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Linewidth of four-level microcavity lasers
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We use standard quantum laser theory to examine the linewidth of lasers with a four-level atomic gain
medium as a function of the spontaneous emission rate into the lasing mode and the decay rates from the upper
and lower lasing levels. We find that the laser linewidth ceases to exhibit the customary decrease with
increased photon number when a critical photon number, proportional to the ratio of the decay rate from the
lower lasing level to the rate of spontaneous emission into the lasing mode, is reached. This critical photon
number would decrease as the size of the optical cavity is decreased. In addition we show that, in general, the
laser linewidth depends critically on the ratio of the overall decay rates from the upper and lower lasing levels.
[S1050-294{@9)00903-9

PACS numbgs): 42.55.Sa, 42.50.Ct, 42.55.Ah

[. INTRODUCTION the lasing cavity mode and the decay rates from the upper
and lower atomic levels. We employ standard Scully-Lamb
It has long been understood that spontaneous decay rattser theory[11,12 in the good-cavity limit. In particular,
are not immutable properties of atoms but rather can be inwe find that the diagonal elements of the reduced density
fluenced by the nature of the environment surrounding thénatrix for the field are exactly Poissonian for a four-level
atoms[1,2]. The cavity surrounding a gain medium in a laserlaser that decays from the upper lasing level only via spon-
system not only serves as an output coupler and feedbadRneous emission into the IaS|_ng cavity mode. SL_Jch a laser is
system for the electromagnetic radiation but also influence8ften termed ag=1 laser, with3 being the ratio of the
the spontaneous decay rates from the lasing d@48. The spontaneous decay rate from the upper lasing level into _the
influence that the cavity structure has on the spontaneodgsing mode to the overall decay rate from the upper lasing
decay rates is most pronounced when the cavity dimensiorl§Vel- Rice and Carmichael found this result previously by a
approach the wavelength of the lasing light. We term such &omewhat different methdd 3]. We predict the existence of
cavity a microcavity and so refer to microcavity lasers. Ef-2 significant “Ilnew[dth floor” (i.e., that the I|r_1eW|dth ceases
forts to develop microcavities have focused on the use of0 decrease with increased photon numbier a laser in
semiconductor multilayer structur€s], whispering-gallery- yvhlch_ th.e. rate of spontaneous emission into the lasing mode
mode semiconductor lasef§], and photonic band-gap ma- 'S aS|gn|f[cant frac'tl'on of the de_cay rate from the onver level
terials[7]. Initial interest in microcavity lasers was spurred Of the lasing transition. The existence of the linewidth floor
by the prediction that if all of the spontaneous emission fron@s not been noted in the traditional treatments of the laser
the upper lasing level entered the lasing cavity mode, thefinewidth[11,12,14—1Tlargely because it is significant in a
there would be no laser threshold discernible from an examit€gime that was not of practical interest at the time these
nation of a plot of output power as a function of pump powertregtments were develo.ped. Flnqlly, we show that t'he cpntn-
[8,9]. Every pump event, in this situation, exits the gain me-bution of th_e_ linear gain coefficient to the laser IlneW|th
dium as either stimulated or spontaneous emission into th@ePends critically on the decay rate from the upper lasing
lasing cavity mode and so there is no characteristic change Vel to the decay rate from the lower lasing level.
the derivative, signifying the onset of lasing, of the output

power as a function of pump power. To date the experimen- Il. EVOLUTION OF THE DENSITY MATRIX
tal realizations of microcavity lasers have used semiconduc-
tor gain media[5,6,10. The four-level atomic theory pre- We consider a model consisting of a four-level gain me-

sented here is not intended as a detailed model of thesdium placed inside an optical cavity. The atomic level struc-
semiconductor systems but rather to illustrate that interestinture is depicted in Fig. 1. The gain medium is pumped from
and unusual behavior results when significant spontaneoube ground level to a pump level. Atoms in the pump level
emission occurs into the lasing mode. are assumed to decay rapidly to the upper lasing laeyel
In this paper we examine the photon number fluctuation®ffectively pumping this level at a rate An undepleted
and laser linewidth in a laser with a four-level atomic gainpump approximation is made in obtaining the results of this
medium as a function of the spontaneous emission rate intpaper. Levek is coupled to the lower lasing level by the
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interaction with the optical field. The cavity decay rate is Pump Level

taken to be much smaller than the rates describing the atomic \

evolution. This is the so-called good-cavity limit. We take a

the field mode to be resonant with the atomic transition. Our r g \y“
model is exactly that used by Scully and Lafid,12 and b )

Eq. (1) below, save for a change of notation and the assump- \J’b

tion of a resonant atom-field interaction, is a transcription of
Eq. (85) of Ref.[11]. The main contribution of this paper is
an examination of the consequences of this relation in the State

regime where the spontaneous emission into the cavity mode FIG. 1. Four-level atomic gain medium. The atomic leveind

is a significant fraction of the either or both of the overall , 5re coupled by the electromagnetic field of the cavity mode at a

decay rates of the atomic laser levels. In the number repreate proportional to the coupling constantThe upper lasing level
sentation, the elements of the reduced density matrix descrilis pumped at an effective ratevia rapid decay from a pump level.

ing the intracavity field satisfy the evolution equation The decay rates from the atomic levels are denaigdnd yy, .

Ground

. —r(ycl2yp)[(N+1+m+ 1)+ (yc/2yp) (n—m)?]
Prm =y Typt+ (70/2y0) (1+ val o) (N+ 1+ m+ 1) + (yc/2yp)2(n—m)2 Prm

N r(yc/vp)ynm
Yal Yo+ (¥6I275) (1+ al 7o) (N+ M)+ (yo+ 2yp)2(n—m)2 Pr-im=1

1
+C (n+1)(m+1)Pn+1,m+1_Ec(n+m)pnm- (1)

Herer is the pump rateC is the cavity loss ratey, is the  with =1 the diagonal elements of the reduced density ma-
atomic decay rate of the upper lasing level excluding spontrix for the field have the same form, for all values of the
taneous decay into the lasing mode, gnds the decay rate pump, that would be found in a coherent state. The off-
of the lower lasing level. The parametgeg=2g?/y can be  diagonal elements, discussed in Sec. IV, are emphatically not
interpreted as the spontaneous decay rate from the upper ladkose of a coherent state. The evolution of the diagonal ele-
ing level into the lasing cavity mode and arises in the for-ments of the reduced density matrix for a laser w8tk 1 is
malism from the coupling of the atomic system to the cavitydescribed by the particularly simple relation
mode in the same way that the stimulated emission rate
ye(n) does. Here the rate of decay of the off-diagonal ele- Pnn="FPnn=C(N)pnntTpn_1n-1tC(N+1L)pnignya.
ments of the atomic density matrike., the decay rate of the )
atomic coherengds y and the parameteris the usual atom-
field coupling parameter. A parameter commonly used t
characterize microcavity lasers @ the fraction of the total 1 ( r )n
Poo-

oThe steady-state solution to E@) is

spontaneous emission from the upper lasing level that occurs Pnn C (4)
into the laser mode. In our notation, this parameter would

have the form

“nl

This is of course a Poissonian distribution.
For this case, the average photon number and variance in
B Yc @) average photon number are

a Yot ¥a

(n)= ZO Npnn=r/C )
lll. PHOTON STATISTICS OF A B=1 LASER n=

In some sense, as we show below, the ideal laser state camd
be reached by letting3 approach unity. This possibility
could be achieved by eliminating spontaneous emission out
of the sides of the laser medium, thereby channeling all of
the spontaneous emission into the laser mode. In our notation
this is implemented by setting,=0. The photon statistics Two important features of these relations should be noted.
are determined by the diagonal elementg of the reduced First, the average photon number is a linear function of the
density matrix for the field. Thes®,, represent the probabil- pump and so exhibits no characteristic turn-on at threshold.
ity that the intracavity field contains photons. For a laser Second, the variance is equal to the mean for all values of the

An?= 2, (n=(n))?ppn=r/C=(n). (6)
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FIG. 2. A"efage photon number as a function of _the pump raté 5 3 Ratio of the variance in the photon number to the mean
scaled by the cavity loss rate f@r=1 (rectangles 0.5(circles, 0.1

(asteriskg and 0.01(triangles. Note that the laser “threshold”
occurs roughly at the inverse @ These plotgexcept the=1
plot) were done usingy,/vy,=0.01.

photon number as a function of the pump rate normalized to the
threshold pump rate foB=1 (squares 0.5 (circleg, 0.1 (aster-
iskg), and 0.01(triangles. The fluctuation peak defines the thresh-
old pump rate for the purposes of this plot. These pletsept the

. . . =1 plot) were done using,/y,=0.01.
pump. In an ordinary lows laser the variance is greater than p ploy Fal7o

the mean and approaches the mean only far above threshold.

In addition, the variance over the mean is quite large in gny=">" np, = ' | VBt yal v 1}(1_[)00)
low-g laser in the threshold region. It is for these reasons that =~ n=0 C(L+vyalyp) [ L+valw
a B=1 laser is often called a thresholdless laser. We note 9

that, even forB=1, in a three-level laser with the ground
state being the lower lasing level, there remains a peak in thand
variance over the mean near threshold and there is a turn-on "
i r
in the average photon number versus pump [ag. An2=S (N—(n))2pon=

n=0 C(1+vyalw)

IV. PHOTON STATISTICS FOR ARBITRARY g

1B+ val v

In this section we examine the photon statistics of a four- - /
1+vyalyy

level micro-cavity laser as a function ¢f Settingn=m in

Eq. (1) and using Eq(2) to eliminateyc leads to the relation  p|qtq of the average photon number and the variance in av-
erage photon number vs the scaled pump rate are displayed

_1><n>Poo- (10)

—r(n+1) in Figs. 2 and 3 for a variety of values ¢f Note that the
Prn= Pan—C(N)pnn low-threshold character of these lasers persists even for rela-
UB+val vot n(1+ valvp) tively small 8 on the order of 0.1 or so. That is, they are not
n artifacts of takingg to be exactly unity.
+
1B+ val vt (n=1)(1+ yalyp) P77 101

V. LASER LINEWIDTH
+C(n+1 . 7
N+ Dpntant @) The laser linewidth can be determined by noting that the
Equation(7) can be solved in a steady state with the result expectation value of the electric field in the lasing mode
takes the form

r/C )” 1B+ y,!l vy

1+ valv 1+ valyy
1B+ vyal vp
1+valyp

! o0

Poo- (8 <E(t)>:%EonZO pnnr1VN+1le "+c.c. (11)

Pnn

—-1]!

wherev is the frequency of the laser field. The off-diagonal
The average photon number and variance in average phelements required to evaluate EG1) are solutions to Eq.
ton number have the forms (1) with m=n+1. That is, they are solutions to the relation

. _ —r(ycf2yp)[(2n+3) + ycl2yp] B
P et (vel27) (20 +3) + (yel2y,) 2 Pt

r(yc/vyp)yn(n+1)

n _
Yal Yo (vcl2yp)(1)(2n+ 1)+ (yg/2y)2 PP 1o

1
EC(ZFH' Dpnn+1

+CV(IN+1)(N+2)ppi1n+2- (12
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We assume a trial solution of the form The factor & (yc/yp)(n) is roughly the number of times
oo that a given pump event leads to emission from the upper
Pnn+1= VPnnPn+1n+1€ . (13 lasing level into the cavity mode before the energy associ-

ated with that pump event exits the lasing system via decay
from the lower lasing level. This interpretation follows from
the fact thatyc(n) is the stimulated absorption rate. A spon-

(E(t))z(E(O))cos{vt)e*D“Z. (14) taneous emission event that places the atom in the lower

lasing level is followed either by decay from the lower lasing

Thus D plays the role of the laser linewidth. The procedurelevel or by stimulated absorption followed by another emis-
outlined in this section is that developed by Scully and Lambsion event. Each reemission evidently introduces an additive
[11,12,18. Below we employ this procedure and examinebroadening of amount/2(n). The limiting result given as
the results in parameter regimes not previously explored. EQ. (18) agrees with results giveafter translating to our
notation earlier in the literaturg16,17] in the form

With this form, the expectation value of the electric field
becomes

A. Linewidth of a =1 laser

As noted above in Sec. lll, a four-level laser with spon- = Pa L
taneous emission only into the lasing mode produces a pho- Pa—Py 2(n)
ton number probability distribution identical to that of a co-
herent state for all values of the pump. However, even in thionly whenyc /vy, is negligible compared to unity. HeiRe,
case, a mixed-case density matrix describes the laser fiemhd P, are, respectively, the steady-state probabilities of
and so the off-diagonal elements of the laser-field densit§inding an atom in the upper and lower lasing levels. Equa-
matrix must differ from those of the pure-case density matrixtion (19) contains the linewidth enhancement factor since the
of the coherent state. The coherent state of course exhibits qwpulations of the upper and lower lasing levels become
phase diffusion and so would formally be described by acloser in value as the field in the cavity grows. However, the
relation such as Eq13) with D=0. earlier treatments did not, understandably, examine the case

Using Egs.(4) and (13) in Eg. (12) and settingy,=0 in which the spontaneous emission rate into the lasing mode
leads to the following simple expression for the linewidth of becomes a significant fraction of the decay from the lower

(19

ap=1 laser: lasing level. Further, the linewidth given as E#9) does not
agree with the results given in Sec. VB for arbitrary decay
1+ ycl2yy(2n+1) rate from the upper lasing level in the case that the laser is
D=C . (15) e
2n+ 1+ ycl2yy significantly above threshold.

In the more extreme limi{n)>y,/yc, the linewidth
Note that in arriving at Eq(15) it was implicitly assumed ceases to decrease with increased average photon number
thatD was independent af. This inconsistency is typically (recall that for the8=1 case the average photon number is
resolved by replacing by its average value. Such a replace- simply the ratio of the pump rate to the cavity loss yata

ment is approximately valid as long as the diagonal densityact, in this limit, the linewidth tends to the constant value
matrix elements in Eq(13) are sharply peaked about the

average value. In the present case this condition holds when ye e C
(n)>1. Making this replacement gives D=C-—=—+——. (20
2y 2
1+ ycl2yp(2(n)+1)
2Ny + 1+ ycl2yy (16 we refer to this constant value as a linewidth floor. The

linewidth floor is approached for photon numbers exceeding
This result is valid for all values of the pump as long as they,/vc. Recall thatyc represents the rate at which energy
photon number distribution is sufficiently narrowly peakedenters the lasing mode due to spontaneous emission. The
about the average photon number. Some insight into the naatio C/ vy, is the fraction of that energy that exits the system
ture of the lasing linewidth can be garnered by examiningas laser output(The remainder exits the system via decay

Eq. (16) in several different limits. from the lower lasing level.Enhancing spontaneous emis-
In the limit that (yc/y,)(n)<1 the linewidth takes on sion into the lasing modéi.e., increasingyc) evidently
the familiar form raises the linewidth floor and reduces the average photon
number for which the floor becomes important. The exis-
_ C tence of a linewidth floor is essentially a reflection of the fact
D~m. 17) that the number of spontaneous emission events associated

with a single pump event increases as the average photon

This limit corresponds to what is sometimes called third-number increases. This effect is illustrated in Figure 4.
order laser theorybut with 8=1). To conclude this discussion we point out a rather remark-

In the interesting regimeyc/y,<1 but y.{n)/vy, not able formal feature of the linewidth g§=1 lasers. The only
small compared to unity, Eq16) takes the approximate approximations involved in the procedure used in this sec-
form tion to determine the linewidth stem from the replacement of
the number state quantum numlmewith the average photon
number in going from Eqg(15) to Eq.(16). An examination

C
D~ 1+ ye/yo(n)). (18 of Eq. (15 shows that the linewidth is independent roff

2(n)
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FIG. 4. Linewidth, scaled by the cavity loss rate, g8& 1 laser
for yc/2y,=0.1 (diamond$, 0.01 (squarey and 0.001(circles.
Not that for larger values of/2y, the linewidth floor is higher
and the linewidth reaches this floor for smaller photon numbers.

v.=2%p - In this case the linewidth reduces to the cavity loss

rate C. This is an exact result. That is,

_ —Ct/2
Pn,n+1= VPnnPn+1n+1€

1 r n+1/2
= | — —Ct/2

is an exact solution to the density matrix equation of motion

for the case thap3=1 and yc.=2v,. That the linewidth
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FIG. 5. Linewidth, scaled by the cavity loss rate, oBa0.01
laser for yc/2y,=0.1 (diamond$, 0.01 (squareg and 0.001
(circles. Note that the curves in this figure are nearly identical to
those displayed in Fig. 4 for =1 laser. The linewidth is much
more sensitive toyc / v, and concomitantly tey, /v, than it is tog.

(randomly phasedspontaneous emission into the cavity
mode and the cavity simply filters the very broad laser line.
These features of the laser linewidth that emerge primarily
for high-B lasers have not heretofore been addressed in the
literature to our knowledge.

B. Linewidth of arbitrary B lasers

When the spontaneous decay raggefrom the upper laser

takes on the value of the cavity decay rate when the couplingevel to all but the lasing cavity mode is nonzero, the form of
of the atoms to the field becomes comparable to the lowethe linewidth obtained by the procedure of the preceding
state decay rate is sensible. In this case there is consideratdabsection is decidedly more cumbersome. We find

Yc Yc
r—{2n+3+-—
2 n+1)(n+2 v2
D= 7 o ,—2r (nF1n+2) +C(2n+1)
Ty e (1 2 anrgye( 22 || 214 )| 224 14 2y
Yo 2% Yo 2yp Yc Yo Yc Yo
1/2
ZC(E) n(n+1) Ya, 1+ 22 (n+1) Yay 1+ﬁ n
Yo Yc Yo Yc Yb
N Ya  Yc Y ve |? @2
a a
Ya, 7 (1, %) on41 +(_)
Yo 2% Yb ( ) 2y

The validity of this formal result depends upon the photon

Finally, we compare the linewidth found as E®2)

number distribution being sharply peaked so that the replaceabove to commonly used expressions for the linewidth found

mentn—({n) can be made in Eq22) with negligible error.
We show in Fig. 5 that the significant linewidth floor
discussed in Sec. VA still exists & is reduced signifi-
cantly. The plots for the same value gfdiffer in the ratio
vc!vp. TO maintain constang as yc is decreased, must
also be decreased. The curves in Fig. 5 arefer0.01 and
are nearly identical to the curves shown in Fig. 4 B¢ 1.

in the literaturd11,12,14—19 The linewidth is often quoted
as D=C/2(n) or (A+C)/4n). Here A is the linear gain
coefficient given in this model as3/(1+ By, /vyy). The lat-

ter commonly used expression for the linewidth also exhibits
a linewidth floor since the linear gain rate and the average
photon number are both linear functions of the pump rate far
above threshold. The two linewidth relations have nearly the

This similarity shows that the linewidth depends more criti-same value in the so-called third-order regime in whigh (

cally on the ratios ofyc/vy, and y,/v, than it does or3

—C)/C is small compared to unity. We find that the actual

=vyc/(yat+ vc). Of course the pump rate required to obtain linewidth can be approximated by either of these expressions
a given average photon number is much higher for the panear thresholdin the third-order regime However, signifi-

rameters used in Fig. 5 than for those used in Fig. 4.

cantly above threshold, the linewidth is not, in general, given
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FIG. 6. Linewidths given by Eq(22) (curve with asterisks FIG. 7. Linewidths given by Eq(22) (curve with asterisks

C/2{n) (circles, and A+ C)/4n) (diamond$, as a function of the  C/2(n) (circles, and A+ C)/4(n) (diamond$, as a function of the
average photon number, compared fQr v, small. In this case the average photon number, compared $Qr/ y,= 1. Note that in this
linewidth is well approximated by the simple expressior2(n) case the linewidth resulting from E(2) and the simple expression
until the linewidth floor is reached. Note that the curve representind A+ C)/4(n) are indistinguishable for the range and resolution of
Eqg. (22) begins to deviate from that representi@d(n) for large  the plot.

photon numbers. This is an indication of the existence of the line-

width floor in Eq.(22).

by either of the two results but rather takes on a form criti-N€0US €missioryc into the lasing mode is appreciable com-
cally dependent on ratio of the upper and lower level decapared to the decay ratg, from the lower lasing level. In
rates. We find that fory,/, much less than unity, the line- 1act, the linewidth ceases to decrease for valuesjpodn the
width is well approximated byC/2(n) until the linewidth ~ order of y,/yc. Lasers with small cavities tend to have
floor is reached. Foy,/v,=1 (the choice made in the series large coupling between the lasing transition and the domi-
of papers by Scully and Lambihe linewidth is, as pointed nant lasing mode and consequently can have larger values of
out by Scully and Zubairy19], rather well approximated by vyc than macroscopic lasers. Most microcavity lasers either
(A+C)/4(n) for all values of the photon number above built or being considered are semiconductor lasers with fea-
threshold. These results are illustrated in Figs. 6 and 7. Intures not adequately modeled by the four-level atomic struc-
termediate choices for the ratig,/ y,, give rise to behavior ture considered in this paper. However, we would expect that
intermediate between the commonly used linewidth expressome features similar to the predictions of this paper would
sions. We find this result intriguing. The extent to which thebe found in the semiconductor systems.

linear gain contributes to the linewidth is governed by the We find that the linewidth cannot, in general, be approxi-
ratio of the decay rates from the upper and lower lasingnated by A+ C)/4n). The linewidth is well modeled by
levels. If there is no decay from the upper lasing level therthis relationship only when the ratig, /7y, is unity. As

the contribution from the linear gain term is reduced to thaty,/y, decreases the linewidth tends towards the signifi-
of the loss reservoir. Apparently, the dephasing of the atomicantly smallefwhen the laser is well above threshpidlue
dipole introduced by random emission events from the uppe€/2(n) until the linewidth floor is reached.

lasing level adds frequency noise to the laser field.
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