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Nonlinear Raman vibrational excitation of a trapped ion
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Raman sideband excitations driven by counterpropagating Raman beams are analyzed for the trapped ion
under the localization conditions in and beyond the Lamb-Dicke regime. Multiquantum vibrational couplings
are demonstrated to produce significant effects on the Raman sideband transitions and the relevant Raman
excitations of the trapped ion beyond the Lamb-Dicke regime. The quantum features of the vibrational states
attained by exciting the motional ground state are closely associated with the nonlinear vibronic couplings,
Raman excitation, and localization conditions. Quantum entanglement and quantum interference are discussed
for the trapped ion under various Raman excitation and localization conditions. The results are compared with
the recent experiments. Further experimental attempts are proposed to use the single’fdgpeidn in a
linear ion trap[S1050-294{@9)07603-9

PACS numbes): 32.80.Pj, 42.50.Vk, 42.50.Md, 32.80.Qk

I. INTRODUCTION could produce entangled quantum-mechanical wave packets,
and in particular vibrational “Schidinger cat” state$23].

Recently, it has been of increasing interest to study the Consider a configuration where a single trapped ion inter-
guantized motion of a single trapped ion for its intriguing acts with two counterpropagating traveling-wave laser beams
applications in quantum optickl—4]. In an ion trap, the tuned far off any internal electronic resonances, with the cor-
center-of-mass motion of the ultracold single trapped ion camesponding wave-vector difference pointing to one of the
be approximately regarded as an ideal harmonic oscillatgprincipal trap axes of the ion trap, for example thexis.
with discrete eigenstates. It is clear that the ionic internalUnder sideband resonance, the laser beams will drive two-
excitation or deexcitation driven by classical laser fields isphoton Raman transitions between vibrational levels. In the
usually accompanied by vibronic couplings, which enabled.D limit, if the two applied laser beams differ in frequency
the realization of some cavity QED experiments with theby v (v is the trap frequency along tteaxis), the Raman
guantized radiation fields being replaced by the quantize@xcitation acts as a “Raman motional displacement” in the
motion of the trapped iof5]. Consider a two-level trapped LD approximation, i.e., it displaces the initial vibrational
ion interacting with a classical traveling- or standing-waveground state to a coherent motional state while the Raman
laser field tuned to the first motional sideband. The vibronicexcitation squeezes the initial vibrational ground state to a
Jaynes-Cummings tydé®,7] and nonlinear vibronic Jaynes- vacuum squeezed state of motion if the two applied laser
Cummings type couplings may be obseri&®] in an ion  beams differ in frequency byi2 However, the LD approxi-
trap in and beyond the Lamb-Dickg.D) regime, respec- mation becomes invalid for a trapped ion localized beyond
tively, where the LD regime is defined as a localization di-the LD regime. In such a case the interference of the mo-
mension much smaller than the wavelength of the relevartional wave packets with the irradiating laser waves leads to
ionic transition. nonlinear modification of the Raman sideband excitations. It

Moreover, recent developments in laser cooling and trapwas theoretically demonstrated that, when the spatial exten-
ping technigues, especially sideband laser cod|itfj and  sion of the motional wave packet is comparable to the irra-
stimulated Raman sideband cooling techniquds1?, have diating laser wavelength, there exists destructive interference
enabled experimental attainments of the motional groundbetween the motional wave packet and the laser wave. Such
state with high probabilities. Such a well-defined state maydestructive interference may even cause the atom-field inter-
serve as the initial condition for preparing some interestingaction to break dowh27]. We note that the recent experi-
guantum motional states of trapped particles, such as Foakents[18,23 in connection with the preparation of coherent
states [13—-19, coherent stateg18,20-22, vibrational and vacuum squeezed motional states were performed in an
“Schrodinger cat” state$23—25, and squeezed statg20—  ion trap slightly beyond the LD regime, with a typical LD
22,26. In their remarkable experiments in the(Rau) ion  parametern~0.2. The experimental results were simply
trap [18,23, Wineland and his co-workers have proved theanalyzed using the LD approximation, taking no account of
feasibility of implementing the first and second Raman sidethe nonlinear vibronic couplings. It seems to be important to
band excitations to displace and squeeze the vibrationgdrovide more accurate theoretical analyses for the already-
ground state, respectively. The Raman excitation schemeafone experiments. Moreover, it is of experimental interest to
allow elimination of the electronic transitions from the dy- check what kinds of motional states can be excited from a
namics of the system. It has already been demonstrated theibrational ground state by the nonlinearly modified Raman
the appropriately selected sequence of Raman sideband casideband interaction, what kinds of quantum feature the Ra-
plings closely correlated with the relevant internal spin statesnan excited motional states may exhibit, whether the non-
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linearly modified Raman excitations can be used to study If the laser frequencies are tuned to il Raman side-
guantum entanglement and interference, whether the attaindnd resonance, i.eq ;— o ,=Iv, the effective Hamil-
motional states can be used for further quantum optics exonian of the Raman interaction can be simplified in the so-
periments, and so on. This paper will address these quesalled rotating-wave approximation in the weak excitation
tions. We will also discuss in detail the characteristics of theregime, where the effective two-photon Rabi frequeRcig
Raman sideband excitations for single trapped ions in anehuch smaller than the trap frequengy In a rotating frame
beyond the LD limit. defined by the unitary transformatidthes — UoH o U With
This paper is organized as follows. In Sec. II, a theoretical{,= exp(—irta'a), the effective Hamiltonian takes the form
model is introduced. Section Il discusses the quantum feg27 2g
tures of the nonlinearly excited vibrational states of the ionic
motion. In Sec. IV, we discuss the quantum interference of o, (in
the displaced motional states. A conclusion is given in Sec. H, ,=fRe?*" 7 2y —
V, where an experiment is proposed to use a single trapped m=o0 m!(m-+1)!
ZMg* ion in a miniature linear trap. In Appendix A, an @)
approximate master equation is derived to describe the inter- 5 1
action of a trapped ion with two traveling-wave laser beamsWhere 7=[#2(Ak)“/2Mv]7* is the LD parameter for the
Appendix B gives an efficient numerical procedure to inte-WO-photon transitions. We have expanded the factor

)2m+|
(ahmam™ '+ H.c.,

grate the Schiginger equation in Sec. II. exp(Akg=exin(a'+a)] in orders ofy [27,2§
2 % e omyl

Il. THEORETICAL MODEL eidkz— gy — - (im)°m*
2 I=0 m=0 m!(l +m)!

We consider that a trapped ion interacts with two radia-
tion fields of frequencieso ; and w ,. Assume that the x[(ah)mam*!+@hm+lam, 3
propagating directions of the applied laser fields are arranged

so that the wave-vector difference points along one of thererms containing time-dependent factors such asiex)(
p_rlncpal trap dwecuon;, say, for example, thexis. Hence are neglected in the spirit of the vibrational rotating-wave
vibronic Raman couplings only occur for the center-of-massapproximation, wherec is a nonzero integer. It should be
motion in thez dimension. Note that the three degrees ofreminded that sideband transitios+1)—|n) with |I|=2
freedom of the center-of-mass motion in the three principahre approximately forbidden for a trapped ion in the LD re-
directions can be considered independently, and that the agime. But for the case of large LD parameters, the LD ap-
plied laser fields produce no observable effects on the centefroximation does not hold. The multiquantum motional ex-
of-mass motion in th& andy dimensions. We may therefore citation causes nonlinearity in sideband couplifgg,28.
simply restrict ourselves to the one-dimensional motion inFor example, for the first sideband transition)(|n
the z direction. If the laser frequencies are tuned far off any1 1)), there exist a lot of terms of excitation described by
electronic resonances, the laser fields drive the off-resonangfym+1am  each proportional ton?™*(m=0,1,2...).
electronic transitions between an electronic ground state angych vibrational multiquantum couplings contribute signifi-
intermediate states. As shown in Appendix A, a standarg¢antly to Raman sideband transitions. The associated vi-

adiabatic elimination can be applied to intermediate stategronic coupling constant betweén) and|n-+1) is actually
and the interaction of the total system can be simplified agroportional to

effective two-photon Raman couplings between vibrationa

levels. The Hamiltonian takes the form Qu s =(n|exdiAkz]n+1)
H=Hep+Her, (13 o Pl e
=ex 2 (|7]) (n+|)| n(n) (Or = )1
Hyp=ho|a'a+ 3|, (1b) )

whereL! is an associated Laguerre polynondiav,28.
The time evolution of the quantized motion is governed
by the time evolution operator

Heﬁ:hR[ei(Ak27Awt)+i¢+ H.C.], (10)

whereH,, andH ¢ are the Hamiltonians for the ionic motion
of the trapped ion and effective two-photon Raman cou-

plings, respectivelyAk=e,-(k;—k,) andAw=w 1— o> U (t)Eexp(
are the wave-vector difference along the z-directiende- a4

notes the unit vector in the z-directipand frequency differ-

ence of the applied laser fields, respectivédy,andk, de-  From the initial vibrational ground staf@), the trapped ion
note the laser wave vectorR,is the real(positive) effective is excited to|(t)),=U4 ,(t)|0) after a Raman interaction
two-photon coupling constant} is the phase difference of with a durationt. Numerically,|(t)), can be calculated by
the two laser beams, ara=[Mv/(2%)]Y2[z+ip/(Mv)]  solving the Schidinger equation i%d|y(t)),/at

is the usual annihilation operator for the harmonic oscillator="H, ,4|(t)), with the initial condition|y;(t=0)),=|0).

(z andp are position and momentum operators, respectivelyAn efficient numeric procedure is presented in Appendix B
andM is the ionic mass for solving this equation.

1

—H gt (5)
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FIG. 1. The spatial probability distribution p(x)

=[(x|1(1)) s—ol* of a vibrational wave packet excited by Raman
beams with¢=0.0 andRt=15.0, wherex is defined ax=2/a,
with ag= yA/(Mv). The ion is trapped with the LD parameteys
=0.1, 0.2, 0.3, 0.4, and 0.5, respectively.

Ill. RESULTS AND DISCUSSIONS

In what follows, we will demonstrate that the nonlinearly
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FIG. 2. The occupation distribution of vibrational states
U1Y¢:O(t)|0>, with Raman excitation are®t=15.0, driven by two

modified Raman vibrational excitations can be used to creatRaman displacement beams which differ in frequency by the trap

some novel nonclassical motional states of a trapped io
from the initial vibrational ground state.

A. The first sideband Raman displacement

frequency along the associated principal trap axi¥. (The LD
parameters are selected gs-0.1, 0.2, 0.3, 0.4, and 0.5, respec-
tively.

wave packetgy;(t)),—o under various localization condi-

For a trapped ion under localization condition in the LD tions (7=0.1-0.5), and with the Raman interaction areas
limit, a displacement operator can be experimentally realizegh;— 15 [23]. For ,small LD parameters, the wave packet

by the use of displacement Raman beams of traveling-way

radiation fields which differ in frequency by [23]. The

Fibl(t))q5 is approximately of Gaussian shape, and the corre-
sponding wave-packet state approximates a coherent one.

applied laser fields create Raman couplings between vibragg;e that 7=0.2 andRt=15.0 corresponds to the experi-

tional levels, which are governed by a rotating-wave-
approximation Hamiltonian as 7-[1,(,,~ihR7;ae"’5
—ihRna'e ¢ to the first order ofy. Such Raman interac-
tion will excite the initial vibrational ground state to the state
|4(t)) =1 4(1)|0), where the time-evolution operator
Uy 4(t) approximates the displacement operatdy 4(t)
~D(—Rtye %), with the displacement operator being de-
fined by D(a)=exp(a'+a*a). |y(t)) is therefore a coher-
ent state with an average vibrational numbén(t))
=|Rtz|? and phase '¢*!7. Note that all the above analy-

ses are based upon the LD perturbation approximation to th

first order of the LD parametej. Moreover, the polarization
of the applied laser beams and the internal ground-state su

level can be properly chosen so that the displacement bea S

only affect the motional states correlated with the selecte
ground-state sublevéR3]. The attained coherent motional
state is then correlated with the relevant electronic groun
state.

Beyond the LD regime, the vibronic couplings include

contribution from many multiguantum processes such af

(ahMa™" and @"H)M*'a™. The time-evolution operator
Uy 4(t) is obviously different from the displacement opera-
tor, and|¢4(t)) ,=Uy 4(t)|0) is no longer a coherent state of
motion. Note that/; ,(t) can be simplified as a displacement
operator when only terms of the first order pfare consid-

3”

mental situation in Ref{23]. For large LD parameters, the

wave packets become spatially spread. Each wave packet

may even consist of many separate subpadi3ib

On the basis of vibrational Fock stateg;(t)), can be
expanded as a coherent superpositionyy(t)),
=3 n-oCn(t)[n) with c,(t)=(n|¢4(t)),. The coefficients
cy(t) depends on the details of the Raman interaction. The
occupation probability in the vibrational stdte) is given by
p(n)=|c,(t)|. Figure 2 gives an example of the occupation
distribution of the displaced motional stafe (t)) s—o with
Raman pulseRt=15.0, where the LD parameters are se-
lected asy=0.1, 0.2, 0.3, 0.4, and 0.5, respectively. Note
Brat p(n) = exp(|a/)|al?n! for a coherent motional state
). Itis clear that, for the case of a large LD parameter, the
ccupation distribution ofi(t)) 4— deviates from that of
y coherent motional states.
The quantum statistics dipl(t)>¢ can be characterized
by Q= ((N?)—(N)?)/(N)—1, which satisfieQ=0 for the
oissonian distributionQ>0 for the super-Poissonian dis-
tribution, and Q<0 for the sub-Poissonian distribution,

whereN=a'a. In Fig. 3,Q is plotted as a function of Ra-
man excitation areRt, which clearly shows that the attained
vibrational wave packet may be of sub- or super-Poissonian
statistics dependent on the details of the Raman excitation. It

ered. In this sensé/, ,(t) may be regarded as an extendediS interesting to note tha is negative Q~—0.27) for the
displacement operator. Because the vibrational mode is noslisplaced motional state attained in RE23] with 7~0.2
linearly coupled during the Raman excitations, we may termr@ndRt~15.0. The quantum fluctuations of the dimensionless

U, 4 as a “nonlinear displacement operator.”
Figure 1 gives the spatial probability distributions of the

momentump=i(a’—a)/2 and positionz=(a+a')/2 are
shown in Figs. éa) and 4b), respectively, where motional



PRA 59 NONLINEAR RAMAN VIBRATIONAL EXCITATION OF A. .. 2177

0.0

(a)

px)

O -05

-1.0

p(x)

0 10 20 30
Rt

FIG. 3. The vibrational function of the statéyllv¢:o(t)\0> of
the trapped ion with the LD parameters=0.1 (wide solid line,
7=0.2 (thin dotted line, »=0.3 (thin solid line, »=0.4 (wide X
dotted ling, and »=0.5 (dotted-dashed ling respectively, for dif- FIG. 5. The spatial probability distributions p(t))4- ;> and
ferent Raman pulsesk(t=0.0~30.0). the associated free evolutions fgr=0.2 andRt=50.0 () and Rt

=80.0 (b), respectively. p(x) is given by p(x)
squeezing is demonstrated to occur in the position direCtion-|(x|y,(t)) 4 ..I>, where x is defined asx=z/a, with a,
with appropriate Raman displacements. Note fiaft)) 4 is = %/(Mv). The free time evolution after the preparatidn=0)
no longer a minimum-uncertainty vibrational state, i.e.,is shown in the spatial probability distributions for some selected
((AZ)?)((Ap)?)>1/16. Particularly, the displaced motional time pointst;=0.0 (solid line), T/8 (dotted ling, T/4 (dot-dashed
state with~0.2 andRt~15.0 is a position-squeezed one. ine), 3T/8 (gray ling, andT/2 (thin solid ling (T=/v), respec-
This can also be seen from Fig. 1, which indicates such §vely-
wave-packet state actually has a narrower shape than that of

a coherent ong13—17. = y(z,0)=[1U(ma?)"exp(-Z/o®) with o=exp(-r). For
example, for a LD parametej=0.2 and Raman pulse area
B. The second sideband Raman excitations Rt=50.0, we can get a squeezed wave packet as shown in

_ ) - _ Fig. 5@). In a recent experimentl8], a nearly “vacuum

Let us examine the nonlinearly modified second-sidebandqueezed” state has been attained with second-sideband Ra-
Raman excitations of the vibrational ground state. Figure $nan excitations. On the other hand, a double-peaked spatial
depicts the spatial probability distributions of the motional gjstribution can be attained with some larger Raman pulse
wave packet y(t)) -2 under various localization and areas. Figure () gives the spatial probability distribution
Raman excitation conditions. For a small LD parameterfor Rt=80.0. Clearly, a double-peaked wave packet differs
Kzl$2(t)) g=mol® is of a Gaussian shape. Note that afrom a Gaussian-shaped “vacuum squeezed” one.
“vacuum squeezed” statpjsy = exr/2(a’?~a?)]|0) can For larger LD parameters, the nonlinearly modified
be expressed in the position representation (as/s)  second-sideband Raman excitations with appropriate areas

Rt can even split the motional ground state into two spatially

I separate wave packets. In Fig. 6, we plot the spatial prob-
K ability distributions of the wave packets for LD parameters
’ and Raman pulse aregs=0.3 andRt=50.0(a), =0.4 and
Rt=25.0(b), and»= 0.5 andRt=15.0(c), respectively. The
free time evolution of the two spatially separate wave pack-
ets is also shown at some time pointst; (
=0, T/8,T/4,3T/8, andT/2 with T==/v) after the Raman
interaction, wherd;=0 represents the time point just after
the Raman interaction is switched off.

Numerical calculations show that there exists a particular
range ofRt with which the second-sideband Raman excita-
tions are approximately equivalent to a coherent splitter of

1.0

0.5

0.0 |

-0.2 s s the motional groundGaussian-shapgavave packet. For ex-
00 00 0 300 ample, Fig. 7 indicates that spatial splittings can be attained
with Rt=15.0-30.0 andy=0.4[29].
FIG. 4. The quantum fluctuation&,=((AZz)?)—1/4 andA, Physically, the splitting originates in the quantum inter-

=((AP)?)—1/4 of the dimensionless position and momentum op-ference between vibrational levels. If the motional state is
eratorsz=(a+a')/2 andp=(a—a')/2i for a vibrational state ex- Prepared in a proper superposition of vibrational Fock states,
cited by different Raman pulse®R{=0.0~30.0 and$=0.0), re-  there may exist destructive interferences in a wide range
spectively. The LD parameters of the trapped ion are chosep as around the center point of the trap, leading to a vanishing
=0.1 (thin solid lin®, »=0.2 (thin dotted ling, »=0.3 (thin  local spatial probability. Therefore the resulting wave packet
dashed ling 7»=0.4 (wide solid lind, and »=0.5 (wide dotted  consists of two spatially separate parts. The free time evolu-
line), respectively. tion of the motional states changes the relative phases
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FIG. 6. The spatial probability distributions pp,(t)) - . and 0 10 20 30 40 50

the associated free time evolution fge=0.3 andRt=50.0 (a), 7 n

=0.4 andRt=25.0(b), and »=0.5 andRt=15.0(c), respectively. FIG. 8. The occupation probability(n) of the vibrational state
Eor clarity, .(a),.(b), and(c) are all split |nt02tw0 graphs, respec- Uy 4(1)|0) with ¢=m/2 andRt=30.0. The LD parameters for the
tively. p(x) |s_g|ven byp(x)=|<x|¢2(t)>¢:7r_,2| ' where>.< is defined trapped ion are »=0.2, 0.3, and 0.4, respectivelyp(n)
asx=z/ay with ag=V#/(Mv). The free time evolution after the = (N ra(1)) g ral?.
preparation {;=0) is shown in the spatial probability distributions 2/ =iz
for some selected time points=0.0 (solid line), T/8 (gray ling,
T/4 (dot-dashed ling 3T/8 (dotted ling, and T/2 (thin solid line  resulting packets pass through and thus interfere with each
(T=/v), respectively. other near the center point of the harmonic trap. Quantum
interferences induce interference fringes in the spatial prob-
ility distribution, which are determined by the phase dif-
elf_%brence between the de Broglie waves associated with the
two split wave packets. Based on this motional wave-packet
splitting, one may build an ion-trap interferometer to observe
the quantum interference between the de Broglie waves as-
ciated with the two motional wave packgsg].

of the vibrational Fock-state components, and thus chang
the interference features. When the two parts spatially ove
lap at the center of the trap during the oscillation, interfer-
ence fringes can be expected in the spatial probability distri
bution. As a whole, by the use of the nonlinearly modified
second-sideband Raman excitations, the motional groun%io ;
state(Gaussian-shaped wave pagkistcoherently split into . Let us now dl_scuss the quantum features_ of Fhe second-
two symmetric vibrational wave packets localized at distin-smeb"ijI excitation on the basis of the vibrational Fock

; " . tes. For a small LD parameter, the related effective Hamil-
guishable positions. Each of the split packets undergoes th’ga. , . ' 5
same motion but with a phase difference ®f The two fonian approximatest, ;= —iRexp( ) 7a /2+.H'C' up to
the second order of;, and thereford,(t)),, is approxi-

mately a ‘“vacuum squeezed state,” i.e.|,zp2(t)>¢
02 ‘ =5(€)|0), where S(e)=exf(ea>—€*ad)/2] is the
@ /\ “squeeze” operator, withe=r exp(6)=i7’Rtexp(—i¢) (r

=77Rt is the squeezing parameter ades 7/2— ¢ is the
n squeezing angje For example, the squeezed motional states

attained in the recent experimei8] (for a LD parameter

’ n~0.2) were fitted to have the vibrational occupational dis-
10 tribution p,,=sechr(2n)!(tanhr)?"/(2"n!1)2, with B
=exp(2)=40=10 (i.e., Rt=45+3). However, for a large
LD parameter, the Raman interaction produces a compli-
cated superposition of vibrational statesee Fig. 8 The
occupation distribution for such a superposed motional state
is shown in Fig. 8 with the LD parameters=0.2, 0.3, and
0.4, respectively. The population distribution is restricted to
the even vibrational states. One may see that the Raman

X excitation of the trapped ion with a relatively large LD pa-

FIG. 7. The spatial probability distributions ¢f/5(t)) ,_ > at rameter gives rise to a population distribution obvi(_)usly de-
t,=0 for »=0.4. The Raman pulse area is selectecRas 10.0  Viating from that of an ideal vacuum squeezed vibrational
(dot-dashed ling 15.0 (gray ling, 20.0 (wide dotted ling, 25.0  State. The difference originates in the nonlinear modification
(dotted ling, and 30.0(solid line), respectively. For clarity, the Of the associated second-sideband vibronic coupling con-
graph is split into two parts(a) and (b). p(x) is given by p(x) stants between vibrational Ieve|51> and |n+2), which
= [(Xo(1)) - o2, Where x is defined asx=z/a, with a, ~are proportional to |Q, .= |n|exdina+a)]n+2)
=iI(Mv). =17?J(n+1)(n+2)+0(%*. Whenn is large andy is

p(x)
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FIG. 9. The quantum fluctuatioﬁp=<(AE))2>—1/4 of the di- FIG. 11. The occupat.ion d.istribution of the vibrational state
L{4Y¢:0(t)|0> of a trapped ion with the LD parametefs=0.5 and

. ~ _ T . . .
2:2{:3 SLI? nless (rtr;?(r)r;egftu;n t:)apergﬁo(: wﬁh)/tileOleche ;/:g:ﬁgﬁenal 0.6, respectively, driven by Raman beams which differ in frequency
2=l PP P " y 4v and have excitation ardat=20.0. The inset is the replot of

=0.2, 0.3, 0.4, and 0.5, respectively. The motional state is excite%1 . S . .
. e occupation distribution for vibrational levets=8 on a small
by Raman pulses tuned to the second sideband resondtice (p(n) scale

=0.0-50.0).

) } 4 for the motional statéz/;s(t)>¢ of the trapped ion with the
not too small, the nonlinear terms included @(7") pro- | p parameters;=0.4 and 0.5, respectively. Figure 11 illus-
duce significant effects on the Raman excitation. trates the occupation distribution of the vibrational state

_The mtngumg guantum stat|st|qs are illustrated in Flg. 9.|¢,4(t)>¢ with the LD parameters;=0.5 and 0.6, respec-
With some particular Raman excitations, quadrature vibragyely From the occupation distributions of the states
Eonal squeezing for the dimensionless momentum operatqr%(t)>¢ and|y(t)),, one can see that the main portion of
p=i(a’—a)/2 can be produced. Only in the first order of the the population is still in the vibrational ground state for both
LD expansion do the quantum fluctuations of the dimensioncases. A small portion of the population distributes among
less position and momentum operatarsafdp) of the state  the Fock state§n=3k) for [y3(t)), and [n=4«k) for
U, 4(1)|0) approximately satisfy the minimum-uncertainty |#4(t))4(x=1,2,...,), respectively. The weak vibrational
relation ((AZ)2)((Ap)2) = 1/16, which is a signature of the €Xcitation can be easily understood by consideritg,

vacuum squeezed state. The statg,(t)|0) can then be <7 (11)+0(7' ).
thought of as an extension of the “vacuum squeezed state” BOth [#3(t)), and [y¢u(t))s possess no quadrature

of motion of the trapped ion beyond the LD regime. squeezing. Ong can regdily get the~quan£um fluctuations of
the operatorsz and p,((Az)%)=(z?)—(z)?=1/4, and
C. Ith (I>2) sideband Raman excitations ((AP)2=(p?)—(p)2=1/4, for |¢s(t)), and |¢u(t)),, re-

spectively. Therefore bothli;(t)), and |yg4(t)), are
minimum-uncertainty motional wave packets. It is interest-
ing to check their higher-order squeezing characteristics.
Let us define the amplitude-squared operators

In a similar way, by the use of Raman beams which differ
in frequency bylv, the initial ground state of motion is
driven to |y(t)),=U 4(t)|0) after a Raman interaction
with a durationt.

In Fig. 10, we plot the vibrational occupation probability y,=[(ah)2exp( —i2i vt) + aexp(2i vt) /2

0.8 | and

yo=i[(a")%exp —i2ivt)—aexp 2ivt)]/2.
0.6 1
Clearly, y, andy, fulfill the commutation relatiorjy,,y,]

=i(2N+1) and the uncertainty relatiopAy;)(Ay,)=(N
+1/2) [31]. Note that for the statelsjs(t)),, the quantum

fluctuations satisfy ((Ay;)2)=((Ay,)?)=(N+1/2), ie.,

=
o 0.4

0.2
there is no squeezing for the amplitude-squared operators.
Figure 12 shows the quantum fluctuation of the amplitude-
00° 0 6 12 18 24 30 36 squared operatoryf) of the motional stat¢¢4(t)>¢ under
n various Raman excitation conditions, which indicates the ex-

FIG. 10. The occupation distribution of a vibrational wave iSténce of amplitude-squared squeezing, _(-&Yl)_z><<N
packetls ,_o(t)|0) of a trapped ion with the LD parameters +1/2), in some Raman sideband excitation regimes. Such
=0.4 and 0.5, respectively, which is excited by Raman pulgds ( States may be useful to study the effects caused by the
=20.0) with a frequency difference of;3 The inset is the replot of amplitude-squared squeezing.
the occupation distribution for vibrational levets=12 in a small To the lowest order of, the effective Hamiltoniari, ,

p(n) scale. takes the formH, 4s~#iRe®(in)'a'/l! +H.c., for example,
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with 1’ depending onu and the Raman couplings. The cor-
relation in such an entangled state is not only interesting in
guantum measurements, but also in reduction of gquantum
noise in spectroscopy26]. For relatively small values of the
LD parameter or for a small Raman excitation area when the
attained motional statdg), and|y,), still possess mac-
roscopic features, the entangled state corresponds to a meso-
scopic superposition of quantum or even nonclassical mo-
tional wave packets macroscopically localized in spatially
separated positions, which may be useful to study the quan-
tum decoherencgs2,33.
The two motional states can be combined with the use of
FIG. 12. The quantum fluctuatiod(Ay,)?)—(N+1/2) (N a Ramarm/Z—pu[se pumping betvyedlg1> and|gy) to yield
=a'a represents the vibrational phonon number opeyatbrthe [¥)=192)[S-)~i[g1)|S;) [23], with
dimensionless  amplitude-squared operator; =[(a")2e 2" b
+a?e'?"]/2 of the vibrational statéf, ,_o(t)|0) driven by Raman IS.)= |1) o= €| Y1) @
pulsesRt=20.0. The LD parameters of the trapped ion are selected - 2 ’
as7=0.4, 0.5, 0.6, 0.7, and 0.8, respectively.

<(Ay,Y>—<N+1/2>

where 6 depends oru’ and the relative phases of Raman
for the case of =4,H, ,~%Ry%e ®a*/24+ H.c. With small ~PUMPIng beams. This entangled state is generally not a
LD parameters,H, 4 7 has small vibrational coupling Schrodinger cat” state[23] as in Schrdinger’s original

strengths. For those Raman sideband excitations to be eflought experimen{34], since [¢,), and [y1), are no
perimentally observable, relatively large LD parameter onger coherent states of motion for a trapped ion localized

should be used. We will discuss the experimental feasibility"€Yond the LD regime. For small LD parameters, it is stil
later on. possible for|y;), and |y;), to be spatially confined at

separate positions. On the other hand, for large LD param-
eters, as already indicated in Fig. 1, both ), and|yy) 4
IV. ENTANGLED STATES OF MOTION may be spatially spread so widely that spatial overlapping
may occur for some portions of the wave packets.

Some interesting questions are worth addressing with re-
jard to the motional superposition. One is whether the me-
oscopic superposition gives rise to observable quantum in-

terferences, even whem;), and |#,), are not coherent

Following the procedures used in RE23], one may pre-
pare some interesting entangled states of motion. As a pra
tical example, we consider Raman interactions in a sing|
trapped®Mg™ ion. Assume that the trapped ion is prepared

initially in the motional ground state and in an equal SUpergiaie5 of motion, for example, even when the wave packets
position of the internal electronic states, Le.lg  are spatially wide-spread or squeezed ones. Another question
+e'#gz))/2, with |g) and|gy) being the intemnal ground- is whether the spatial overlapping of some portigparticu-
state sublevels such &S, /F=2mg=2) and |[F=3me larly some subpacket®f the widespread wave packets can
=3), respectively. If counterpropagating’ -polarized dis- 3|50 cause the occurrence of quantum interferences.
placement beams are used to couple the internal transitions |, Fig. 13, we plot the spatial probability distribution of
from 2S;,/F=2mg=2) to the virtual (off-resonant state  the superposition stafd 1(t)) y—o+|¥1(t)) 4 ,1/2 and its

) 1 - ; ; .

Py F=3me=3), the Raman interaction excites only the free time evolution after the preparation. As a typical case
motional states of the trapped ion in the internal ground statg,, relatively small LD parameters, we consider the case of
l91). At first, such counterpropagating”-polarized dis-  ;,~0.2 andRt~15.0[23] in Fig. 13a). It is clear that the
placement beaméwith phase difference)) are used to €x-  two symmetric vibrational wave packefssy(t))4—o and
cite the motion correlated witlig;) to a motional state (1)) 4- are initially localized at separate positions, and
|#1)4. And then copropagating beams are applied to prothat both oscillate in the trap after the preparation. The asso-
ducem-pulse Raman pumping betweggy) and|g,) to ex-  ciated oscillations differ in phase by. The motion of the
change population of the internal states in the superpositioRyave packet results obviously from the confinement of the
After the population exchange, the internal stdg® and  trap potential. The two packets pass through each other near
|g2) become correlated with the motional stal@ and  the center point of the harmonic trap. Since there exists co-
|h1) 4, respectively. The displacement beafwéith phase herence between the two packets, quantum interferences oc-
difference ¢') are then switched on to excite the motion cur instead of a simple spatial overlapping when the two
correlated with thelg;) component to a second motional motional wave packets come close together. The quantum
state| ;) 4 . After that, the total system is in a superposition interferences induce interference fringes in the spatial prob-
of two independent motional states, each correlated with agbility distribution. As in the standard interferometer or
internal state of the ion, i.e., the total system is in the enatomic interferometel35], the interference fringes are deter-
tangled state mined by the phase difference between the de Broglie waves

associated with the two separate wave packets. Figuis 13
L gives an example for the cases of large LD parameters,
W)= 192)®[1) ot €™ 1918 [Y1) o , (6) Wheren=0.4 andRt=15.0 are chosen. One can see that the
V2 widespread wave packets can still interfere with each other,




PRA 59 NONLINEAR RAMAN VIBRATIONAL EXCITATION OF A. .. 2181

0.5 @
04t
= 03
3
202
08 N ®
06 "\ Y 7 - nﬁg
= 0 ’ S . \ - n=0.
4 04 | ,’I o ‘\ - =038
=< » N - n=09
z 02 |/ N = 1=1.0
0.0
0.8 )
0.6 ~ m=15
0.4 - =18
. ) - 0.2 - N=2.0
FIG. 13. The free time evolution of the superposition state 0.0 = n=3.0
[la(t)) gm0+ |¥1(t)) = 112 after the preparationt(=0) for (a) ) 0.0 os o
7=0.2 and (b) 7=0.4, respectively. Both|y(t))4—0 and ’ ¢/£2n) ‘

|441(t))4— . are prepared by displacing the motional ground state

with Raman excitation ared®t=15.0. The free time evolution is FIG. 15. The probability?(¢) that the ion is in thég,) internal
shown in the spatial probability distributions of the superpositionstate and th¢8*>:(|¢l>*w/2_|¢l>w/2)/2 motional state. The pa-
state for some selected time poirtiss 0.0 (solid ling), T/8 (dotted  rameters are selected ag]Rt=3.0 and »=0.1~0.5 (a), =0.6
line), T/4 (dot-dashed ling 3T/8 (gray ling, and T/2 (thin solid ~1.0(b), and»=1.2, 1.5, 1.8, 2.0, and 3.@), respectively.

line) (T=/v), respectively.x is defined byx=z/a, with a,

=VJhl/(Mv). . . _ . .
(M) are of sub-Poissonian statistics and position-squeezing prop-

and the Spatia| Over|apping of some Subpackets can also rgfties. However, the interference SignaIS in Flg 14 are simi-
sult in interference fringes in the spatial distribution. It 1ar to the experimental data and simple theoretical fits in Ref.
should be pointed out that there may be no distinct Stages &23] This Implles that theoretical calculations to the first
separate splitting and interfering periods of the wave packetgrder of the LD perturbation may give a quite good predic-
when the Raman displacements become so compli¢éded tion for the interference signals, if the LD parameter and
example, for very large LD parameters or long Raman interRaman excitation area are not too large. At first sight, it may
action duratioh that the displaced wave packetg (t)),—o  Seem strange that, though the quantum features of the dis-
and| (1)) 4 . initially interfere and become spatially indis- placed motional statdg (t)) 4o deviate significantly from
tinguishable[30]. those of the coherent state, the interference signals differ less
As has been already demonstrated in IR28], the quan-  observably from those based on the first-order LD perturba-
tum interferences can be directly measured by detecting thgon. Note that the quantum features of the displaced mo-
probability P(¢,¢")=(S_[S_). Figure 14 gives the calcu- tional stateqy;(t)) 4= OF |#1(t)) 4= > depend strongly
lated signal on ¢/2, and that the squeezing properties and quantum sta-
P(o)=P(d=—0l2,d' = 0l2) tist~ics are related with the quantum fluctuation operators of
or p andQ value, respectively, while interference signals are
= (Wil - g2 (Wil ) ([91) — o= [¥1)12)/4 (8)  related with the coherence betweey(t)) -, and
. [1(1)) 4= o2- One may readily draw a conclusion that the
with #=0.2 and»Rt=0.8, 1.2, 2.0, 3.0, and 6.0, respec- quantzl?n features ofia(t)) 4=0 have little to do with the
tively. According to Figs. 3 and 4, one may see that both ;
coherence betwegm(t)) ;-2 and| i1 (t)) s — 2. In Fig.
[41(8)) 4=0 and[¢1(1)) 4~  for the parameters selected here 15, the interference signals are checked wjRt=3.0 and
various LD parameterg=0.1-3.0. It is shown that quantum

10 — nRt=0.8 interference can be observed over a wide range of localiza-
08 LI~ — nRt=1.2 | tion conditions in spite of the complicated motional displace-
! \‘ — MAt=2.0 ment caused by nonlinear vibrational couplings. We keep

06 ;' ) - “gtg'g ] nRt constant in our calculations because Raman displace-
;g { — nAt=e. ments, to the first-order LD perturbation, are proportional to
04 ll ! N’ ] nRtinstead ofRt. This makes it easy to compare the effects
‘.‘ from the nonlinear vibronic couplings under different local-

oz Il ] ization conditions. One can see that, for small LD param-

'.' eters, the interference signals are approximately symmetric

0.0 & . overo=m, i.e.,P(m+¢')=P(7m—¢’). But P(p) becomes
0.0 0.5 1.0 nonsymmetric overp = 1 for large LD parameters.

o It is clear that one has

FIG. 14. The probability?(¢) that the ion is in theg,) internal
state and théS_)=(|¢1) - oo~ |¥1),1)/2 motional state. The LD
parameter of the trapped ion ig=0.2. P(o)=P(—¢), 9)
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P(¢)=P(¢+4m), (10 recent experiments in connection with the generation of co-
herent states, vacuum squeezed states, and "Siciyer
which is valid under general Raman coupling and localizacat” states of the motion of the trappeBe’ ion with the

tion conditions. Note that LD parameter ~0.2 [18,23,31. We note that a pure
guantum-mechanical ground state of motion was recently at-

Uy = Uy o=UT, UL ., (1) tained with a probability of 98%11] by the use of resolved-
sideband stimulated Raman cooling. Further experiments
U g=Ur=UT_, —UT . (12 with relatively large LD parameters can be achieved by adia-

batically reducing the trap frequency. For example, one may
We derive a symmetric relationship in the weak Raman coudouble the LD parameter by decreasing the value of the trap
pling limit (R<wv), frequency to its quarter. Because the trap frequency is
changed adiabatically, the trapped ion will remain in the vi-
P(¢)=P(e=x2m). (13 prational ground state with unchanged occupation probabil-
ity [38]. On the other hand, if the well-defined quantum mo-
tional states can be generated in an ion trap under weak
localization conditior(i.e., with a relatively large LD param-
etep, the experimental observation of the nonlinearly modi-

This symmetry exists for general localization conditions. But?cIEd Raman sideband eXC|tat|.ons may becom+e.eas_y. As an
interesting example, we consider a trappélg™ ion in a

it become invalid when the nonresonant sideband transitions' - ) )
are taken into account. The effects from the nonresonarfiiniature linear trap[39] with a trap frequency ofv
sideband transitions will be discussed elsewH@@. One  —0-6 MHz in the principal trafz axis. If the displacement
can also see that the interference signals decrease with iff@man beams counterpropagate alongziaeis with laser
creasingy and finally approach zero fop=23.0. This indi- fretzquenmes tuned to excite the atomic transiti 2
cates thaf ¥1(1))_ o2 and |¢1(t)>¢/2 spatially overlap, and P4y, the LD paramete(for two-photon Raman transi-
that destructive interference occurs for the motional Stategﬁgz)r?oas}i/titc); aztgltgez ag:t;fe'én Svlft%h 3;&5;5%220"52;'&“
[er1())— o= |1(1)) o2l/2. Though the Raman displace- : X

ments ;ré" proportio>n¢al tgRt to the first-order LD perturba- beams are far away from Poissonian ones. Furthermore, one
tion, nonlinear modification becomes significant if the LD May experimentally decrease the LD parameffer the
parameter is large. According to the above discussion corgdimensional motion by either increasing the trap fre-
cerning the first sideband Raman displacement, one may sG&/€NCY Or properly arranging the Raman beams to propagate
that the displaced motional wave packétsm the motional along directions with certam.angles with the principal tza_p _
ground statgin general spatially show a distribution with a @XiS- Suppose that the applied laser beams propagate in di-
wide oscillatory spread for weakly trapped ions. This implies'€ctions of angles, and g, with thez axis, respectively. We
that|1(t)) .2 and| ¢ (1)), are not well-separated for any 96t _a LD parametery=|,c0s{;) — 7,c08(;)| with 7,
phasee. The destructive interference betwepf (1)) .o = \/ﬁkzi 2M v(i=1,2). Therefore, it is possible to check the

and|y,(t)),» therefore causes the interference sighéb) Raman excitations with various LD parameters. The results
to decrease. here are of particular interest with regard to the preparation

Briefly, we have studied quantum interferences of mo-Of quantum and even nonclassical motional states and many-

tional states of a trapped ion generated from the motionaparticle entangled states for two or more trapped ions in a
ground state by using the nonlinear coupling between eledinear trap[40-44.

tronic and vibrational degrees of freedom. Depending on the
excitation parameters, the quantum statistics of these states
were demonstrated to possess either sub-Poissonian or super-
Poissonian character, while the position operator can show One of the authoréH.Z) acknowledges the financial sup-
either squeezing or a distribution with a wide oscillatory port from the Japanese Science and Technology Agency
spread. Quantum interferences were found to be less sengSTA). Creative discussions with the ion-trap group of the
tive to the nonlinearity in the generation of the motional Max-Planck Institute of Quantum Optics are gratefully ac-
states and remain essentially unchanged up to very large Lknowledged.

parameters of the order of 1. The results obtained may be

applied directly to the analysis of the experiment reported in

Ref. [23], providing a more accurate description of the data APPENDIX A

(taken for»=0.2) than the linear coupling model.

From Egs.(9) and(13), we can immediately get

P(m+e)=P(m—¢). (14

ACKNOWLEDGMENTS

This appendix gives a derivation of the effective Hamil-
tonian for the Raman sideband transitions. We consider that
V. CONCLUSION a trapped ion interacts with the two applied laser fields by
exciting electronic transitions between a hyperfine ground

In conclusion, we have discussed the Raman excitation . . ) i ! S
. S . ' tate|1) and intermediate statgd$) with atomic transition
and its application for the generation of nonclassical states cff

motion of a trapped ion under localization conditions in andéi?#iﬁgﬁ?aﬁj' The interaction can be described with the
beyond the LD limit. The nonlinear vibronic couplings in the

Raman processes give rise to novel kinds of excitation of the

vibrational ground state. The results were compared to the H=Ho+Hp+Hiy, (Ala)
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Ho=%w;|j)il, (Alb)  p,y(n,m)=—i(n—m)wvpy4(n,m)
1 . i
Hp=fv|a'a+ 5, (Alc) —i 2 [gTun, (Kie
1
Hin=h(gse™i ™ out+ gyeka=onat) ) (1] + H.c., G5 URn, (ke)e™ 2 py (N1, m)
Ald)

H ioqt
whereH, represents the internal enerdy,, is the external +'nzl [91Un, m(Ky)€™
energy of the trapped iorH;y is the dipole couplings be- _ ~
tween the ground staté) and intermediate stat¢), g, and +0aUn, m(Kz2)€ %py;(n,ny)+27j1p; j(N,M),
g, are, respectively, the associated single-photon coupling
constants(complex, andk;,=¢,-k; andk,,=e,-k, repre- (A5a)

sent the components of the wave vectors of the applied laser
bgams in th_ez direction, rgspectwel_y. The phases of the_ ap- pa(n,m)=—i(n—m) ij,l(n,m)—iE [glun'nl(klz)elﬁlt
plied laser fields ¢, ,) are included in the complex coupling Ny

constantsy; ,=|g; Jexpl¢y,»).

i 5ot
It should be noted that the dipole couplings between the +02Un n, (K22 €2 ]p15(N1,M)
ground and intermediate states are accompanied by vibra- _
tional transitions which are determined t_)y the position- +i2 [glunl,m(klz)e"m
dependent factors expky,»,z). The dynamics of the sys- ny

e kg e and extermal degees of HEEtom A6 g, kel ()~
5 1 (A5b)
1P~ 7 [Hipl+ Lsp, (A2) _ _

pij(n,m)=—i(n=m)vp; ;(n,m) =i [g1Unn (k)er!
where the Liouville operatorls, describes spontaneous M
emission +gZUn,nl(kZZ)ei52t]Pl,j(n1am)

Lsp=271|1)p; (2 =29(|iXilp+pliXi]), (A3)

+1 2 [gus, m(kye '
wherey;, is the spontaneous decay rate from the intermedi- "

ate statdj) to the hyperfine ground staf&), andy denotes +oiul (Kap)e 2 p; o(n,ny)
the spontaneous decay rate out of the excited $iateThe v
latter normally includes spontaneous emission out of the re- —2ypj,;(n,m), (A5c)

lated internal level$l) and|j). Other ground-state sublevels _
are often experimentally depopulated by appropriate rewhered; and &, represent the laser frequency detunirgs
pumping laser beams. For simplicity, we neglect the me= w;— o ; andd,=w;— w,, respectively, and,_ , (k,) is
chanical effects due to spontaneous decagotarepumping  defined byUnl,nz(kz):<”1|eXkazZ)|”2>-

out of) sublevels other thafl). We use the symbagp;; to If the applied laser fields are far off the atomic resonance,
account for the spontaneous recoils, which are given by thes, />y, y;;,v,/g:], and|g,/|, the intermediate state can be
integration over all the directions of the spontaneously emitadiabatically eliminated, and thus the interaction of the total
ted photons, weighted by an angular distribution functionsystem becomes

W, (u),
i hvata+H + Leop+ L A6
;: J'l duW (u)e*ikozupeikozu (Ad) ﬁtp_iﬁ[ vaa eff+P] col@t Lerip,  (AB3)
-1
Her=7%S|1)(1] +A[Re k%!~ 4 H e ]|1)(1],

wherek,= w;/c. For a dipole transition, the angular distri- (A6b)
bution of the spontaneous emission takes the faviy, (u)
=3(14+u?) or Wy=2(1-u?) if the spontaneously emitted

14
photon has a polarization=*1 or o=0, respectively. Leap=—i—[C'a'acp—pCTa’ac+a’apc’c
In order to study the effects of the quantized center-of- g
mass motion, we define the d_ensity matrix elements —ctepatal, (A6C)
Pg,g(nam) :<§’n|p|§’m>(§1§:11 or J)! V_Vhe':e|n> and|m> .
label the vibrational Fock states. Working in the interaction Leip=Lip+ Lap, (A6d)

picture defined by the unitary transformatiom(t)

=u5(t)puo(t) with Uy(t)=exd (1/in)Hgt], one can readily 2

derive the equations of motion for the matrix elements from Lip= #C;CT_ lZ[CTCp_,_pCTC], (AGe)
the master equatioA2), which read 1) )
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yigv The time evolution of the system is given by
_Yi

Lop=
2P 527

1
f duvv(r(u)efiKOZU(Ap)eikozu’
1 () =U(ts 4| Y(ti- 1), (B2)
Ap=i[aTaCpCT+Ca’apCT—H.c], (ABf)

] i . . where |i(t;)) is the state of the system at=t;(i
where the operatorC is defined by C=gpelfartiat 1,2,...). In ourcases, the trapped ion is assumed to be in
+g,e'k22 1%y is defined as in Eq(A4), and Lep and  the motional ground statfd) at t=to. U(t;,t;_,) is the
Leonp represent the effective spontaneous damping and caime-evolution operator, which satisfies the Sdalinger
herent couplings to the order of &/ respectively, with equation
1/6~116,~1/5, .H; represents the ac Stark shift of the in-

ternal ground state and the effective two-photon Raman in- duct ) 1

teraction to the order of ilJ|. The ac Stark shifSis given Il . —Ht)U; ). (B3)
1 dt i i isti—1

by S=(|g1|2+]9,|?)/6, and the effective two-photon cou- i :

pling constantR is defined byR=g3}g,/4. In the above

derivation, we used the assumption that the detunjiégs  To integrate this equation, one may propagate the solution by

and|8,| are much larger thahs; — 8,|,v,v,|g4)% and|g,|?>,  a number of repeated short time propagations which can be

and kept terms up to the order ofst/ performed accurately by using a splitting approximation and
Note that all the terms iffq4p and L. scale as/ 5% or  the fast Fourier transforrtFFT) algorithm[45]. For a suffi-

¥l 82, while the two-photon Raman processes have an effeaiently short time intervalAt=t;—t;_; during whichH(t)

tive Rabi frequency and ac Stark shift proportional tocan be considered as a constant, the propagating operator

g% g,/8 and (g41|?+|g2|?)/ 8, respectively. In this paper, we U(t;i,ti—;) can be approximated by

consider the case of large laser frequency detunings where

only the two-photon coupling indicated M. is dominant. i ti+t_,

Moreover, the ac Stark shift is independent of the external  U(t; ,til)wexp{— %AtH 5 ”

motion. It produces no effects on Raman couplings between

vibrational sidebands. i At t+t_g

=exp — —— V| —5—

) 2
APPENDIX B
_ _ iAt [ti+t_, iAt
For large LD parameters, the perturbation expansion of ~exg — =—V exp — —K

exdiAkz] in terms of 7, as expressed in the E@), contains 2h 2 h
a lot of terms, which may become very difficult for numeric At [ti+t_,
calculations.  Additionally, if &;—3d,#Iv,(I=0,£1, xexp{— > T) . (B4)

+2,...), theeffective Hamiltonian expressed in E@\6b)
is time-dependent. IR~ v, one should consider effects from
the non-rotating-wave-approximation terms, since the vibralt can be readily shown that this approximation is accurate to
tional rotating-wave approximation cannot be used. This apthe orderO(At)2. In order to use this approximation to
pendix gives an efficient procedure to integrate the mastepropagate the solution, one starts with the stdig; _,)) at
equation governing the motion of a single trapped ion. timet=t;_, in the position representations where the opera-
We rewrite the effective Hamiltonian for the interaction tor exg—iAtV[(t+t_1)/2]/(2#)} is a multiplicative factor,
between Raman beams and a trapped ion as kinetic and pthhen by FFT switches to the momentum representation,

tential operators, where the operator ekp-iAt/%)K] is a multiplicative factor.
Finally, switching back to the position representation by an
H(t)=K+V(1), (Bla) inverse Fourier transform and multiplying by the number
) exp{—iAtV[(t+t,_1)/2]/(2/)}, one obtains the stafe)(t;))
_Pr att=t;.
K , (B1b) X . .
2m Using the above procedure for numerical solution, one

can easily calculate the Raman vibrational excitation of a

trapped ion in the cases of weak confinemiautge 7), gen-

eral detunings Aw#lv), and strong Raman couplings
(Blo (largeR).

1
V(t)= Emv222+ 2hRcodiAkz—iAwt+i¢].
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