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Generation of arbitrary quantum states of traveling fields
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We show that any single-mode quantum state can be generated from the vacuum by alternate application of
the coherent displacement operator and the creation operator. We propose an experimental implementation of
the scheme for traveling optical fields, which is based on field mixings and conditional measurements in a
beam-splitter array, and calculate the probability of state generafd®50-294{@9)09702-4

PACS numbds): 42.50.Dv, 42.50.Ct

The designing of schemes for the generation of specific Y=Ra 1)
nonclassical quantum states has been a subject of increasing
interest. The realization in the laboratory of schemes thatr is the reflectance the transmittance of the beam split-
have been already proposed has been one of the most exaiky).
ing challenges to the researchers| Iha method is proposed | ¢t ys assume that the quantum state that is desired to be
that offers the possibility of preparing a cavity-field mode generated is a finite superposition of Fock states,
undergoing a Jaynes-Cummings dynamics in any superposi-
tion of a finite number of Fock states in principle. The N
method is based on a nonunitary “collapse” of the state |Wy=2> ¢yln). (2
vector of the cavity-field mode via atom ground-state mea- n=0

surement. Before entering the cavity and interacting with thef\lote that the expansion of any physical state in the Fock

Ca\lllitﬁ T.Odg in a controlled w]?y, ths i‘gms are prep%ed N Basis can always be approximated to any desired degree of
well-defined superposition of twéRydberg states. After ..\ racy by truncating it af if N is suitably large. Recalling

leaving the cavity, the atoms enter a detector for measuringhe definition of Fock states, E€2) can be given by
their energies. '

In this paper we propose a scheme for the preparation of a N "
radiation-field mode in an arbitrarffinite) superposition of W)= >, —(ah"|o), 3)
Fock states, by performing alternately coherent quantum- n=0 \/n—'

state displacement and single-photon adding in a well- ,

defined succession. The advantage of the scheme is that'fich may be rewritten as

not only applies to cavity-field modes but also to traveling- ~ - - -

field modes. To be more specific, we first recall that coherent |W)=(a"-BY)(@"-B_1)---(a'=B3)(@"-B1)|0).
guantum-state displacement can be realized for both cavity-

field modes(see, e.g.[2]) and traveling-field modessee,
e.g.,[3]). In the former case an extern@lassical oscillator

is resonantly coupled through one of the mirrors to th

(4)

Here, 87,85 ,...,Bx are theN (complex roots of the char-
eacteristic polynomial

cavity-field mode. In the latter case the coherent displace- N "
ment can be achieved with an appropriately chosen beam > L (p*)"=0. (5)
splitter for mixing the signal mode with a strong local oscil- =0 \n!

lator. With regard to cavity-field modes, single-photon add- i

ing can be realized by injecting excited atoms into a cavityJsing the relation

and detecting the ground state of the atoms, after leaving the ft e Al mpa

cavity. Adopting the Jaynes-Cummings model, it can be a'—p"=D(B)a’D(B), (6)
shown[4] that if an atom after interaction with a cavity-field . - a .

mode is detected in the ground state, then the state of tthereD(,B)=exp(ﬂaT—,B*_a) is the coherent displacement
cavity-field mode is reduced, under certain conditions, tg°Perator, from Eq(4) we find that

~af|®), |®) being the state of the cavity-field mode before o At ~ -

the ato>m er>1ters the cavity. With regard to traveling-field [¥)=D(Bwa'D (BwD(By-1a!
modes, the nonunitary “collapse” to a photon-added state At ..D AtHT

can be realized by conditional output measurement on a XD (Bn-1)- - D(B)DN(B)[0). @
beam splitte5]. In particular, when a mode prepared in a Hence, any quantum state of the fo(®) can be obtained
state|®) is mixed at the beam splitter with a single-photon from the vacuum by a succession of alternate state displace-
Fock state[6] and a zero-photon measurement is performednent and single-photon adding, the displacements being de-
in one of the output channels of the beam splitter, then thgermined by the roots of the characteristic polynongl
quantum state of the mode in the other output channel “col-  An implementation of the method for a single-mode trav-
lapses” to~Y|®), with eling field is outlined in Fig. 1. Followingg], the state that is
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FIG. 1. Experimental setup for preparing a traveling-field mode in a quantum|$tafeEq. (2). At the first stage, a mode prepared in
the vacuum statg)) and a mode prepared in a strong coherent étqt@ are superimposed by a beam splitter with transmittahead

reflectancer (| T|—1) in order to produce a displaced vacuum sfater;)|0) with a;=Ra

At the second stage, the mode prepared in

the displaced vacuum stafb(al)|0> and a mode prepared in a single-photon Fock sthteare superimposed by a beam splitter with

transmittancel. When the detectdD, does not register photons, then the mode in the other output channel of the beam splitter is prepared

in a photon-added stateaTT“D(al) |0). Now the two-step procedure is repeated, with the smY§§D(a1)|O> and|aL ) in place of the
states|0) and |, > respectively. As a result, the sta’feaTT”D(aZ)aTT“D(al)|0> is produced. Repeating the procediNdimes and

performing eventually an additional state displacenify, . ;) obviously yields the state in E¢8). Choosing the values oka such that
the valuesy, in Egs.(12)—(14) are realized, then the output stdi®) is the desired state.

produced if no photons are registered in each ofNh&on-
ditional output measurements is given by

W) ~D(ay.1)a "D (ay)

X&' TD(ay_y)-a"TB(a)) [0). (@)

In order to bring Eq.8) into the form of Eq.(7), we first
write (k=1,2,... N)

T'D () =D (@) [D(er) TD ()] 9

and then move the operatofs'(a,)T"D(«,) towards the
right, on using the relation

[D'(a)T'D(a)]a’=T(a +Ta*)[DT(a)T"D(a)]
=TD"(T*a) a"D(T* @)
X[D(a)TD(a)], (10
whereT=1—T"1. After some algebra we obtain
[W)~D(ay:1)aD(ay[1-T*])

xa'D(ay_1[1-2T*])---a'D(a,[1—(N—1)T*])

N
+ > [TV 117, ]|0).
k=1

xa'D| ay+T*

11

B S CE e e [V Y
T & - (N—kr )T
N
= Bi—Bi-1
—T* —_— 12
kzz;zl—(N—iﬂ)T* ’ (12
Bx— Bk-1
- —, k=23,...N, (13
IS (N—k )T N 9
an+1=Bn- (14)

The numerical implementation of the method is rather
simple. First the roots of the polynomiéb) are calculated,
which can be done using standard routines. A straightfor-
ward calculation then yields, according to Eq$2)—(14),
the displacement parameters required in the experimental
scheme.

Let us address the question of what is the probabity,
of producing a chosen staf# ). Obviously, this probability
is determined by the requirement that all tRedetectors do
not register photons. It can be given by

Plyy=P(N,01,0;2,0;...;N=1,0)- - -

X ---P(2,01,0) P(1,0. (15
Here, P(k,01,0;2,0;. . . ;k—1,0) is the probability that the
kth detector does not register photons under the condition
that the detector®,,D,, ... Dy_4 have also not registered
photons. To calculate the conditional probabilities in Eq.
(15), we note that the&kth zero-photon measurement corre-
sponds to the application of the operatr Eq. (1), to the
state resulting from thek(1)th zero-photon measurement
(and subsequent displacemer8tarting from

Comparing Egs(7) and(11), we find that the two equations
become identical, if the experimental displacement param-
etersa, are chosen as follows: we derive step by stegkE2,3,... N)

P(1,0=[YD(a;)|0)]?, (16)
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P(k,0/1,0;2,0;. .. ;k—1,0

-YD(ay)|0)|?
YD (ay)|0)|

_ I¥B(e)¥YD(ayy)--
IYD(ay-1)---YD(ay)|0)--

(I |®)]|= V{®|D)). Combining Eqs(15) and(17), we find

7

that
N—-1
Ploy="PR k[ll (PO27N, (18)
where
Pe=[YD(a) YD (ax_1)---YD(ap|O)]. (19

Substituting in Eq.(19) for Y Eq. (1) and using Egs(9),
(10), and(6), after some algebra we obtain

k

JINCIET SIS

2
PE= IR T

o

where the abbreviations;, =0,

k
~IRP >

2
|

m
2 Tmfjozj
j=1

m—2

bnk=— > T*I"1 Mgy, m=23, ...
i=o0

k, (21
and

k

=2 T

k+l Ja,

(22

have been introduced. To calculate the square of the norm
the state in Eq(20), we may write

2
aT+ b | i)

k k
=<7k|m[[1 <é+bmk)|[[1 @'+ b} v

k

= >

m,I=0

[

X{ylak mar| 7k>} , (23

. is used to indicate that the sum-
to be satisfied, and

where the symbok; ;.
mation requires the conditidR<<i,<- - -

(vda“ ma !y

|(k m)!y

e m- IL if 1<m,

if |

|7k|2) 24
_|7k|2) =m @9

=

(k=D!yg

[L(x) being the generalized Laguerre polynorhial
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TABLE I. The rootsg; =|B,/e”'¢s. of the characteristic poly-
nomial (27) and the displacement parameterg=|a,|e'¢«, Egs.
(12)—(14), are given for a truncated coherent phase sthje-|z;N)
(z=0.4, N=6), andT=0.99. The probability of producing the
state |st,>— .9%. It is calculated from Eq18), and the values
of PZ are given in the last column.

k |8l 5, | Pa P

1 626  —2.80 617 -032 0357
2 6.26 2.80 3.99 157  0.130
3 707 —2.10 816  —1.84  0.047
4 7.07 210 1181 157 0017
5 946  -135 1600 —192  0.005
6 9.46 135  18.30 157  0.001
7 946  —135

In order to illustrate the method, let us consider the gen-
eration of truncated coherent phase st@ids

N
|¥)=|z;N)=C(z;N) >, z"|n), (25)
n=0
where
_ 2
Nt
1_|z|2(N+1)
C(z;N)= (26)
1
if |z|]=1
VN+1
The roots@; of the characteristic polynomial
N N
> —=(B*)"= 27
A=0 \/n!

of

are given in Table | forz=0.4 andN=6. The table also
shows the values of the displacement parametgrsalcu-
lated from Eqs.(12)—(14) for T=0.99. The probability of
producing the state i¥y,=1.9%. For chosen state the
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FIG. 2. ProbabilityP|y of producing truncated coherent phase
stated')=|z;N), Eq.(25), is shown as a function of the absolute
value of the beam-splitter transmittanE for N=6 (solid line)
and N=5 (dotted ling, andz=0.4. It is assumed that the beam
splitters used for photon adding have the same transmittance.
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probability P}y, sensitively depends on the absolute value oflanche photodiodes. It is worth noting that the generation of
the transmittance of the beam splitt¢T|, as can be seen arbitrary pure quantum states of traveling fields offers new
from Fig. 2 for two truncated coherent phase states. Th@ossibilities of quantum-state measurement, such as projec-
probability increases withT|, attains a maximum, and then tion synthesis for measuring the overldpa|®)|? of a given
rapidly approaches zero #%| goes to unity. Figure 2 also state|®) with arbitrary state$A) [8,9]. Projection synthesis
reveals that increasinly does not necessarily diminish the simply uses a beam splitter for combining the signal mode
probability. So far we have assumed that the beam splittergrepared in the staf@) and a reference mode prepared in a
used for photon adding have the same transmittance. AssUrigate| W) and two photodetectors in the output channels of
ing different beam splitters, one may ask for the optimum Sefne heam splitter for measuring the joint-event probability

of ransmittances that gives the highest probability of pro-yiqui tion. The statelgV') can be calculated from the states

ducing a chosen state. Our numerical calculations for th AP (e.g., the statelsh) that are associated with the truncated
truncated coherent phase states have not led to a substan Aase states are reciprocal binomial st48fs Obviously

improvement compared to the case when equal beam spli he crucial point is the preparation of specific Stas

ters are used. which may be solved using the method proposed here.

In summary, we hav_e shown that single-mode radiation Note added.After preparing the article we were made
can be prepared in arbitrary pure quantum states, by a sug,

cession of alternate state displacement and single-photq yvare of a paper on the preparation of a superposition of the
; . lISplg 9'e-photQIL - ium and one-photon states of traveling fields by using
adding. With regard to traveling fields, these operations can. . .
. L9 : . ! imilar basic elementgl0].
be realized within a beam-splitter array into which coheren

states and single-photon Fock states are fed and zero-photon This work was supported by the Deutsche Forschungsge-
measurements are performed using highly efficient avameinschaft.
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