
PHYSICAL REVIEW A FEBRUARY 1999VOLUME 59, NUMBER 2
Generation of arbitrary quantum states of traveling fields

M. Dakna, J. Clausen, L. Kno¨ll, and D.-G. Welsch
Friedrich-Schiller-Universita¨t Jena, Theoretisch-Physikalisches Institut, Max-Wien-Platz 1, D-07743 Jena, Germany

~Received 31 July 1998!

We show that any single-mode quantum state can be generated from the vacuum by alternate application of
the coherent displacement operator and the creation operator. We propose an experimental implementation of
the scheme for traveling optical fields, which is based on field mixings and conditional measurements in a
beam-splitter array, and calculate the probability of state generation.@S1050-2947~99!09702-4#

PACS number~s!: 42.50.Dv, 42.50.Ct
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The designing of schemes for the generation of spec
nonclassical quantum states has been a subject of incre
interest. The realization in the laboratory of schemes t
have been already proposed has been one of the most e
ing challenges to the researchers. In@1# a method is proposed
that offers the possibility of preparing a cavity-field mo
undergoing a Jaynes-Cummings dynamics in any superp
tion of a finite number of Fock states in principle. Th
method is based on a nonunitary ‘‘collapse’’ of the sta
vector of the cavity-field mode via atom ground-state m
surement. Before entering the cavity and interacting with
cavity mode in a controlled way, the atoms are prepared
well-defined superposition of two~Rydberg! states. After
leaving the cavity, the atoms enter a detector for measu
their energies.

In this paper we propose a scheme for the preparation
radiation-field mode in an arbitrary~finite! superposition of
Fock states, by performing alternately coherent quantu
state displacement and single-photon adding in a w
defined succession. The advantage of the scheme is th
not only applies to cavity-field modes but also to travelin
field modes. To be more specific, we first recall that coher
quantum-state displacement can be realized for both ca
field modes~see, e.g.,@2#! and traveling-field modes~see,
e.g.,@3#!. In the former case an external~classical! oscillator
is resonantly coupled through one of the mirrors to
cavity-field mode. In the latter case the coherent displa
ment can be achieved with an appropriately chosen b
splitter for mixing the signal mode with a strong local osc
lator. With regard to cavity-field modes, single-photon ad
ing can be realized by injecting excited atoms into a cav
and detecting the ground state of the atoms, after leaving
cavity. Adopting the Jaynes-Cummings model, it can
shown@4# that if an atom after interaction with a cavity-fiel
mode is detected in the ground state, then the state of
cavity-field mode is reduced, under certain conditions,
;â†uF&, uF& being the state of the cavity-field mode befo
the atom enters the cavity. With regard to traveling-fie
modes, the nonunitary ‘‘collapse’’ to a photon-added st
can be realized by conditional output measurement o
beam splitter@5#. In particular, when a mode prepared in
stateuF& is mixed at the beam splitter with a single-phot
Fock state@6# and a zero-photon measurement is perform
in one of the output channels of the beam splitter, then
quantum state of the mode in the other output channel ‘‘c
lapses’’ to;ŶuF&, with
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Ŷ5Râ†Tn̂ ~1!

(R is the reflectance,T the transmittance of the beam spli
ter!.

Let us assume that the quantum state that is desired t
generated is a finite superposition of Fock states,

uC&5 (
n50

N

cnun&. ~2!

Note that the expansion of any physical state in the F
basis can always be approximated to any desired degre
accuracy by truncating it atN if N is suitably large. Recalling
the definition of Fock states, Eq.~2! can be given by

uC&5 (
n50

N
cn

An!
~ â†!n u0&, ~3!

which may be rewritten as

uC&5~ â†2bN* !~ â†2bN21* !•••~ â†2b2* !~ â†2b1* !u0&.
~4!

Here,b1* ,b2* ,...,bN* are theN ~complex! roots of the char-
acteristic polynomial

(
n50

N
cn

An!
~b* !n50. ~5!

Using the relation

â†2b* 5D̂~b!â†D̂†~b!, ~6!

where D̂(b)5exp(bâ†2b* â) is the coherent displacemen
operator, from Eq.~4! we find that

uC&5D̂~bN!â†D̂†~bN!D̂~bN21!â†

3D̂†~bN21!•••D̂~b1!â†D̂†~b1! u0&. ~7!

Hence, any quantum state of the form~2! can be obtained
from the vacuum by a succession of alternate state displ
ment and single-photon adding, the displacements being
termined by the roots of the characteristic polynomial~5!.

An implementation of the method for a single-mode tra
eling field is outlined in Fig. 1. Following@5#, the state that is
1658 ©1999 The American Physical Society



in

in

th
repared

PRA 59 1659GENERATION OF ARBITRARY QUANTUM STATES OF . . .
FIG. 1. Experimental setup for preparing a traveling-field mode in a quantum stateuC&, Eq. ~2!. At the first stage, a mode prepared

the vacuum stateu0& and a mode prepared in a strong coherent stateuaL1
& are superimposed by a beam splitter with transmittanceT̃ and

reflectanceR̃ (uT̃u→1) in order to produce a displaced vacuum stateD̂(a1)u0& with a15R̃aL1
. At the second stage, the mode prepared

the displaced vacuum stateD̂(a1)u0& and a mode prepared in a single-photon Fock stateu1& are superimposed by a beam splitter wi
transmittanceT. When the detectorD1 does not register photons, then the mode in the other output channel of the beam splitter is p

in a photon-added state;â†Tn̂D̂(a1) u0&. Now the two-step procedure is repeated, with the statesâ†Tn̂D̂(a1)u0& anduaL2
& in place of the

statesu0& and uaL1
&, respectively. As a result, the state;â†Tn̂D̂(a2)â†Tn̂D̂(a1)u0& is produced. Repeating the procedureN times and

performing eventually an additional state displacementD̂(aN11) obviously yields the state in Eq.~8!. Choosing the values ofaLk
such that

the valuesak in Eqs.~12!–~14! are realized, then the output stateuC& is the desired state.
s
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produced if no photons are registered in each of theN con-
ditional output measurements is given by

uC&;D̂~aN11!â†Tn̂D̂~aN!

3â†Tn̂D̂~aN21!•••â†Tn̂D̂~a1! u0&. ~8!

In order to bring Eq.~8! into the form of Eq.~7!, we first
write (k51,2, . . . ,N)

Tn̂D̂~ak!5D̂~ak!@D̂†~ak!T
n̂D̂~ak!# ~9!

and then move the operatorsD̂†(ak)T
n̂D̂(ak) towards the

right, on using the relation

@D̂†~a!Tn̂D̂~a!#â†5T~ â†1T̄a* !@D̂†~a!Tn̂D̂~a!#

5TD̂†~ T̄* a! â†D̂~ T̄* a!

3@D̂†~a!Tn̂D̂~a!#, ~10!

whereT̄512T21. After some algebra we obtain

uC&;D̂~aN11!â†D̂~aN@12T̄* # !

3â†D̂~aN21@122T̄* # !•••â†D̂„a2@12~N21!T̄* #…

3â†D̂S a11T̄* (
k52

N

(
i 52

k

a i1 (
k51

N

@TN2k1121#akD u0&.

~11!

Comparing Eqs.~7! and~11!, we find that the two equation
become identical, if the experimental displacement para
etersak are chosen as follows:
-

a152
1

TNFb11 (
k52

N
~12TN2k11!~bk2bk21!

12~N2k11!T̄*

2T̄* (
k52

N

(
i 52

k
b i2b i 21

12~N2 i 11!T̄*
G , ~12!

ak52
bk2bk21

12~N2k11!T̄*
, k52,3, . . . ,N, ~13!

aN115bN . ~14!

The numerical implementation of the method is rath
simple. First the roots of the polynomial~5! are calculated,
which can be done using standard routines. A straight
ward calculation then yields, according to Eqs.~12!–~14!,
the displacement parameters required in the experime
scheme.

Let us address the question of what is the probabilityPuC&
of producing a chosen stateuC&. Obviously, this probability
is determined by the requirement that all theN detectors do
not register photons. It can be given by

PuC&5P~N,0u1,0;2,0;. . . ;N21,0!•••

3•••P~2,0u1,0! P~1,0!. ~15!

Here, P(k,0u1,0;2,0;. . . ;k21,0) is the probability that the
kth detector does not register photons under the condi
that the detectorsD1 ,D2 , . . . ,Dk21 have also not registere
photons. To calculate the conditional probabilities in E
~15!, we note that thekth zero-photon measurement corr
sponds to the application of the operatorŶ, Eq. ~1!, to the
state resulting from the (k21)th zero-photon measureme
~and subsequent displacement!. Starting from

P~1,0!5iŶD̂~a1!u0&i2, ~16!

we derive step by step (k52,3, . . . ,N)
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P~k,0u1,0;2,0;. . . ;k21,0!

5
iŶD̂~ak!ŶD̂~ak21!•••ŶD̂~a1!u0&i2

iŶD̂~ak21!•••ŶD̂~a1!u0&i•••iŶD̂~a1!u0&i
~17!

(i uF&i5A^FuF&). Combining Eqs.~15! and ~17!, we find
that

PuC&5PN
2 )

k51

N21

~Pk!
k122N, ~18!

where

Pk5iŶD̂~ak!ŶD̂~ak21!•••ŶD̂~a1!u0&i . ~19!

Substituting in Eq.~19! for Ŷ Eq. ~1! and using Eqs.~9!,
~10!, and~6!, after some algebra we obtain

P k
25uRu2kuTuk~k21!I )

m51

k

~ â†1bmk* !ugk&I 2

3expS 2uRu2 (
m51

k U(
j 51

m

Tm2 ja jU2D , ~20!

where the abbreviationsb1k50,

bmk52 (
j 50

m22

T* j 112mak2 j , m52,3, . . . ,k, ~21!

and

gk5(
j 51

k

Tk112 ja j ~22!

have been introduced. To calculate the square of the norm
the state in Eq.~20!, we may write

I )
m51

k

~ â†1bmk* !ugk&I 2

5^gku )
m51

k

~ â1bmk!)
l 51

k

~ â†1blk* !ugk&

5 (
m,l 50

k H F (
i 1 ,•••,i m

,

bi 1k•••bi mkGF (
i 1 ,•••,i l

,

bi 1k* •••bi lk
* G

3^gkuâk2mâ†k2 l ugk&J , ~23!

where the symbol( i 1 ,i 2 ,•••

,

is used to indicate that the sum

mation requires the conditioni 1, i 2,••• to be satisfied, and

^gkuâk2mâ†k2 l ugk&

5H ~k2m!!gk*
m2 lLk2m

m2 l ~2ugku2! if l ,m,

~k2 l !!gk
l 2mLk2 l

l 2m~2ugku2! if l>m
~24!

@Ln
m(x) being the generalized Laguerre polynomial#.
of

In order to illustrate the method, let us consider the g
eration of truncated coherent phase states@7#

uC&[uz;N&5C~z;N! (
n50

N

znun&, ~25!

where

C~z;N!55A
12uzu2

12uzu2~N11!
if uzu,1,

1

AN11
if uzu51.

~26!

The rootsbk* of the characteristic polynomial

(
n50

N
zn

An!
~b* !n50 ~27!

are given in Table I forz50.4 andN56. The table also
shows the values of the displacement parametersak calcu-
lated from Eqs.~12!–~14! for T50.99. The probability of
producing the state isPuC&51.9%. For chosen state th

FIG. 2. ProbabilityPuC& of producing truncated coherent pha
statesuC&5uz;N&, Eq. ~25!, is shown as a function of the absolu
value of the beam-splitter transmittanceuTu for N56 ~solid line!
and N55 ~dotted line!, and z50.4. It is assumed that the bea
splitters used for photon adding have the same transmittance.

TABLE I. The rootsbk* 5ubkue2 iwbk of the characteristic poly-
nomial ~27! and the displacement parametersak5uakueiwak, Eqs.
~12!–~14!, are given for a truncated coherent phase stateuC&5uz;N&
(z50.4, N56), and T50.99. The probability of producing the
state isPuC&51.9%. It is calculated from Eq.~18!, and the values
of P k

2 are given in the last column.

k ubku wbk
uaku wak

Pk
2

1 6.26 22.80 6.17 20.32 0.357
2 6.26 2.80 3.99 1.57 0.130
3 7.07 22.10 8.16 21.84 0.047
4 7.07 2.10 11.81 1.57 0.017
5 9.46 21.35 16.00 21.92 0.005
6 9.46 1.35 18.30 1.57 0.001
7 9.46 21.35
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probabilityPuC& sensitively depends on the absolute value
the transmittance of the beam splitter,uTu, as can be seen
from Fig. 2 for two truncated coherent phase states.
probability increases withuTu, attains a maximum, and the
rapidly approaches zero asuTu goes to unity. Figure 2 also
reveals that increasingN does not necessarily diminish th
probability. So far we have assumed that the beam split
used for photon adding have the same transmittance. Ass
ing different beam splitters, one may ask for the optimum
of transmittances that gives the highest probability of p
ducing a chosen state. Our numerical calculations for
truncated coherent phase states have not led to a subst
improvement compared to the case when equal beam s
ters are used.

In summary, we have shown that single-mode radiat
can be prepared in arbitrary pure quantum states, by a
cession of alternate state displacement and single-ph
adding. With regard to traveling fields, these operations
be realized within a beam-splitter array into which coher
states and single-photon Fock states are fed and zero-ph
measurements are performed using highly efficient a
t.
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lanche photodiodes. It is worth noting that the generation
arbitrary pure quantum states of traveling fields offers n
possibilities of quantum-state measurement, such as pro
tion synthesis for measuring the overlapsu^AuF&u2 of a given
stateuF& with arbitrary statesuA& @8,9#. Projection synthesis
simply uses a beam splitter for combining the signal mo
prepared in the stateuF& and a reference mode prepared in
stateuC& and two photodetectors in the output channels
the beam splitter for measuring the joint-event probabi
distribution. The statesuC& can be calculated from the state
uA& ~e.g., the statesuC& that are associated with the truncat
phase states are reciprocal binomial states@8#!. Obviously,
the crucial point is the preparation of specific statesuC&,
which may be solved using the method proposed here.

Note added.After preparing the article we were mad
aware of a paper on the preparation of a superposition of
vacuum and one-photon states of traveling fields by us
similar basic elements@10#.
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