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Charge-resonance-enhanced ionization of molecular ions in intense laser pulses:
Geometric and orientation effects

André D. Bandrauk and Jonathan Ruel
Laboratoire de Chimie The´orique, Faculte´ des Sciences, Universite´ de Sherbrooke, Sherbrooke (Que´bec), Canada J1K 2R1

~Received 4 September 1998!

Numerical solutions of the time-dependent Schro¨dinger equation for one-electron two-dimensional H2
1,

H3
21 molecular ions have been obtained in order to illustrate the dependence of charge-resonance-enhanced

ionization ~CREI! on the angular orientation of the molecule. For H3
21 both linear and triangular geometries

have been considered. It is found, in general, that orientational effects on ionization rates, laser-induced dipole
moments and torques, are most significant at the critical distancesRc and critical anglesfc of molecular
geometry where CREI occurs. The calculated ionization rates and field-induced torques are used to estimate
alignment times near the dissociative ionization regime of these ions in intense laser pulses. It is found that
orientational trapping can occur in this regime at the critical CREI configurations.@S1050-2947~99!06303-9#

PACS number~s!: 42.50.Hz
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I. INTRODUCTION

The behavior and properties of atoms and molecules
intense laser fields is an area of research exploring the
linear, nonperturbative response of these systems in the p
ence of intense short laser pulses. In the case of atoms,
siderable progress and understanding of phenomena su
above threshold ionization, high-frequency stabilization, a
high-order harmonic generation has been recently sum
rized by Gavrila@1#. Similar nonlinear, nonperturbative e
fects have now been found in molecules@2#, where an extra
degree of freedom, the internuclear motion, leads to so
effects such as above threshold dissociation vibrational t
ping due to laser-induced avoided crossings,@2# and most
recently charge-resonance-enhanced ionization~CREI!
@3–5#. In the latter molecular ion ionization rates are e
hanced by one or two orders of magnitude at critical int
nuclear distancesRc with respect to the fragments of th
corresponding molecule. Calculations@3–6# and measure-
ments of CREI on linear molecules@7–9# have usually as-
sumed that the molecular ion is aligned with the field. Rec
Coulomb explosion experiments show considerable spr
of angular distribution of the fragments@7,10–12#, thus rais-
ing the question of alignment or orientation time in dissoc
tive ionization experiments as compared to recent nondi
ciative, nonionization estimates@13,14#.

In the present work we present exact numerical soluti
of the time-dependent Schro¨dinger equation~TDSE!, for
two-dimensional models of two one-electron molecular io
H2

1 and H3
21. In both cases, CREI has been found pre

ously to occur at critical internuclear distancesRc54/I p
.8 a.u. @4# for H2

1 and Rc55/2I p.5 a.u. for linear H3
21

@6#. Both critical distances have been analytically deriv
from a laser-induced static barrier suppression model for
lecular ionization originally suggested by Codlinget al. @15#.
We have shown in@3–6# that inclusion of the charge
resonance coupling of the doorway states, 1sg and 1su or-
bitals for H2

1, 2sg , 1su , and 1sg for H3
21, as discussed

earlier by Mulliken @16# for molecular absorption spectros
copy, is essential to reproduce the critical distancesRc at
PRA 591050-2947/99/59~3!/2153~10!/$15.00
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which enhanced ionization occurs. Numerical simulatio
with fixed nuclei @3–6,17# and full dynamical non Born-
Oppenheimer calculations@18,19#, and experiments@8,9,14#
confirm the model of over-barrier ionization of the molecu
electrons via the CREI mechanism in the presence of inte
laser pulses. Recent work on ionization of large polyatom
molecules by intense laser pulses further suggests th
static field ionization mechanism is also operative@20,21#.

The present work examines the orientation dependenc
the ionization rates in quantum-mechanical two-dimensio
~2D! numerical solutions of the TDSE for fixed nuclear co
figurations of H2

1 and both linear and triangular H3
21. The

exact numerical solutions of the electronic wave function
fixed nuclei and angle allow also for calculating the tim
dependent torques experienced by each molecular ion.
numerical results are used to estimate the alignment time
H2

1 and H3
21 in the dissociative-ionization regime of thes

molecules in the presence of a laser of wavelength 1064
around intensitiesI 51014 W/cm2.

II. NUMERICAL METHOD FOR THE TDSE

The one-electron TDSE for both one-electron molecu
ions H2

1 and H3
21 is solved in a two-dimensional~x,z!, 2D

model using Coulomb-modified potentials, used especiall
plasma physics in order to avoid singularities in classi
numerical integration schemes@22,23#. The laser field is as-
sumed polarized along thex axis so that thez axis corre-
sponds tou5p/2. The general one-electron TDSE for a lin
early polarized laser fieldE(t)5E0(t)cosvt, of frequencyv
and pulse envelopeE0(t) with peak intensityE0 is written in
atomic units (e5\5me51) as

i
]c~x,z,R,u,t !

]t
5@2 1

2 ¹x,z
2 1Vc1VN1xEx~ t !1zEz~ t !#

3c~x,z,R,u,t !, ~1!

where
2153 ©1999 The American Physical Society
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Vc52(
i 51

N

@~xi
21zi

2!1c#21/2, ~2!

is the softened Coulomb potential (c50 corresponds to the
pure Coulomb potential!. N52 for H2

1 and 3 for H3
21, and

xi , zi are the electron coordinates with respect to thei th
nucleus.VN is the total nuclear repulsion and the last tw
terms represent the two components of the field-electron
teraction (x:u50; z:u5p/2). With cÞ0 in the regularized
Coulombs potential, one can solve the total TDSE equa
~1! and thus obtain the electronic wave functio
C(x,z,Ri ,u,t) for different nuclear configurationsR, u at
various timest. Absorbing boundaries are used to remo
electron flux from the finite-size 2D grid inx and z thus
allowing for calculation of the ionization rates from the nor
of the function~we drop the nuclear and field coordinates f
convenience!

N~ t !5E uc~x,z,t !u2dx dz5 ((
i , j 52N/2

N/2

uc~ i , j ,t !u2~Dm!2,

~3!

where Dm is the distance between grid points andN the
number of grid points in each dimension.

The ionization rateG is obtained from the logarithmic
decrease of the norm, lnN(t)52Gt. Time-dependent observ
ables such as the dipole componentdx are calculated from
the discretized function as

dx~ t !5^c~x,z,t !uxuc~x,z,t !&

5((
i , j

6N/2

c* ~ i , j ,t !xic~ i , j ,t !~Dm!2. ~4!

The minimum grid-point separation for accurate calcu
tions is determined by the uncertainty principleDxDp.1.
Thus, since electrons are expected to acquire energies u
20 Up, in molecules@24# where Up5E0

2/4v2 is the pondero-
motive energy, we set the maximumDp5(2E)1/2

5(40 Up)1/2 which determines the minimumDx. Similarly
the minimumDt is set belowp/(3DE)5p/(60 Up) in the
time integration when one uses fast Fourier transform m
ods for the kinetic energy@25#. Due to the avoidance o
singularities with the regularized Coulomb potential~2!, we
use a split-operator method of accuracy (Dt)3. The numeri-
cal accuracy is verified by using at different time interva
higher-order accuracy schemes@26#. In the present calcula
tion at intensities I 05cE0

2/8p5831013 W/cm2

(4.831022 a.u.) and l51064 nm (v55.331022 a.u.),
then Up50.39 a.u..11 eV. We have used thereforeDx
50.25 a.u.,Dt50.03 a.u. with a pulse length of 30 cycle
which is ramped to the maximumE0 in 5 cycles.

The c value for the regularized Coulomb potentials~2!
was set atc50.5. In the present 2D calculations, we foun
this value ofc to give ionization potentialsI p closest to our
previous exact 3D calculation for H2

1 @3,4# and H3
21 @6#. In

particular, only withc50.5 can one reproduce the doub
peak structure of the ionization rate~G! as a function of the
internuclear distanceR first calculated for H2

1 @3,4#. This
double peak structure with maxima at the critical distan
n-

n

-

to

h-

s

Rc57 and 10 a.u. has now been confirmed experiment
@9#. At the latter critical distance, 10 a.u. for H2

1, we find for
the 2D modelI p50.636 a.u. as compared to 0.6 a.u. in t
exact 3D case. The corresponding ionization rates ar
31013s21 ~2D! vs 0.831013s21 ~3D!.

Since we shall interpret the ionization results in terms
static field plus Coulomb potential barriers~e.g., @4–6,17#!,
we plot in Figs. 1 and 2 the net electrostatic potentials, wh
influence the electronic motion in H2

1 ~Fig. 1! for laser field
parallel to the internuclearx axis (u50) and for equilateral
H3

21 ~Fig. 2! for the laser field parallel to thez axis (u
5p/2). We show both zero field potentialsVc ~dotted! and
the field-induced potentialsE01Vc ~solid! at E054.8
31022 a.u. (I 05831013 W/cm2) with c50.5 in Figs. 1 and
2. Thus in the case of H2

1, the symmetric double well a

FIG. 1. Electron potential energyV(x)5Vc1E0x ~solid line!
for H2

1 in a static fieldE054.831022 a.u. (I 5831013 W/cm2)
parallel to the x ~molecular! axis at internuclear distanceR
510 a.u. as compared to zero field~dotted line!.

FIG. 2. Electron potential energyV(z)5Vc1E0z ~solid line!
for an equilateral H3

21 (f560°) in a static field E05
4.831022 a.u. (I 5831013 W/cm2) parallel to thez axis ~perpen-
dicular to any bond! at interproton distanceR56.5 a.u. as com-
pared to zero field~dotted line!.
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E050 is distorted in the direction of the laser fieldE0 al-
lowing for escape of the electron at the peak valueE0 of the
field through charge resonance effects@4–6#. In the case of
triangular H3

21, the static-field-induced ionization path, Fi
2~b!, is modified from the pure atomic case~one well atz
,0) by an extra minimum due to the presence of the ot
two nuclei.

III. CREI IN NONLINEAR H 3
21

In the preceding section, we described the numer
methods for obtaining accurate ionization rates, which
shown in Figs. 3 and 4 manifest maxima at critical distan
Rcand anglesuc due to CREI. These large ionization rates
molecular ions exceed that of the dissociation fragments
one or two orders of magnitude in the presence of sh
intense laser pulses, and were first obtained in numer
simulations and correlated to laser-induced charge loca
tion @3#. Expressions forRc have been derived for linear H2

1

and H3
21 based on an electrostatic model wherein the e

tron is excited to a field-induced lowest unoccupied mole
lar ~LUMO! from a highest occupied molecular orbit
~HOMO! and escapes through charge-resonance effect a
the internal barriers induced by the static laser fieldE0 and
the internal Coulomb potentialVc , Eq. ~2! ~see Figs. 1 and
2!. Thus for H2

1 one obtainsRc54/I p58 a.u.@5#, whereas
for linear H3

21, Rc55/2I p55 a.u.@6#, whereR is the inter-
proton distance. This theoretical prediction which includ
the charge-resonance energy displacement of the LUMO
in excellent agreement with exact 3D@4,6# and 1D@5# simu-
lations. This has been shown to be also independent of
intensity and nuclear charge@5,6#. The charge-resonance e
fect occurs through the strong coupling between the free fi
HOMO and the corresponding LUMO by the radiative co
pling m(R)E0 wherem(R) is the electronic transition mo
ment between these two ‘‘frontier’’ orbitals@27,28#. For
H2

1, m(R)5R/2, whereas for linear H3
21, m(R)5R/2&.

We illustrate in Fig. 3 the ionization rate for triangula
equilateral H3

21 as a function of the interproton distanceR
for l51064 nm,I 5831013 W/cm2 laser conditions. Curve
~a! corresponds to the electric field polarized along thex
axis, i.e., parallel to one of the bonds whereas~b! corre-

FIG. 3. Ionization ratesG (1013 s21) in a l51064 nm, I 5
831013 W/cm2 laser field for equilateral H3

21 as a function of in-
terproton distanceR ~a.u.!: ~a! equilateral forx polarization; ~b!
equilateral forz polarization;~c! linear parallel tox polarization.
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sponds toz-axis polarization, i.e., perpendicular to one of t
bonds.~c! is the corresponding ionization rate curve for t
field parallel to a linear H3

21. One notes that the triangula
equilateral configuration~a! behaves very similarly to the
linear molecular, curve~c!, for parallel bond polarization
The critical distanceRc for CREI is somewhat larger,Rc
.7 a.u., for the triangular configuration as compared toRc
55 a.u. for the linear configuration. This small difference
Rc’s reflects the difference in energy of the HOMO an
LUMO for the linear @~c!# and trangular@(a)# configura-
tions. In the linear case, the two orbitals are separated b
smaller electronic transfer energyb, whereas for the equilat
eral configuration, the LUMO is doubly degenerate with
larger energy separation from the HOMO@27#. Thus one
must go to longer internuclear distances in the equilate
configuration case in order that the LUMO falls in ener
below the total internal Coulomb barriers of the molecu
generated by the nuclei,Vc and the electrostatic fieldE0 .
The distanceRc where this occurs for zero field (E050) is a
first approximation@15,17# to the true critical distanceRc as
it neglects charge-resonance effects@4–6#.

The perpendicular polarization~z axis!, ionization rate,
curve ~b!, exhibits a maximum atRc56.5 a.u., a somewha
smaller distance. For all three cases one has the maxim
ionization ratesG (1013s21): ~a! 8.6; ~b! 8.1; ~c! 0.25 with
respect to the H atom rate 0.08. Thus for equilateral H3

21,
and other similar nonlinear molecules, one expects CRE
manifest itself as a strong enhancement of ionization a
critical distanceRc.5/2I p as in the linear case@6#. We add

FIG. 4. Ionization ratesG (1013 s21) as a function of an interna
bond anglef for H3

21 in l51064 nm, I 5831013 W/cm2 laser
field; ~a! x polarization (u50); ~b! z polarization (u5p/2).
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FIG. 5. HOMO-LUMO energies in a static fieldE054.831022 a.u. (I 05831013 W/cm2) at criticalRc56.5 a.u. forz polarization@Fig.
4~b!# for internal anglesf: ~a! f565°; ~b! f575°; ~c! f587.5°; ~d! f595°.
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finally that for the equilateral case,Rc is independent of lase
polarization as confirmed by Fig. 3.

Finally in Fig. 4 we present the ionization for H3
21 as a

function of internal anglef at the twoRc’s illustrated in Fig.
3; 7 a.u. forx polarization and 6.5 a.u. forz polarization.
Thus for the first case, Fig. 4~a! with the field parallel to one
of the bonds which becomes parallel to the linear molec
as the anglef increases to 180°, the ionization rate increa
sharply between 80° and 100°, but only by about a facto
2. The sensitivity of the ionization rate to the internal ang
f is much greater for the perpendicular polarization. Thus
shown in Fig. 4~b!, the rate increases by about one order
magnitude betweenf570° and 90° with a maximum aroun
f0587°.

An interpretation of intense field ionization can be ma
in terms of a field-induced tunneling model in the lon
wavelength regime@17,21#. A criterion for the validity of
such an approach is the Keldysh parameter~in a.u.!

g5~ I p/2Up!1/25v~2I p!1/2/E0 , ~5!

where I p is the ionization potential,Up the ponderomotive
energy~see Sec. II! for a field strengthE0 . The tunneling
regime is therefore defined byg,1 where field effects (Up)
are larger than internal Coulomb potentials (I p). For linear
le
s
f

s
f

H3
21, a good estimate forI p is I p50.512/R at large R

where 0.5 is theI p for H. Thus one obtainsI p(H3
21, R

57).0.8 a.u. SinceUp(I 5831013 W/cm2, l51064 nm)
50.39 a.u., one obtains from Eq.~4! g.1. Clearly, under
the present simulation conditions one is at the limit of t
static tunneling ionization model, whereas forg.1 one ex-
pects a multiphoton transition description to be more
equate. We show next that the static model does allow fo
correlation and an interpretation of the CREI critical ang
fc observed in Fig. 4.

We illustrate the correlation between CREI and the int
nal anglef and the positions of the field-induced HOM
and LUMO with respect to the net internal~field plus Cou-
lomb! potential barriers in Fig. 5. The energy levels illu
trated in Fig. 5 were calculated from a time-depend
propagation of the TDSE for H3

21 in a static fieldE05
4.831022 a.u. (I 05cE0

2/8p5831013 W/cm2) ~see Ref.@4#
for details!. One observes from Fig. 5 that as the intern
anglef opens from the minimum equilateral angle 60° t
wards the maximum angle linear configurationf5180°, the
upper level~LUMO in zero field! rises above the interna
barrier between the protons in the bond perpendicular to
field E0 , but then becomes retrapped for angles of.87°. A
subtle interplay between energy separation and radiative
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pling which populates the upper level is responsible for
ionization maximum. Figure 5 shows that a strong corre
tion exists between the ionization maximum window f
angles 70°,f,90°, Fig. 4, and the position of the uppe
field-induced molecular energy level with respect to the
ternal barrier in nonlinear H3

21, illustrated in Fig. 5. We
conclude that this static field image is also useful to desc
CREI in nonlinear molecules as it is for linear molecul
@4,6,17#. Hence, in nonlinear molecules CREI occurs at cr
cal distancesRc , Fig. 3, but also at critical anglesfc , Fig. 4,
and therefore is a universal ionization enhancement indu
by short intense laser pulses. Recent Coulomb explo
measurement in linear@29# and nonlinear molecules@30#
shows both CREI at large internuclear distances but als
strong nonlinear structural transitions. However, a criti
angle has not yet been identified.

IV. ORIENTATIONAL EFFECTS ON IONIZATION

The ionization rates reported in Figs. 3 and 4 and d
cussed in the preceding section were calculated for par
field-molecule orientations in the linear case. However
tense fields via their nonlinear interaction with polarizab
ities of molecules will induce alignment in the nonresona
case@11–14,31#. Resonant excitation in the nonlinear hig
intensity regime can also lead to laser control of molecu
orientations and photodissociation angular distributio
@32,33#. Recent measurements of dissociation dynamics
nonlinear molecules in intense laser fields show remarka
directional specificities with respect to the polarization of t
incident field@34#. Measurements of angular distributions
ionic fragments of diatomics in intense laser fields sh
clear dynamic and geometric laser-induced alignment
molecules@35#. We will therefore next address orientation
effects in ionization.

Our previous calculations of ionization rates in the m
ecules H2

1, H2, and H3
1 based on finite element method

@36# showed that parallel (G i) ionization rates exceeded pe
pendicular (G') rates at equilibrium distances by about
factor of 2 to 3 for the ions whereas for neutrals H2 this ratio
was about a factor of 2 at the higher intensity, 1015 W/cm2.
In the case of equilateral H3

1 at equilibrium (Re
51.65 a.u.), this ratio was about 1.5 whereas we have
ready shown in Fig. 4, that at the critical configurationsRc
57 a.u. andfc587°, this ratio can vary by about one ord
of magnitude. Static field quasienergy calculations on H2

1

also reach the conclusion that ionization rates are, in gen
very sensitive to orientation,@37#. Since Coulomb explosion
occur at or near the critical distancesRc for pulses suffi-
ciently long to allow molecules to dilate to such distances
critical assessment of angle-dependent ionization rates
alignment torques is essential near these critical distanc

We have therefore obtained ionization rates for linear H2
1

and H3
21 as a function of angleu between the laser polar

ization and the molecular axis following the numerical pr
cedure detailed in Sec. II. Ionization rates for the above la
parameters are reported in Table I for H2

1 and Table II for
H3

21 as a function of angleu and interproton distancesR
53,7,9.5 a.u. for H2

1 andR51.65 and 6 a.u. for H3
21. Both

tables illustrate the previous remark that ionization rates
always most sensitive around the critical distanceRc . Thus
e
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for H2
1, G i /G';40 atR57 a.u., 10 atR59.5 a.u. in agree-

ment with previous 3D calculations@36#. For H3
21 these ra-

tios are;2 at R51.65 a.u.,;100 atR56 a.u.
The above results demonstrate the importance of the c

cal distanceRc in intense laser field nonlinear photophysi
of diatomic and triatomic molecules. Ionization rates atRc
exceed equilibrium rates by at least one order of magnit
and are most sensitive to the laser polarization around th
critical distances. In the next section we calculated the c
responding field-induced torques.

V. LASER-INDUCED TORQUES AND ORIENTATION

Intense laser fields are expected to induce alignment
even orientational trapping of molecules via strong nonre
nant and therefore virtual field-molecule couplings from
pole moments induced in polarizable molecules. Recent
terest in such alignment has led to the concept of pend
states@13# and there is now experimental observation of d
flection and guiding of molecules by such field-induced
pole forces@14#. In the present work, we have shown th
nonresonant field-molecule couplings through char
resonance effects leads to CREI at critical distancesRc for
linear molecules (H2

1, H3
21) and critical anglesuc for non-

TABLE I. Ionization ratesG (1013 s21) for 2D-H2
1 as a function

of interproton distanceR and laser orientationu at I 5
831013 W/cm2, l51064 nm laser parameters.

u ~deg! R53 a.u. R57 a.u. R59.5 a.u.

0 0.0068 8 4.8 2.3
10 0.0083 8 4.7 2.2
20 0.0093 5 3.5 2.1
30 0.0078 0 2.3 1.7
40 0.0068 3 1.2 1.3
45 0.0070 2 0.76 1.0
50 0.0072 5 0.49 1.0
60 0.0098 1 0.19 0.78
70 0.0099 0 0.14 0.38
80 0.0099 8 0.14 0.23
90 0.012 2 0.10 0.20

TABLE II. Ionization rates,G (1013 s21) for linear equidistant
H3

21 as a function of interproton distanceR and laser orientationu
at I 5831013 W/cm2 andl51064 nm laser parameters.

u ~deg! R51.65 a.u. R56 a.u.

0 0.046 6.0
10 0.045 0.80
20 0.043 0.040
30 0.050 0.038
40 0.070 0.075
45 0.069 0.072
50 0.064 0.070
60 0.046 0.040
70 0.044 0.025
80 0.044 0.014
90 0.026 0.006
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linear H3
21. In the present section we will calculate the tim

dependent field-induced torques experienced by the o
electron linear H2

1, H3
21 in the CREI region and estimat

the corresponding alignment times.
Limiting ourselves to planar 2D motion, an electric fie

will induce a dipole moment

dW ~ t !5a iEx~ t !1̂1a'Ez~ t ! ĵ , ~6!

where

Ex~ t !5E~ t !cosu, Ez~ t !52E~ t !sinu, ~7!

and a i(') are the parallel~xx! and perpendicular~zz! field
components of the polarizabilitya. The corresponding clas
sical torque is defined as@38#,

Ny5mR2ü5dx~ t !Ez~ t !2dz~ t !Ex~ t !52
a

2
E2~ t !sin 2u,

~8!

wherem is the molecular reduced mass,mR2 the moment of
inertia I, anda5a i2a' . u is the laser-molecule angle an
y is the torque direction perpendicular to the plane of
laser-molecule system.

From Eq.~8! one obtains readily the classical pendulu
equation of motion for fixed internuclear distanceR,

d2u

dt2
52

E2~ t !

2 S a

I D sin 2u. ~9!

This can be solved in the limit of large laser frequencyv,
i.e., laser periods 2p/v shorter than the alignment timet ~see
the Appendix for more general solutions!. Thus setting

^E2~ t !&5E0
2^cos2 vt&5

E0
2

2
,

gives the new high-frequency equation

d2u

dt2
52S E0

2a

4I D sin 2u, ~10!

where E0 is the maximum laser amplitude. A small-ang
approximation gives the harmonic equation

d2u

dt2
1S E0

2a

2I D u50, ~11!

from which one obtains the pendular frequency

vp5~E0
2a/2I!1/2. ~12!

Equation~9! can be solved for the more general case in ter
of elliptic integralsK, allowing to define the alignment tim
for motion from some initial angleu0 to a finalu50, @38#,

t5
1

vp
K~sinu0!, ~13!

wherevp is the field-induced pendular frequency defined
Eq. ~12! and K is an elliptic integral@39#. For very small
e-

e

s

angleu0 , K(0)5p/2 so thattp5p/(2vp) corresponds to
one-fourth of a pendular period.

Our previous calculations ofa for H2
1 at 1064 nm@36#

allow us to estimatevp andt at intensity 1014 W/cm2, where
E055.331022 a.u. Thus witha53.3 a.u., I51800 a.u. (R
51.4 a.u.) one obtains readily 1/vp5625 a.u.515 fs, which
gives a pendular period 2p/vp594 fs. The corresponding
alignment time~one-fourth of cycle! tp523 fs. This is the
small-angle oscillation limit. Using values of elliptic inte
grals, Eq.~13! gives t580 fs for alignment fromu0589°
andt530 fs foru05p/4. Thus at intensity 1014 W/cm2, one
estimates that the alignment time for H2

1 at R51.4 a.u. from
the above classical model should be 80 fs.t.30 fs. The re-
sult is frequency independent as we have used a h
frequency approximation~see the Appendix for the genera
solution where it is shown thatt is indeed nearly frequency
independent!.

Knowing that preferential ionization occurs atRc.7 a.u.
for H2

1, Eqs.~12! and~13! predict that the alignment time i
proportional to (I/a)1/2E05(m/a)1/2R/E0 . The polarizabil-
ity a is expected to vary as the internuclear distanceR due to
the charge-resonance interaction responsible for CR
Adopting the simple model thata is proportional to the vol-
ume of the molecule,a;R3 @40# one obtains the simple rule
thatt}E0

21(m/R)1/2. Thus one predicts that alignment time
should decrease linearly with the field strengthE0 , decrease
as R21/2, and increase with the reduced mass asm1/2. The
above considerations have assumed that the first-order p
izability a is adequate to describe the field-molecule inter
tion and that there is no ionization. We examine below
accurate solutions of the TDSE for 2D H2

1 and H3
21 the

actual torques produced by an intense laser field.
We illustrate in Fig. 6 the calculated laser-induced dipo

dx(t), dz(t) obtained from Eq.~4! for H2
1 at R59.5 a.u.,

I 51014 W/cm2, l51064 nm, and laser angleu545°. The
corresponding torqueNy(t) calculated from Eq.~8! is illus-
trated in Fig. 7. Figure 6 shows that after the five cycle pu
rise the induced dipoles follow the field according to t
perturbative expression~6!. The small asymmetry on the
dx(t) component which is due to the pulse rise, Fig. 6,
sults in the torque, Fig. 7, not following the perturbativ
expression~8! exactly. Thus Fig. 7 illustrates two sets o
maxima with unequal amplitudes whereas Eq.~8! predicts
equal amplitudes repeating at half-cycles. Finally in Fig
we present the torquesNy(t) for the two different laser-
molecule orientations:~a! u530° and ~b! u560°. Since
from Eq. ~8!, Ny(t)}sin 2u and sin(p22u)5sin(2u), one
would expect the torque to be the same for these two ang
i.e., u530° and 60°. Figure 8 shows clearly this is not t
case. The torques have opposite sign and exhibit diffe
time-dependent periodicities. Thus Fig. 8~a! (u530°) is
similar to Fig. 7 (u545°). This is consistent with the fac
that in these two cases thedx(t) component is dominant
Figure 8~b! corresponds to a torque wheredz(t) is dominant
as can be verified from Table III. Table I shows further th
the ionization rates at 30° exceeds that at 60° by a facto
2. Thus the response of the molecule at these two orie
tions is quite different in the ionization regime. This resu
in different ionization rates and also different torques, co
trary to the perturbative regime defined by Eq.~8!.
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FIG. 6. Laser-induced dipoles for H2
1 at R59.5 a.u., I

51064 W/cm2, l51014 nm, and laser angleu545°: ~a! dx(t); ~b!
dz(t).

FIG. 7. Laser-induced torqueNy(t), Eq. ~8! for H2
1 at R

59.5 a.u., I 51014 W/cm2, l51064 nm, and laser orientationu
545°, corresponding to dipoles, Fig. 6.
Comparisons of ionization rates for H2
1, Table I and

H3
21, Table II and Figs. 3 and 4 show that these are mos

sensitive to laser orientationu at the CREI distances,Rc
57 and 6 a.u. The comparisons of the dipoles and torque
Table III and IV, show the same effect, largest variations o
these physical parameters occur atRc as a function of the
laser angleu, and these do not conform to the perturbative
expressions~6!–~8!. In the discussion for H2

1, following Eq.
~13!, we estimated the alignment time~at I 51014 W/cm2,
l51064 nm) to be 80 fs.t.30 fs for R51.4 a.u. At the
critical distance Rc , 7 a.u., sincet scales as (I /a)1/2

;R21/2, shorter alignment times should be in order. Perusa
of Table III for H2

1 shows torques are maximum atRc57,
thus implying shortert’s. However, such torques exhibit an
unusual property atRc , they change signs atu535° and
65°, i.e., zero torque occurs at these angles, implying ‘‘trap
ping’’ of the molecular ion at such angles. From the ioniza-
tion rates in Table I one estimates the lifetimes of these an
gular states to be 60 fs~35°! and 600 fs~65°!.

H3
21 is more amenable to an analytical analysis following

Tables II and IV. Thus at the equilibrium distance of linear
H3

1 @36#, R51.65 a.u., the torqueNy , Table IV (I 5

FIG. 8. Laser-induced torquesNy(t), Eq. ~8!, for H2
1 at R

59.5 a.u., I 51014 W/cm2, l51064 nm, for laser orientation:~a!
u530°; ~b! u560°.
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TABLE III. Maximum dipolesdx(z) and torquesNy for 2D-H2
1 at l51064 nm, I 51014 W/cm2 laser

parameters as a function of laser orientationu.

u
~deg!

R53 R57 R59.5

dx
~a.u.!

dz
~a.u.! Ny

dx
~a.u.!

dz
~a.u.! Ny

dx
~a.u.!

dz
~a.u.! Ny

0 0.80 0 0 3.8 0 0 1.5 0 0
10 0.78 0.03 20.030 3.0 0.3 0.004 1.5 0.3 0.0035
20 0.75 0.06 20.020 1.8 0.5 0.012 1.4 0.5 0.006
30 0.70 0.10 20.0006 1.0 0.6 0.013 1.1 0.6 0.008
40 0.61 0.13 0.0007 1.5 0.5 20.020 0.95 0.6 0.0075
45 0.60 0.15 0.0011 1.5 0.5 20.025 0.77 0.6 0.006
50 0.57 0.17 0.0021 1.5 0.4 20.029 0.57 0.42 0.0045
60 0.41 0.18 0.0036 1.0 0.3 20.020 0.4 0.3 20.006
70 0.29 0.19 0.0048 0.9 0.3 0.04 0.3 0.23 0.004
80 0.14 0.21 0.0059 1.1 0.4 0.045 0.3 0.2 0.008
90 0 0.21 0 0 0.4 0 0 0.3 0
f

is-
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to

or

H
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tatic

and
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ar
gles
831013 W/cm2), follows the sin 2u law, Eq. ~18!. This al-
lows us to evaluate the parameter (aE0

2)/25Ny(45°)
50.006 a.u. The alignment timet is obtained from Eq.~13!
as p/(2vp)5p/2(I /N)1/2549 fs, where I52mHR2

59800 a.u. The maximum ionization rate occurs atu
545°, G50.0731013 s21, with a corresponding lifetime o
1.4 ps, giving the molecular ion ample time to align atR
51.65 a.u. before complete ionization. At the critical d
tanceRc56 a.u. ~Table IV!, the torqueNy grows steadily
with orientation angleu. Taking Ny (45°)50.05 as an ap-
proximation to aE0

2/2 again, and usingI51.33105 a.u.,
gives t562 fs for the alignment time of H3

21 at Rc
56 a.u., I 5831013 W/cm2. The corresponding ionization
rates vary rapidly~Table II! with one maximum of 0.07
31013 s21 at u545°, corresponding to a lifetime also of 1
ps. Clearly atRc56 a.u., the ion has again sufficient time
align to u50° where it will rapidly undergo CREI with a
lifetime of 16 fs.

VI. CONCLUSION

We have performed exact fixed nuclei~Born-
Oppenheimer! calculations of ionization rates and torques f
the one-electron systems, 2D-H3
1 and H3

21 as a function of
internuclear distanceR, internal anglef for H3

21, and laser
orientationu. Ionization maxima, exceeding that of the
atom were found to occur at critical distanceRc for both
systems and also at critical internal anglesfc for H3

21.
These maxima were attributed to CREI and were shown
be the result of laser-induced displacements of the LUM
via charge-resonance effects above the field-induced s
Coulomb barriers.

Laser orientation-dependent-induced dipole moments
torques were also obtained from the numerical solutions.
in the case of ionization rates, these were found to be
largest and the most sensitive to orientation around the c
cal CREI configurations. It was found that for intensiti
around 1014 W/cm2, torques are sufficiently large at equilib
ria and at critical CREI configurations to allow for orient
tion before the onset of complete ionization. The pres
numerical results also indicate that at the CREI critical d
tances, torques can change sign due to the highly nonlin
nonperturbative nature of the molecule-field interactio
This implies that vanishing torques will occur at particul
angles, leading hence to orientational trapping at these an
TABLE IV. Maximum dipoles dx(z) and torquesNy for 2D linear H3
21 at l51064 nm, I 5

831013 W/cm2 laser parameters as a function of laser orientationu.

u
~deg!

R56 R51.65

dx
~a.u.!

dz
~a.u.! Ny

dx
~a.u.!

dz
~a.u.! Ny

0 2.2 0 0 0.30 0 0
10 2.0 0.1 0.005 0.20 0.03 0.0020
20 1.9 0.14 0.010 0.25 0.05 0.0030
30 1.8 0.2 0.012 0.28 0.11 0.0045
40 2.6 1.0 0.050 0.23 0.15 0.0055
50 2.5 2.0 0.025 0.20 0.17 0.0060
60 2.0 1.0 0.035 0.15 0.15 0.0043
70 2.0 0.7 0.050 0.10 0.15 0.003
80 1.9 0.4 0.060 0.05 0.17 0.0020
90 0 0.15 0 0 0.18 0
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at intensities above 1014 W/cm2.

APPENDIX

The pendulum equation~9! can be rewritten as a functio
of the generalized field area

s~ t !5E E~ t !dt, ~A1!

d2u

ds2~ t !
5g sin 2u, ~A2!

where g5a/(2I), the ratio of polarizability to moment o
inertia. For small angles sinu.u, we obtain a harmonic
equation

d2u

ds2 1vu
2u50, vu5~a/I!1/2, ~A3!

u~ t !5u0 cos@vus~ t !#. ~A4!

For a constant pulse shapeE0 , E(t)5E0 cosvt, s(t)
5(E0 /v)sinvt, one obtains

u~ t !5u0 cosS vuE0

v
sinvt D ,

u~ t !5u0FJ0S vuE0

v D
12(

k51

`

J2kS vuE0

v D cos~kvt !G . ~A5!

In the high-frequency limitvu /v!1, one obtains from
asymptotic expressions of the integer Bessel functionJn
@39#,

u~ t !}u0J0S vuE0

v D'u0F12
vu

2E0
2

v2 1¯G'u0@12vp
2/2v2#,

~A6!
et
wherevp is the field-induced pendular frequency, Eq.~12!.
Equation~6! predicts, therefore, an average shift of the init
angleu0 by the fractionvp

2/2v2.
The most general solution of Eq.~2! for alignment from

u0 to u50 is @38#

s~t!5g21/2K~sinu0!, ~A7!

whereK is an elliptic integral@39#.
For a constant periodic fieldE(t)5E0 cosvt, one obtains

the transcendental equation for the alignment timet:

sin~vt!5
v

&vp

K~sinu0!, ~A8!

as compared to thehigh-frequency limit, Eq.~13!. For small
u0 , K(0)5p/2, and assuming sinvt.vt, one obtains

t5
1

&

p

2vp
, ~A9!

as compared to the high-frequency limitt5p/2vp from Eq.
~13!.

Another limit, thelow-frequency or near static field limi
can be now obtained from the more general solution~8! by
setting again sinvt5vt,

t5
K~sinu0!

&vp

. ~A10!

This differs from the high-frequency limit equation~13! by
the same factor 1/& as the small-angle equation~9!,

We conclude from the more general frequency-depend
transcendental equation~8! for the alignment timet that the
low-frequencyt, Eq. ~10! and the high-frequencyt, Eq. ~13!,
are nearly the same, so that the alignment time can be
sidered to be frequency independent.
,
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