.00
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ring laser cavities@12#. Additional theoretical work was done
on semiconductor lasers using single mode models@13#.

In this paper we report on the successful multiplexing
random bit sequences between transmitter/receiver semi
ductor lasers modeled by coupled nonlinear PDES. Mu
plexing is naturally considered through the higher dime
sionality introduced with the inclusion of a spatial variab
in this case the longitudinal modes. Additionally we repo
synchronization of spatiotemporal chaos through a sin
scalar complex variable~the total electric field! where syn-
chronization is robust to noise in the laser, noise in the co
munications channel, and strong transient perturbations.
separate messages are encoded into individual chan
~modes! by injecting weak signals at the relevant mode fr
quencies. This results in a third, hitherto unknown quasis
chronous state where some spatial modes are synchron
while other modes are unsynchronized.

The use of the full PDE model is essential to capturing
relevant physics of the problem. For example, a nomina
single-longitudinal mode semiconductor laser, when s
jected to a weak external delayed feedback, begins to
chaotically on several of its previously suppressed longitu
nal modes. This observation, for which there is very rec
experimental evidence, is critical to the multiplexing sche
that we propose here. Of course, the complexity of the pr
lem restricts us to numerical simulation.

Our model of the semiconductor laser includes coun
propagating traveling waves coupled to the total carrier d
sity. While the full gain bandwidth can accommodate hu
dreds of longitudinal modes, the external optical feedba
causes only 15–20 modes to oscillate and these are loc
near the gain peak. Thus we can assume that the gain h
parabolic shape locally. The parabolic gain assumption
been shown to be adequate through comparison with a
croscopic model@14#, where the contribution which leads t
the linewidth enhancement factor of the semiconductor la
is lumped into an effective background term. The pres
model has been successful in describing the experime
observation of longitudinal mode hopping in a chaotic sem
conductor laser, subject to external optical injection@15#.
The forward (E1) and backward (E2) propagating fields in
the cavity and the total carrier density are fully resolved. T
parabolic gain dispersion is provided by introducing
second-order derivative inz. The transmitter and receive
2422 ©1999 The American Physical Society
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system are nearly identical and are differentiated by a s
scriptedT or R. Coupling of the two systems is achieve
through a small injection term in the boundary conditions

]ET,R
6

]t
6

]ET,R
6

]z
5kX~NT,R21!S 11Gd

]2

]z2D
2 iRNT,R2aCET,R

6 ,

~1!
]NT,R

]t
5JT,R~ t !2gNT,R2~NT,R21!@ uET,R

1 u21uET,R
2 u2#.

The boundary conditions are

ET,R
1 ~z50!5AR1ET,R

2 ~z50!,
~2!

ET,R
2 ~z51!5AR2ET,R

1 ~z51!1~12R2!hET
1~ t2t f b,cc!,

wherek is the damping rate of the electric field in the cavit
R is the linewidth enhancement factor~which describes the
phase amplitude coupling!, Gd is a diffusion constant which
describes the gain curvature,a represents internal nonradia
tive laser losses,g is the carrier damping rate,J is the pump-
ing parameter,R1,2 are the facet reflectivities,h is the
feedback/injection strength,t fb is the external cavity round
trip time, andtcc is the delay in the communication channe

In the absence of feedback the laser operates in a si
mode. Once the feedback is introduced, there is a p
nounced lifting of the solitary laser longitudinal mode spe
trum @16#. Figure 1 contrasts the single mode situation w
the multimode spectrum in the presence of optical feedba
The solitary laser is running at about 5% above thresh
Notice that the multimode spectral shape mimics the ac
parabolic gain dispersion. The individual spectral peaks
~b! are broadened due to the chaotic motion but this bro
ening is not evident on the scale of the figure which enco
passes a 10 THz spectral window.

Each longitudinal mode acts as a replica of the sin
mode system, with weak coupling to every other mo
through spatial gratings induced in the carriers. Becaus
the feedback, the single longitudinal mode equations are
mally infinite dimensional, however the correlation dime
sion @17# is calculated to be 1.6 implying that the actu
dynamics is constrained to a low dimensional attrac
There also exists a single Liapunov exponent for the sin
mode system. Thus, while the single mode system with fe
back is formally infinite dimensional, in practice it has mu
in common with simpler systems which have been ext
sively studied. Only through the weak coupling present
the multimode system does the actual dimension of the
namics grow.

How this additional dimensionality affects the overall d
namics of the system is still being debated. Two key featu
are emerging. First is the behavior which affects all t
modes simultaneously~an example is low frequency fluctua
tions@16#!. This requires that the modes are in synch, forc
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the simultaneous existence of several spatial patterns in
laser cavity. A second behavior is that of antiphase dynam
between the modes@18#. At any one time most of the lase
energy is in a single mode, however the energy hops rap
~subnanosecond scale! from one mode to the next. So whil
at any one time there is a dominant spatial mode presen
the cavity, this pattern is not stationary and changes v
quickly. It is the coexistence of several spatial patterns wh
we hope to utilize to achieve multiplexing.

The total electric field output of the transmitter las
drives the receiver system into synchrony with the transm
ter @19# and the messages are extracted optically
transmitter/receiver signal subtraction and spectral decom
sition of the difference signal. All of the processing can
done optically in real time and offers the potential for hig
bandwidth multiplexed message transmission. Numer
simulations show that the infinite dimensional system s
chronizes as well as the single mode system. With the a
tion of noise or parameter mismatch~as high as 1%! the
system still synchronizes. Also we have studied how the s
chronization of our system recovers from large changes
the fields and carrier density. A large, random, instantane
error was added to the receiver laser and the system rap
recovered. In most foreseeable instances that could be
countered in a real laser we observed synchronization. T
indicates that the synchronization is not only very robust
that the basin of synchronization is quite large.

A second scheme has been proposed in the literature
single mode laser systems@13#, which involves a weak dif-

FIG. 1. Log plot of the solitary laser cavity mode spectrum f
~a! the solitary laser and~b! the laser with feedback. All but one o
the laser modes are suppressed in the solitary laser while the m
spectrum of the laser with feedback follows the parabolic shap
the gain dispersion.
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ference coupling between transmitter and receiver. In
system the PDE boundary condition for the receiver beco

ER
2~z51!5AR2ER

1~z51!1~12R2!hER
1~ t2t f b!

1z„ET
1~ t !2ER

1~ t !…. ~3!

Studies using single mode models have shown this metho
be extremely robust to noise and parameter mismatch
issue is whether a single synchronization channel is su
cient to synchronize the many spatial patterns coexisting
the multimode laser cavity. This is equivalent to studying
problem where many ordinary differential equations a
coupled, each longitudinal mode corresponding to a sepa
ODE. With each single mode system contributing a sin
Liapunov exponent, the Liapunov dimension grows depe
ing on the number of excited modes. If the two systems
initialized so that the longitudinal modes in both caviti
have roughly comparable energy distribution, the syst
synchronizes quickly~see Fig. 2!. If the two systems are
brought out of synchrony temporarily, as most communi
tion methods require, we find that they cannot regain s
chrony as shown in Fig. 2. We interpret this as similar to
results reported by Tsimringet al. @5#. As the effective Li-
apunov dimension increases, the basin of synchroniza
decreases and we find that different initial conditions, ad
noise, or parameter mismatch~as small as 1026) cause this
system to quickly lose synchronization and never recove

Robust synchronization is necessary for communica
since a message is sent by changing a parameter in the t
mitter system. The second scheme@with the receiver bound-
ary conditions as in Eq.~3!# is therefore unsuitable for com
munication and we restrict our discussion to the first sche
@Eqs.~1! and ~2!#. For a first attempt we modulate the las
pumping current, affecting all of the cavity modes equa
Figure 3~a! shows the results of a repeating ‘‘0’’ - ‘‘1’’ bit
sequence that is modulated every 10 ns. To send the m
sage, the transmitter current pumping was increased by
for a ‘‘1’’ bit. At the receiver end we subtract the transmitt

FIG. 2. When both laser systems have external feedback
initially synchronize. After 100 ns the two systems are made to l
synchrony by changing the current of the transmitter laser. A
200 ns both systems are brought back to identical states, how
they remain unsynchronized.
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intensity from the receiver intensity. If the bit is a ‘‘1,’’ the
transmitter and receiver are no longer synchronized an
difference signal is recorded. For a ‘‘0’’ the two signals a
synchronized and the difference signal is zero. After a b
initial transient due to switch-on, the two systems begin
synchronize and there is a very clean message showing
repeated ‘‘0’’-‘‘1’’ bit sequence.

The difference signal is Fourier transformed to resolve
many laser cavity modes present. Figure 3~b! shows that the
message is encoded across several of the laser cavity m
The initial switch-on transient is confined to only three of t
cavity modes. When the two lasers lose synchrony~corre-
sponding to a ‘‘1’’ bit! all of the laser cavity modes becom
unsynchronized. The two lasers are next brought back
synchrony~corresponding to a ‘‘0’’ bit! and synchronization
is rapidly seen in every mode. It is a remarkable observa
that all of the modes above the background noise level s
chronize.

Next we demonstrate a new, quasisynchronous state
discussed earlier, each longitudinal mode has a corresp
ing spatial pattern inside the laser cavity. In some regim
the spatial patterns are coexistent, in other regimes they
idly hop from one pattern to the other. In both instances w
we call total synchronization is when the spatial dynamics
both transmitter and receiver are slaved. If one can se
tively synchronize the spatial patterns in the receiver so

ey
e
r
er

FIG. 3. ~a! Difference of the transmitter and receiver signal wi
a message encoded on the transmitter. A ‘‘0’’ bit corresponds
synchronized state; a ‘‘1’’ bit corresponds to an unsynchroniz
state. The message sent is a repeating ‘‘0’’-‘‘1’’ sequence of b
~b! Fourier transform of the difference signal. When a messag
sent the laser gains and loses synchronization across all of the
cavity modes.
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one pattern is slaved to the transmitter while the other p
terns are not, we have a quasisynchronous state where
system is only partially synchronized. To reach this state
can either selectively filter the synchronization signal or
lectively change the transmitter. We investigate the la
technique.

By changing the transmitter in such a way that individu
modes are affected, we create a situation in which the
systems are not fully synchronized yet individual modes a
Messages can be resolved at the receiver by taking the
rier transform of the difference signal. The challenge lies
encoding the message on individual laser cavity modes a
transmitter. The semiconductor laser offers a nice phys
method. Since each laser cavity mode corresponds to a
ferent frequency of light, a message can be encoded
single laser cavity mode by means of external injection at
corresponding optical frequency. To add this message c
bility to the model we include a new injection termFT

inj

5(nzn(t)Eeıvnt, wherevn corresponds to thenth laser cav-
ity mode optical frequency. The individual messages are
coded by varyingzn(t), which represents the weak signal
the nth message-encoding injection laser.

Figure 4~a! shows the recovered signal where five rand
bit sequences have been sent across five neighboring
cavity modes. The encoded signal at the transmitter is su
imposed as a square wave dashed pattern. The fast dyna
are averaged out of the recovered signal for clarity of p
sentation. Mostly the encoded messages are clearly evi

FIG. 4. Random bit sequences sent over laser cavity mo
Solid line is the recovered message while the dashed line is
transmitted message.~a! Adjacent laser modes are used as chann
resulting in substantial cross talk between the modes.~b! Alternat-
ing modes are used as channels resulting in a significant decrea
crosstalk. The recovered message has been averaged over 1
clarity.
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in the extracted error signal, however there does exist so
cross talk between the modes. When a higher mode ha
unsynchronized state simultaneous with the synchroni
state of a lower mode there is a small signal in the low
mode. This can be clearly seen at about 360 ns in the m
corresponding to2320 Ghz. This cross talk is easily unde
stood as there exists an instability where strong fields
coupled to lower laser cavity modes. When the semicond
tor laser is chaotic it exhibits strong pulsing. The externa
injected message signal increases the strength of the p
tions causing some of the energy to couple into lower mod
This affects the synchronization signal in the lower mod
However, this coupling is very small and so has a nea
negligible affect on the recovered message.

There do exist some sequences in the recovered mes
that are irrecoverably garbled. The most striking instance
seen between 320 and 330 ns in the1160 Ghz laser cavity
mode. This error is a result of cross talk between the la
cavity modes, possibly inherent to the quasisynchron
state. When alternating modes are used as channels@Fig.
4~b!#, the cross talk completely disappears. Obviously, cr
talk can be minimized by using a shorter laser cavity a
increasing the spacing between individual modes.

The semiconductor laser offers unique challenges and
portunities in this respect. Increasing the channel capacit
a high priority. Recent progress in computing the semic
ductor optical response from the full many-band microsco
physics has resulted in the first quantitative agreement
tween experimentally measured and theoretically compu
gain spectra@20#. It should now be feasible toa priori design
a semiconductor gain shape that departs from the loc
parabolic shape evident from Fig. 1 and thereby promote
simultaneous oscillation of tens of longitudinal modes.

In summary, we have demonstrated the first robust mu
plexing of independent message streams by utilizing the s
chronization of multimode chaotic semiconductor lase
This, to our knowledge, is the first direct evidence of t
robustness of synchronization in high dimensional nonlin
dynamical systems. What is remarkable is that a pointw
application~at z51 in the receiver laser! of a complex scalar
signal is sufficient to synchronize the entire spatiotempo
evolution of two infinite dimensional nonlinear PDES. Bo
the chaos and multilongitudinal mode dynamics are simu
neously promoted by the weak external optical feedb
loop in the transmitter laser. In addition to the noise intrin
to the semiconductor laser itself, we have also added nois
the communications channel between transmitter and
ceiver laser systems. A new, quasisynchronous state al
for multiplexed messages encoded through the separate
tical injection of random bit sequences into individual long
tudinal modes of the solitary laser, which have been succ
fully decoded from the spectrally resolved multimode outp
of the driven receiver laser. In the present study, cross
between chaotic communication channels could be eli
nated by sending messages over alternate channels.

Support of this work was provided by the U.S. Air Forc
Office of Scientific Research, Air Force Materiel Comman
USAF, under Grant Nos. AFOSR-97-1-0002 and AFOS
97-1-0142.
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