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Reconstructing wave packets by quantum-state holography
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We analyze and further develop our method of quantum-state holography for reconstructing quantum su-
perposition states in molecules or atofRélys. Rev. Lett80, 1418(1998]. The technique is based on mixing
the unknownobject statewith a knownreference statgenerated in the same system by two delayed laser
pulses, and detecting the total time- and frequency-integrated fluorescence as a function of the delay. The
feasibility of the method is demonstrated by reconstructing various vibrational wave packets in sodium dimers.
Both the cases of completely controlled and noisy relative phase between the laser pulses are considered. In the
latter case, we use the technique of coherence observation by interference noise to recover the interference
component of the fluorescence signal. Our results clearly demonstrate the robustness of quantum-state holog-
raphy and the high quality of reconstruction even in the presence of the external noise.
[S1050-294{@9)06403-3

PACS numbgs): 32.80.Qk, 42.50.Md, 03.65.Bz, 42.50.Lc

[. INTRODUCTION recover the quantum state of a one-dimensional wave packet
in an arbitrary binding potential from its time-dependent po-
The past few years have seen an upsurge of interest in traition distributions[16]. Unfortunately, this quantity is not
old problem of quantum-state preparation and measuremerfisy to measure experimentally. Moreover, for an anhar-
(see, for example,1-5]). Quantum-state preparation deals monic potential one has to monitor — at least in principle —
with the creation of states of quantum fields or material systhe temporal evolution of the wave packet for a very long
tems in acontrolledmanner. On the other hand, the notion of time. For example, for a Morse potential one has to measure
“measuring a state” refers to seriesof measurements on an [18] the position distribution up to half of the so-called re-
ensembleof identically prepared systems whose outcomesvival time T, [20].
contain all the necessary information to reconstruct the Many of these problems are overcome by the method of
complexvalued wave function or density matrix of the sys- wave function imaging14,15 which uses both the time-
tem from real-valued experimental data. Consequently,resolved and frequency-resolved fluorescence of the mol-
phase-sensitivéechniques must be employed to extract theecule. Relying on a basis set expansion it is possible to invert
full phase information of the quantum state of the system. the above data to obtain the complex amplitudes of the con-
This is a difficult experimental task, and a complete de-tributing eigenstates which build up the wave packet. How-
termination of quantum states has been achieved for a fewver, since the unknown coefficients enter the relevant alge-
systems only. Among them are the measurement of the stab¥aic equations quadratically, the method is highly sensitive
of hydrogen formed in HI-He collisions[6], of the electro- to experimental noise.
magnetic radiation field via eight-port interferomefry,8] In order to resolve this problem, we have recently devel-
and optical homodyne tomograph§,10], and of the vibra- oped[21] a new linear technique for the reconstruction of
tory motion of a single ion stored in a Paul trgjdl]. More-  quantum superposition statésave packets Because of its
over, the motional quantum state of a cold atomic beam haknearity, it overcomes the shortcomings of the wave function
been observefil 2]. imaging method. In common to this method, it is able to
In this paper, we address the problem of measuring theeconstruct even highly nonclassical states. The new method
guantum state of a molecu[@3—19. Dunn, Walmsley, and was termed “quantum-state holography,” as a natural gen-
Mukamel have managed to recover experimentally a quaskeralization of optical holography to material waves.
classical vibrational state of a sodium dimer with the help of In the present paper we describe in detail the method of
emission tomographyl 3]: By measuring the time-dependent quantum-state holography, and demonstrate its feasibility by
spectrum of the fluorescence of the molecule they were ableumerically simulating the reconstruction of vibrational
to reconstruct a generalized phase-space distribution of a viwave packets in sodium dimers. In particular, we study two
brational wave packet in Na However, their scheme relies realizations of the method, which use stable or noisy inter-
on several approximations which presume an essentially haferometers. In the latter case, the recently proposed technique
monic potential. Moreover, this scheme measures @f coherence observation by interference no{§&OIN)
smoothed version of the Wigner function and is thereforg22,23 is utilized for a simple and robust implementation of
hardly capable of reconstructing highly nonclassical featuresjuantum holography. Different inversion schemes are tested.
if such exist[17]. The organization of the paper is as follows: In Sec. Il we
Leonhardt and Raymer have shown theoretically how toutline the idea of quantum-state holography for the recon-
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struction of molecular quantum states. We devote Sec. Il to
an application of this technique to the case of a stable inter-
ferometer and demonstrate its feasibility by numerically

simulating the reconstruction of complicated coherent super-
position states. We include random measurement errors tc
test the stability of our scheme and discuss the role of the
reference state in the performance of quantum-state hologra:
phy. In Sec. IV we generalize the method to treating noisy
COIN interferometers and study the dependence of the re-
construction fidelity on the magnitude of experimental noise.
We summarize the main results of the paper in Sec. V and
discuss further potential applications of our method.

II. PRINCIPLES OF QUANTUM-STATE HOLOGRAPHY

Vibrational wave packets in molecules are typically pre-
pared by femtosecond laser pulses. In order to “design” a
specific wave packegt'wave packet engineeringj, one has
to “tailor” a pulse by an appropriate pulse shaping appara- FIG. 1. Sketch of an experimental setup for quantum-state ho-
tus. Suchamplitude—as well asphase—shaping of ultrafast lography. A laser system delivers a short pulse which is split by a
laser pulses has been demonstrated in a number of recedrgam splitter into two identical replicas. These pulses are then in-
experimentgsee, e.9.[24-29). troduced into two arms of a Michelson interferometer. The pump

But how can we measure that the preparation pulse hagulse | becomes “tailored” by a pulse-shaping apparatus and ex-
indeed created the desired state? The recently introduceifes a desiredbjectwave packet which we want to measure. The
method ofquantum-state holograpH21] employs a second, Probe pulse Il remains unchanged and exciteefarencewave
time-delayed, pulse that generates a second wave packet (gicket, which is added coherently to the object wave packet after a
ing the same electronic transition as the first one. For weaK€lay 7. As the “hologram” we detect the total fluorescence of the
and phase-coherent pulses, the second pulse effectively ad?fé‘?'md molecule§ as a function of the delay b.etween.the two pulses,
areferencewave packet to thebjectwave packet excited by which we vary with the help of a movable mirror. Slnce_the fluo-
the first pump pulse. The interference between the two wavEEScence depends on the interference between the object and the

eference wave packet, it contains the full phase information of the

packets contains the complete phase information of the Ot{&\/o guantum states in the superposition. Hence it can be used for

ject state, provided the reference state differs from the obje . .
tate. In thi the situation is similar t di fi Le reconstruction of the quantum state of the object wave packet.
state. In this sense the situalion 1S similar to ordinary optica oreover, the phase shifter PS allows to change the overall relative

holography[29]. As the “hologram” we suggest to record phase between the pump and the probe pulse.
the totalincoherentfluorescence of the excited molecule for

different delay times- between the two excitation processes.
Our reconstruction step uses a simple numerical procedure
extract the full amplitude and phase information from this
time-domain hologram.

A possible experimental setup for quantum-state hologra-
phy (see Fig. 1resembles that used in the technique of wave lg)=e%">) by|n) 2
packetcrossinterferometry[26,30. A single laser pulse is n
split into two identical pulses by a beam splitter. They are ) ) o
then introduced into the two arms of a Michelson interfer-iS being excited. Hergn) denotes thenth vibrational state
ometer. In one arm of the interferometer a pulse shapind/ith energyE,=7iw, in the excited electronic level. In Eq.
apparatus is introduced which changes the amplitude and/é2) We allow for an additional phasg(r) between the object
unchanged. After recombining the two pulses they excitéNined by the actual experimental setup and may depend on
subsequently the object and the reference wave packets fRe delay timer.
the molecules, whose incoherent fluorescence is detected. In the weak-field limit, the quantum state of the molecule
The length of the second arm may be varied with the help ofeads
a movable mirror to change the delaybetween the two
pulses. |Yhop =1t0) + ) (3

In contrast to wave packet autointerferomdidyt], wave
packet cross interferometry utilizes twiifferentlaser pulses, Hence, the probability?, that thenth vibrational level of the
which in turn createdifferent object and reference wave superposition is populated follows as
packets. The object state

has already evolved in time for a periadcorresponding to
t[ﬂe delay time between the two pulsewhen the reference
state

Pn(’r):|an|2+|bn|2+2 Rqanb: e_i[‘”n7+¢(7)]}_ (4)

|y (T)>=E a,e” “n|n) (1) It therefore depends on the delay timevia the interference
° wo" between the two wave packets.
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Quantum-state holography relies on the observation thatrinciple ensures that the excited wave function is just a
the interference term in E@¢4) depends on the complex state replica of the vibrational state in the lower potential. We
amplitudes g andb,,, and not just on therobabilities|a,|? make use of this fact and employ such a short pulse to excite
and|b,|2. In analogy to ordinary holography the population the reference wave packet. We emphasize that except of the
P, (which should be associated with the photographic denshortness of this pulse no detailed knowledge about its phase
sity) allows for a full reconstruction of the object wave func- and amplitude characteristics is needed.
tion. When the molecule is initially in the eigenstafe in the

However, there is no need to determine the populafign lower electronic potential, the amplitudég of the excited
for each of the states separately. It suffices to measure threference wave packet read therefore simply=(n|f).
time- and frequency-integrated fluorescence of the moleculerom knowledge of these amplitudes we calculate the quan-
making a spontaneous transition to the lower electronic levejities b, via Eq.(11). Hence the only unknowns which enter
as a function of the delay time. For a wave packet com- the expressior9) for the fluorescence;(r) are the state
prised of several vibrational statfs) populated with prob-  amplitudesa, for the unknown object wave packet. In the
ability P,, the time-integrated energy emitted incoherentlynext two sections we develop two convenient inversion al-

by the molecule is given by gorithms for extracting the complex-valued numbeggrom
the measured sign&l;,(7). In this context, we distinguish
Fiot= j—“% P.l(fn) Za)ﬁ’f ) (5)  the two cases of a stable and a noi€0OIN) interferometer.
Here f designates the vibrational levels of the lower elec-!ll HOLOGRAPHY WITH A STABLE INTERFEROMETER
tronic statewn ;= (E,—E)/A denotes the frequency differ- | this section we analyze of quantum-state holography
ence of the two states, alis a (positive proportionality  ysing a stable Michelson interferometer to prepare the se-
constant. quence of the two laser pulses. In this case the pulses have a

From Eqgs.(4) and(5) it follows that the total fluorescence \yei-defined relative phasé.

During the coherent interaction of the pulses with the
molecule this relative phas¢ is transferred onto the wave
consists of ther-independent terms packets. If this relative phase is not locked, it just corre-
sponds to the geometric path difference between the two
arms of the interferometer and therefore reads

Fiol I =Fo+F+Fin(7) (6)

Fo=2 [a,[? ™
H(T)=dot oL T (12
and
Here we allow for an additional phase shiffy as in the
F=> By2 ®) experiments reported in Ref82,33. In Fig. 1 this phase),
roa e is controlled by the phase shifter PS.

and ther-dependent interference term A. Inversion method

—— We now measure the fluorescerieg(r) at a given delay
. = * [opm+é(7)] .
Fim(7)=2 Re{ zn: brane”’ ] ©  ; for two different phase angleshy, €.g., dy=0 and
¢o= — /2, and define the signal as
which results from the overlap between the two wave pack-

X 1 .
ets. Here we have used the notation S(r)= §{Fint( T, do=0)+iF (7, o= — 7/2)}
ap=a,\/ F>, [(fIn)Pwr 10 ——
n n Z |< | >| Wp f (10) 22 anb:e—|(wn+w|_)7. (13)
n

Signals of this kind were measured in experimd3®] and

= _ / 2 4 [34].
by=Dn }—Z K[ Fon 1D Since every physical state characterized by the coeffi-

cientsa, is normalizable, these coefficients become negli-

Note that by measuring the fluorescence of the object and thgible for a sufficiently large index. Therefore we assume
reference wave packet separately, we find the quanfijes that the state to be reconstructed can be characterized by only
andF,, respectively. Hence we can distill the interferencea limited number of coefficients,, with n=0, ... Npax-
term F,;(7) from the total fluorescencE,,(7) by subtract- The quantityn,,,, is a free parameter of the reconstruction
ing F, andF, from F,,(7). In the remainder we therefore procedure, which has to be chosen large enough to ensure the
concentrate offr;(7) only. accuracy of the procedure. We make at leldst Nt 1

We now show how to reconstruct the complete quantunmeasurements of the sign8{(7) at distinct timesr,, v
state of the object wave packet from the measured signak1, ... N, and write the resulting set of equations in matrix
Fini(7). For sufficiently short pulses, the Franck-Condonform

and
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FIG. 2. Vibrational Schidinger cat state in the excited Born-

Oppenheimer potential of Na The dark-shaded curve depicts the 10
probability density of this state with amplitudes, given by Eq. )
(16). Note that the density has two dominant peaks at the left and 5 ‘ ;

right classical turning points of the underlying potential. The light- ()

shaded curve shows the vibrational ground stgjeof the lower
Born-Oppenheimer potential. In our reconstruction scheme we Usg .
this state as the reference state.

FIG. 3. Quantum-state holography of a Satinger cat state. In
bottom we show the contour lines of the Wigner functions dis-
played in the top. Here solid lines correspond to positive values and

dashed lines to negative values, respectivelyanve present the

Tmax ~ exact Wigner function of the superposition state we want to mea-
S(7,)= nZO €,.nen, 14 syre. In(b) we show the reconstructed Wigner function, which ex-
hibits all the nonclassical features of this state. We emphasize the
where we have used the notation excellent agreement between exact and reconstructed state despite
the presence of simulated experimental measurement errors. This
ev,nEB: e i(opto))r, (15) demonstrates the robustness of quantum-state holography.
By numerica”y inverting the set of equati0m$4) we can A molecular SChrdinger cat state consists of a coherent

superposition of two vibrational wave packets and can be
excited by a pair of laser pulsddelayed in time byét),
which pump the system from the ground vibrational level
|g). The probability amplitudes of the excited vibrational
states are given by

extract the quantities, and from these we calculate the
complex coefficients,, via Eq.(10). In this way we are able
to reconstruct the amplitudes, of the object wave packet in
their moduliand phases.

For the inversion of the set of equatiofis)) it is conve-
nient to use the method dfingular value decomposition A
This method allows us to invert square as well as rectangular an:./\[<n|g>ex;< _ N
(which corresponds to an overdetermined set of equations 2
matrices, even when the matrix almos} singular. For a Here A" is a normalization constant antl, = o, — g

detailed discussion, see, for example, R86]. We empha- . !
size that our reconstruction scheme is numerically robust,_ “t denotes the detuning for thih level. The carrier fre-

since the unknown coefficients, enter the set of equations CIuencyz_uL of the_ laser is chosen to be in resonance.vv_it-h the
(14) linearly absorption maximum close to the=8 state. As the initial

state of the molecule we take the ground stgje=|f =0) of
the lower potential. We assume both laser pulses to have a
Gaussian shape of duratidg . For the numerical values of
cat state A, and ét we useA,=0.1T;, and 6t=0.5T,;,, whereT,;, is

We now demonstrate the feasibility of quantum-state hothe vibrational period. For this specified group of levels we
lography using two stateX(lig ) andA(*3]) of the so- have T,;,=300 fsec. As the reference state we use the
dium dimer, for which the potential curves are well known ground stateg) of the molecule.
[36]. We calculate numerically the corresponding vibrational In Fig. 3(@ we show the Wigner functiof42]
eigenstates and energies by the renormalized Numerov 1
method [37]. As the object state we choose a molecular _ *lv —i2yplh
Schralinger cat statg38,39 prepared in the upper electronic W(r,p)= Th f_xdyw (r=y)i(r+y)e”™=*% (17
potential (see Fig. 2 Schralinger cat states were created
only recently in Rydberg atom83], for a single ion stored of the state we wish to reconstruct. Hefds the wave func-
in the Paul trad40], and for the electromagnetic field in a tion in coordinate space corresponding to the state with the
cavity [41]. expansion coefficienta,,, Eq. (16). Solid lines correspond

272
t

{1+e "And, (16)

B. Example: Reconstruction of a vibrational Schradinger
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2 (a) valuesr, equally spaced betweet=0 andr=2T,;,. In the
bottom of Fig. 4 we magnify a small time window centered
around the delay time=T,;,/4. The simulated data points at
the discrete times, are shown by white circles. In order to
guide the eye we have marked the exact signal at the discrete
times 7, by black circles.

Figure 3b) presents the Wigner function of the recon-

Fiot(1,0)/ (Fo+Fy)

structed superposition state. A comparison with Fi¢g) 3
demonstrates that the reconstruction reproduces nicely the
0 - . ‘ . exact state with all its phase-sensitive features despite the
0 1 2 incorporation of measurement uncertainties.
(b) As a measure for the fidelity of the reconstruction we use
0.5 the overlap integral
= 1 1o} o (¢] A I
E;f'; [ o o ot o= 2 a agrec) (18)
= 0.0 l ! il I n
= ‘ l i
< ol \ between the exact state
<9 O
“ © ( <
-0.5 7 © o |(/fo>:; an/n) (19
T 1
0.0 0.25 0.5
7/ Tyiv and the reconstructed state

FIG. 4. Fluorescence hologram of a Satirmer cat state. 1(a)
X (reo\ _ (reg
we show the total fluorescence as a function of the delbgtween o) = En: ap ). (20)
the object and the reference pulses for the complete time region

used for the reconstruction. i) we display the interference con- An excellent fidelity witho=0.98 is obtained in this case.
tribution to this total fluorescence for a small window around

=T,ip/4. Here we depict by white circles the simulated data points

including measurement errors at the discrete timgswhereas the

exact values at, are shown by black circles. In the above example we have used the vibrational ground
state as the reference state. In this section we discuss the role

to positive values of the Wigner function and dashed line<f the reference state

correspond to negative values. From this figure we recognize

that indeed this state consists of two distinct wave packets. |¢r>:2 ba|n) (21
The prominent fringe structure between the two centers of n

the wave packets is caused by the quantum interference be- )
tween the two parts of the superposition state and henc® the performance of quantum-state holography. For this

shows the nonclassical features of this state. purpose we reconstruct the squeezed, rotated, and displaced
In Fig. 4a we show the fluorescence hologram for the State[43]
superposition state, Eq16), for the interval 7=0 to 7 )
=2T,;,- We note fast oscillations with the optical laser fre- 1 exp{ip (r_rolz)}exp{ —(1—iv)(r_r0)
guency w, and a slow modulation of the envelope which Amu ° 4 2u |
varies with a period of abouk,;,/2. This behavior becomes (22
clear if we recall that the superposition state shown in Fig. 2
consists actually of two wave packets originally centered atvhose Wigner function is shown in Fig(&. Here we use
the left and right turning points of the potential. These twothe parameters u=0.025 a.u.,p,=5 a.u., ro,=6 a.u.,
wave packets oscillate out of phase for a timentil they  andv=2.1. Such a state can be created by different methods
interfere with the reference wave packet. Since the referendsee, for example, Ref44], and references therginAgain
wave packet becomes excited at the left-turning point, theve incorporate measurement errors, that is, the simulated
interference between the object wave packets and this refedata of the measurement fluctuate around the exact value
ence wave packet takes only place near the Franck-Condatcording to a Gaussian distribution with varianee
region. Hence we find the strongest variation of the fluores=0.1(F,+F,). Moreover, we have choselN=200 simu-
cence at multiples of half of the vibrational period. lated data points equally spaced between0 and 7
In order to simulate errors of an actual measurement ane- 2T, .
to test the robustness of the reconstruction procedure, we In Fig. 5b) we show the Wigner function of the recon-
introduce random fluctuations around the exact signal whiclstructed state, when we use the vibrational ground $tpte
obey a(normalized Gaussian distribution with standard de- =|f=0) of the ground Born-Oppenheimer potential as the
viation o. Here, we have chosen the valoe=0.1(Fy+F,) reference state. A comparison with the exact Wigner func-
and have takeiN=100 simulated data points at the discretetion shows that in this case the reconstruction was only par-

C. Role of the reference state
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30 (@ ] (OB (c) two different reference states, namely, the eigensthtes
plat) =0) and|f=4) of the ground Born-Oppenheimer potential.
Whereas thef =0) reference state does not cover the com-
plete energy region spanned by the squeezed statgf the
=4) state does. Hence, for the reconstruction of the
squeezed state, E(R2), the reference stafé=4) seems to
be more suitable.

In Fig. 5(c) we show the Wigner function of the squeezed
state reconstructed with the help of the reference dtate
=4). Again measurement errors were included in the simu-
IR ‘ ' ' ‘ ' ' lation in the same manner as done before. Indeed, we find in
r @) this case a better agreement between the exact and the recon-

FIG. 5. The role of the reference state in the performance O]s_tructe(_zl Wigner func;[:on. :—|ere, thefﬂderlllty pfarametelols
guantum-state holography. (@) we show the contour lines of the =0.94 in contrast to the value=0.87 for the reference state

exact Wigner function of a rotated and displaced squeezed statlaf,:0>-

whereas inb) and(c) we show reconstructed states. For the recon-

struction in (b) and (c) we use the ground statd=0) and the IV. COIN HOLOGRAPHY

excited statef =4) of the ground Born-Oppenheimer potential, re- '

spectively. In both cases the simulated fluorescence data incorpo- In the last section we have assumed that the interferom-
rate measurement errors. We recognize that the quality of the reeter used to produce the sequence of object and reference
construction in(c) is better compared ). This shows that for this  pulses is stable in the sense that the relative phasetween
object state the reference stdfe=4) is more suitable than the the two pulses is reproducible in each run of the experiment
reference statgf = 0). for a fixed delayr between the pulses. If, however, a pulse

) ) shaper is introduced into one arm of the interferometer, this
tially successful. Although the main features of the statemay be a very demanding experimental task, especially if

could be recovered, the wings of the reconstructed Wignefiis arm becomes verv long due to the pulse shaping appa-
distribution differ from the exact one. This is an indication ratus[26]. v iong P pIng app

that coefficier)tsan with Ia_rge_ vz_alues 0f_1 corresponding to The first experiments on wave packet interferomégy]
h|g_her energies were discriminated in the reconstructionayarcised a precise control of the relative phase by phase
This feature can be understood as follows.

_ ) locking the two laser pulses. In Ref#5-47 a different
From Eq.(9) we find that only those statés) contribute phase-sensitive technique was used. The presence of a strong
to the fluorescence signal for which the amplitudedoth

, phase noise washes out all the interference components from
the signal state, and the reference stats, are nonzero. he time-averaged signal, thereby seemingly preventing the
Hence in order to reconstruct all contributing amplitudgs ;e of incoherent pulses for wave packet interferometry.
which build up the quantum state to be measured, the refer- The new techniqué22] of coherence observation by in-
ence wave packet has to cover the complete energy ranggrference noise shows that the above statement is not nec-
populated by the coefficients,. In the present example, essarily true. The COIN technique concentratesfloatua-
however, the amplitudds, for the reference sta{é=0) fall  ions in the population excited by a pair of time-delayed
off too rapidly for largen as can be seen from Fig. 6. In this rangomly phasegulses. Although the interference compo-
graph we show the probabilitie,=|a,|® for the squeezed nent is not present in thmeansignal, the effect of interfer-
state, Eq(22), together with the probabilitieB,=|b,|* for  ences can still be felt by measuring thectuationsof the
signal about its mean valy@2,23. For example, when the
two excitation pathways interfere strongly, fluctuations of
the relative phase between the pump and probe pulses give
rise to large fluctuations in the observed signal. Conversely,
when the processes are independent of each other one merely
observes the “mean” degree of fluctuations. The COIN
technique has been experimentally demonstrated both for
atomic[22,48 and moleculaf49] systems(see alsd50]).

The method possesses interferometric sensitivity without
stringent stability requirements on the system.

In the presence of noise the relative phgsbetween the
two laser pulses is a stochastic quantity and may therefore

o vary for different runs of the experiment at a fixed delay time

FIG. 6. The populatioP, of the nth energy state for a rotated 7 Since the coher.ent intgraction of the two pulses with the
and displaced squeezed state and different reference states. We didolecule maps this relative phase onto the relative phase
play the values ofP,=|a,|? for the squeezed state by bars. In between the two excited wave packets, the quarjgy7)
contrast, the probabilitieB, = |b,|2 for the two reference stat¢s ~ becomes a stochastic quantity. In contrast to the delay-
=0) and|f=4) are depicted by white and black circles, respec-independent contributions, and F, the interference term

tively. To guide the eye we have connected the discrete values bgepends onp, that is, Fi(7) =Fiw(7, ¢). Nevertheless, as
continuous curves. we will show now, the COIN methof22,23 is especially

20H

P, A

0.1




PRA 59 RECONSTRUCTING WAVE PACKETS BY QUANTUM- ... 2169

suitable to reconstructing molecular vibrational wave pack- Tuib 5 e (Tw .
ets. |= J dTAFim(T):22 anaqu: bmJ dTe*I(wn*wm)T.
0 n,m 0

(29
A. Inversion method

- . . For a weakly anharmonic potential the Dunham expansion
For definiteness, we assume that the relative pliase y P P

uniformly distributed in the intervdl0,27), that is, that each 2 _ 27 _
time the experiment is run at some fixed defayhe phasep wp=wpt (=N *xx—(n— n2+... (30
takes on an arbitrary value between 0 and. 2 vib rev

From Egs.(6) and (9) we find that in the case of wave yields in this case a revival tini€,,, which is much larger

packet cross interferometry the fluctuations than the vibrational period,,
A thot( T) = thot( T) - Ftot( T)ZE A Fﬁ]t( 7) (23) Tre\f> Tvib . (31)
around the mean valuB,(7)=F,+F, of the total signal With the help of this expansion we find, for the energy dif-
are given by ference,
2 27 . -
AF2(7)=2|> a,bie o w”_wsz_vib(n_m)_”" (32)
n

Since in Eq.(29) the delay~ is of the order ofT;,, we can
=2, apatb*bye i @n emT, (24)  neglect higher-order terms in the exponent and find
n,m
= =ewy [TV i2miT ) (n-m)
Hence the signaAF2 () containsall the phase information '22% andmby bmJO dre v (33
about the object wave packet embodied in e coeffi-

cients. which reduces with the help of the representation

For the purpose of reconstructing the coefficié&nﬁrom
the measured quantiTQ{Fﬁn( 7) we join together the andm S :ifTVibdTe—i(Zw/Tvib)(n—m)r (34)
indices to a single indek=(n,m). Following our previous R

approach described in the last section we measure the fluc-
tuationsAF2,(7) at discrete times,, and write the resulting for the Kronecker delta, ,, to
set of equations in matrix form

Izzmb; EMEEHE (39)

AFﬁn( Tv) = 2 el/,k’;(k ' (25) .
K Now the set of equations

with the unknown coefficients 5 | -
S(r)=AFf(nN-7—= 2 e,x (30
~ o~~~ vib  k=(n,m)

Xk=andm=Xp,m (26) n#m

can be numerically inverted to vyield the coefficients

=a,a¥ for which, via Eq.(10), one obtains the products

€ k= Z’B:Bmefi(wnfwm)r”. (27) XkEanagzx_n,m for n#m. .
By squaring the modulus of, ,, and summing over all
m=#n we find

and the known matrix

As in Refs.[14,15, we face the problem that the matex

as defined in Eq(27) cannot be inverted, since it contains a

number of columns, explicitly the=m columns, which are 2 |Xn,m|2: la,|? 2 lan?=|an?(1—|ay|?), (37)

composed of ainglenumber. This is due to the fact that for m#n m#n

n=m the phase of the exponential is always zardepen-

dentof the delayr,. As a resulte, y is a singular matrix.
One can solve this probleii4,15 by subtracting all di-

agonal terms witm=m from Eq. (25),

where in the last step we have used the normalization con-
dition = |a,|?=1. Hence the solution of the quadratic equa-
tions

~ o an|*—|ay|?+ 2=0 38
S(TV)EAF%H(TV)_ZE |an|2|bn|2- (29) | n| | n| n;n |Xn,m| (38
n

yields|a,|. Here, we only use the solution, which lies in the
The second term can be derived from the observed signahnge G<|a,|?<1.
AFﬁﬂ( 7,) by integrating the measured quctuatiahEﬁ]t(rv) To find the phasesof the {a,} coefficients, we note that
over a single vibrational period of the excited wave packet,this set of complex-valued numbers is only determined up to
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FIG. 8. COIN hologram of the “chirped” state shown in Fig.
7 (b). The hologram shows the total fluorescence fluctuations for
-101 ] different values of the system noidd=2 . The solid, dashed, dotted,
and dashed-dotted lines correspond to the noise intensities
AF2/(F,+F,)2=0, 0.02, 0.05, and 0.1, respectively.
5 § § ' ' In our numerical simulation of quantum state holography

r(au) for an unstable interferometer we again allow for experimen-

tal noise. In this case, the noise leads to an additional con-

tribution AF? to the total fluorescence fluctuation2 (7).

For simplicity, we treat this “system noise” as independent

of the delayz. In addition, we assume that the interference

¢ fluctuationsAFZ,(7) and the system nois&FZ are statisti-
cally independent and therefore simply add up to the total
fluctuations as

acommorphase factor. Fixing, sagy,, to be real and posi-
tive, the phases of all the other coefficieatsare given as

FIG. 7. Effect of a linear chirp in the exciting laser pulse on the
resulting wave packet. Ifa) and(b) we show Wigner functions of
states excited by Gaussian pulses of duratigr 0.2T;,. In (a),
the pulse contains no chirp, whereas(lm a linear chirp with rate
a=3/At2 is employed. The chirp leads to a nontrivial distortion o
the Wigner function.

AF2(7)=AF2(7)+AF2. (42)

ard an]=ard Xy n 1. (39  For the simulation we therefore replaa&?2(7) in Eq. (36)
by AF2(7) as given in Eq.42), sampled at 400 equally
spaced data points at the discrete valaghetweenr=0
and 7= 1OTvib .

We demonstrate the above procedure for the case of the rigyre 8 shows the total fluorescence fluctuations
object wave packet excited by a linearly chirped pulse WIthAthot(T) for different values of the system noidd=2 for the
envelope “chirped” state shown in Fig. {b). As the reference state we

have used the ground stdtg). We find an oscillating func-
] (40)  tion with a period of abouT;,, reflecting the quasiclassical
oscillation of the wave packet to be reconstructed. In contrast
) ) ] to Fig. 4, no rapid oscillations with the optical frequenay

The use of chirped pulses in the field of coherent controbre present. We find that the envelope of the oscillations
has been investigated theoretically in detail by many authorghanges only slowly in time, thereby justifying the harmonic
[51-53. Recently, experiments on quantum control with gpproximation in Eq(33) for a single period.

B. Example: Reconstruction of a “chirped” state

t2
E(t)=Eexp — —= +iat?

chirped pulses have been successfully perfori2#64,28. |n Fig. 9 we display the contour lines of reconstructed
. Usmg_ first-order perturbation theory we find the probabll—v\/igner functions of the “chirped” state shown in Fig(bJ.
ity amplitudes Here, we study the fidelity of the reconstruction for different

values of additional system noise. In FigaPwhere we use

272 2 4
a,=Mn|ghexd — —"— | expl —i Arad the valueAF2=0.02(F,+F,)?, an excellent agreement with
" 2+8a?A} 1+40?AY) the exact Wigner function is achieved. This reflects itself by

(41)  the large fidelity parametey=0.98. Even in Figs. @) and
) ) ) ~ 9(c) where we increase the system noiseAt62=0.05(F,
where/\/_ls a constant. We see that an increase in the chirp. g y2 gpqg AF2=0.1(F,+F,)? respectively, one finds a
factor « increases the width of the, distribution while in- good agreement between the exact and the reconstructed

troducing an additional phase factor. In Figsa)7and 1b)  gtates; as evidenced by the fidelity parameters.96 and
we show the Wigner functions for the state, E4fl), for the 0=0.90, respectively.

two different valuesa=0 and a=3/At2, respectively 4,
=0.2T,;,). Thus, the chirp not only shifts the center of the
Wigner function to positive momentum values, but also dis-
torts considerably its internal structure. The state used for the In the last section we have assumed that the wave packet
reconstruction shown in Fig.(8), which has a rather com- only slightly changes its shape aftene period which justi-
plicated Wigner function, poses quite a challenge . fies the approximation in Eq33). This has allowed us to

C. Case of a highly anharmonic potential



PRA 59 RECONSTRUCTING WAVE PACKETS BY QUANTUM- ... 2171

V. SUMMARY AND FURTHER APPLICATIONS
plaw OF THE METHOD
N In this paper we propose the method giantum-state
holographyto measure the quantum state of a vibrational
wave packet in a molecule excited by a femtosecond laser
pulse. Our technique is based on wave packet cross interfer-
ometry. This allows us to read out this state with the help of
a known reference wave packet similar as in ordinary optical
holography. The reference wave packet is excited by a sec-
‘ . ‘ ' . ‘ ond probe pulse which is delayed in time with respect to the
5 7 ) 2 pump pulse. By recording the subsequent incoherent fluores-
cence as a function of the delay between the two laser pulses,
FIG. 9. Quantum-state holography of the “chirped” state dis- one obtains the cross interferogram which reflects the inter-
played in Fig. Th). (a), (b), and(c) correspond to the dashed, dot- ference between the two wave packets. In contrast to auto-
ted, and da}shed-dotted curves in Fig. 8, respectively. We emphas“l‘ﬁterferograms, for which two identical wave packets are
that even in the presence of large measurement errors the recoflgaq cross interferograms are phase sensitive and hence con-
structed ngne_r functlons_ still contain the main nontrivial features,[ain all the necessary information for reconstructing the com-
of the exact Wigner function. - A
plex wave function of the unknown wave packet in its
moduli and phases.
subtract the diagonal terms from the fluctuatiakB?2,(7) We have demonstrated the feasibility of our method by
which removes the singularities in the matex,, Eq.(27).  humerically simulating realistic quantum-state holography
For a h|gh|y anharmonic potentiaL this approximation isexperiments. We have considered the case of a stable inter-
not valid. In this case one has to look for a different methodferometer as well as a noisy COIN interferometer and have
to find the diagonal terms. One possibility is to apply ourtested the robustness of the method by including simulated
method of quantum state holography to reconstruct théneasurement errors. Our numerical studies clearly demon-
moduli |a,|? and |b,|? from an autointerferometricsetup. ~ strate the feasibility of quantum-state holography for un-
Another possibility is to measure in addition to the fluctua-stable interferometers even in the presence of additional sys-
tions of the total(time- and frequencyntegrated fluores-  tem noise. One can subtract this additional noise contribution
cence fluctuationsAF2(r,) the dispersed(frequency- from the measured signal by separately exciting the object or
resolved fluorescencd14] of the object and the reference the reference wave packet, which yields directly the system

wave packet, respectively: The dispersed fluorescence ~ Noise. . - , .
COIN holography is less sensitive to experimental noise

B o 12 4 than the linear variant of the method. However, the price one
Fdisr{“))_]:nz; [(f[n)|¥|an @n,100,0, ¢ 43 has to pay for this is that the inversion of the system of
' equationg36) is numerically less stable than the inversion of
the corresponding system of equatidd) for the case of a

of the wave packet Eq41) for a=3/A2 is shown in Fig. 10. stable interferometer. This is due to the fact that in &)

Here, we neglect the finite widths of the spectral lines. Théh€ unknown coefficienta, enterbilinearly, whereas in Eg.
peaks in this graph correspond to all those terms in the surii4) they entedinearly. o

in Eq. (43), which have nonvanishing probabilitiés,|2 to- We emphasize that in contrast &mission tomography
gether with nonvanishing Franck-Condon faci¢f|n)[2. [13] our technique does not rely on weakly anharmonic po-

Hence the heights of these peaks directly yield the coeffiténtials and is capable of recovering even highly nonclassical
cients|a,|2. features of quantum states. Moreover, this method also al-

lows us to reconstruct the quantum state of an electronic
wave packet in Rydberg atoms. Indeed, after the present pa-
per was prepared for publication, we became aware of an
experimen{48] in which a variant of the COIN holography
scheme was applied to a full amplitude and phase reconstruc-
tion of a Rydberg wave packet. A related scheme for the
reconstruction of engineered atomic wave functions via
phase-sensitive measurements was suggested recently in
[55].
We conclude by noting that quantum-state holography

might also be a powerful tool to determine the spectral am-

‘ | |!|I .
3.0

=
- o
| |

fluorescence intensity (arb. units)
e
(5.
1

|

w (10" Hz)

plitudes and phases of ultrashort laser pulses: Here, we use
the molecule as a “grating” to chop the unknown pulse into
its spectral amplitudes and phases which we later read out
with the help of a simple reference pulse. This technique

FIG. 10. Frequency-resolved fluorescenbgsf{w) of the  might be complimentary to the established method of
“chirped” wave packet. “frequency-resolved optical gating{FROG) [56,57].
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