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Polarization dynamics of a Brillouin fiber ring laser
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The usual three-wave description of stimulated Brillouin scattering~SBS! in birefringent fibers is revised by
considering that the pump beam is not necessarily linearly polarized parallel to one of the main axes. The
equations obtained govern the dynamics of SBS in a polarization maintaining fiber whatever the state of
polarization of the light. A model describing the polarization dynamics of a Brillouin fiber ring laser is then
obtained by completing these equations by appropriate boundary conditions. For various orientations of the
fiber axes and various polarizations of the incident pump beam, the behaviors of a short-length Brillouin laser
are finally studied by numerical simulations that are systematically compared to experimental results.
@S1050-2947~99!08302-X#

PACS number~s!: 42.65.Es, 42.65.Sf
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I. INTRODUCTION

The Brillouin fiber ring laser is a system whose dynami
behavior is now well understood. As long as the input pu
power is sufficiently low to avoid the second-order Stok
emission@1# it can exhibit two kinds of operating regime
The first one is a stationary regime in which a very coher
cw Stokes wave is backscattered by the optical fiber. T
steady ‘‘Brillouin mirror’’ can be easily obtained if the fibe
is short enough@2#. The free spectral range~FSR! of the ring
laser is then comparable to the width of the Brillouin ga
curve and the Stokes emission involves only one ca
mode. On the other hand, the laser behavior becomes c
pletely different if the cavity FSR is small in comparison
the width of the gain bandwidth. A large number of cav
modes are then able to oscillate and pulsed regimes, as
ated with a multimode Stokes emission, are observed n
the threshold@3#. However, even if the fiber is long, th
Brillouin laser generates a stable cw Stokes beam at h
enough input pump power@4#.

The previously described behaviors are observed for B
louin lasers made with polarization maintaining fibers. Mo
over, the laser ring structure is commonly designed so
the polarization of the optical fields always remains line
However, recent experiments have shown that the beha
of a short Brillouin fiber laser becomes qualitatively differe
if the ring structure is slightly modified to scramble the lig
polarization along the fiber@5#. This was simply achieved by
rotating by 90° one of the fiber ends. The slow axis at
input end being then nearly parallel to the fast axis at
output end, the laser no longer operates in the Brillouin m
ror regime but exhibits polarization instabilities. Periodic a
quasiperiodic regimes have thus been observed and a p
ization resolved analysis has revealed an antiphase dyna
between two eigendirections characterizing the laser. O
ously, the theoretical study of such a behavior cannot
undertaken within the framework of the model usually us
One of its major assumption lies indeed in the fact that
polarization of the light beams remains linear all along
fiber. This leads to a well-established model involving tw
optical waves and an acoustic wave.
PRA 591050-2947/99/59~2!/1644~10!/$15.00
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In this paper we extend the usual three-wave mode
stimulated Brillouin scattering~SBS! by taking into account
the fact that the state of polarization~SOP! of the light can
change inside the fiber. This is achieved in Sec. II by c
sidering that any optical field can be decomposed with
spect to the two orthogonally polarized modes supported
the birefringent fiber. By performing a classical treatme
we obtain equations governing the dynamics of SBS in
polarization maintaining fiber whatever the SOP of light.
Sec. III they are completed by the boundary conditions ch
acterizing a ring laser. This section is also devoted to
study of the static properties of the passive ring resona
The evolution of the intracavity intensity and the nature
the eigenstates of polarization are thus considered for var
orientations of the fiber axes. A normalization of the equ
tions governing the laser dynamics is then performed in S
IV. Finally, the laser behavior is studied by numerical sim
lations that are presented in Sec. V. The obtained results
compared to that already experimentally observed. Furth
more, configurations corresponding to other orientations
the fiber axes and other polarizations of the incident pu
beam are also investigated both experimentally and num
cally. We conclude in Sec. VI.

II. ESTABLISHMENT OF THE MODEL

One way to deal with polarization effects occurring insi
the fiber consists in introducing a depolarization factor. T
point of view is often adopted by authors studying the b
havior of Brillouin generators or SBS in the presence
weak external feedback. It is based on the fact that the S
of the output Stokes light can differ from that of the pum
laser. The depolarization factor is obtained by measuring
percentage of Stokes power contained in the polarization
rection parallel to that of the incident laser. The effecti
Brillouin gain is then deduced by multiplying the maximu
gain by the depolarization factor. Such an approach has b
essentially developed for studies of SBS in polarizatio
scrambled fibers. It leads to results in good agreement w
experimental data for the Brillouin generator in which ga
narrowing of the Stokes spectrum is observed@6#. Dynamical
1644 ©1999 The American Physical Society
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PRA 59 1645POLARIZATION DYNAMICS OF A BRILLOUIN FIBER . . .
aspects in fibers with feedback have also been studied
including a depolarization factor, but SBS was not the o
nonlinear effect involved in the interaction@7#.

The previously described way to tackle the problem
rather simplified and is inadequate to describe SBS in
highly birefringent fiber used in our laser. In that case,
theoretical treatment of the nonlinear interaction first
quires a tensorial analysis of the medium optical propert
Following Ref.@8#, the dielectric tensor can be decompos
into the sum of a static part« ik

0 and of a fluctuating par
D« ik :

« ik5« ik
0 1D« ik . ~1!

If an appropriate choice of dielectric axes is made, the st
part of the tensor takes a simple form and the knowledge
the principal dielectric constants«xx ,«yy ,«zz is sufficient to
describe the static properties of the optical fiber. Light sc
tering arises from fluctuations in the dielectric characteris
of the fiber that are described byD« ik . The writing of this
last tensor is crucial because it links the SOP of the Sto
field to that of the pump field. To determine the compone
of D« ik let us consider the experiments in which the evo
tion of the Brillouin gain is measured as a function of t
SOP of the pump and Stokes fields. This kind of experim
is commonly performed with a pump-probe arrangement@9#.
In the case of polarization maintaining fibers, the measu
ments show that the maximum gain is reached when
direction of polarization of the pump and probe fields co
cides with one of the birefringent axes of the fiber@10#. The
direction of polarization of the probe field remaining paral
to the birefringent axis, the Brillouin gain decreases if t
polarization of the pump field is rotated. It becomes neg
gible if the pump and probe fields are perpendicular to e
other. The situation is very different if the angle between
birefringent axis and the probe field is equal to 45°. In the
conditions, the Brillouin gain is nearly independent of t
polarization azimuth of the pump beam and is approxima
one-half the maximum gain. Those results have been
plained by Stolen@11# and clearly allow us to write

D« ik5D«d ik , ~2!

whereD« is a scalar andd ik is the Kronecker symbol. It is
then natural to write the electric field as a superposition
the two orthogonally polarized modes able to propagate
the fiber:

E~x,y,z,t !5Ex~x,y,z,t !i1Ey~x,y,z,t !j . ~3!

In the expression~3! the directionz is the propagation direc
tion. x andy are two transverse directions that are chosen
coincide with the principle axes of the fiber. Those axes
orthogonal and characterized by the refractive indicesnx and
ny . For guided propagation through a single mode opti
fiber, the usual treatment consists in ignoring the transve
variation of the electric fields so that we can write

Ex~x,y,z,t !5Ex~z,t !5Epx~z,t !1Esx~z,t !, ~4a!

Ey~x,y,z,t !5Ey~z,t !5Epy~z,t !1Esy~z,t !, ~4b!
by
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whereEpx andEpy (Esx andEsy) represent the orthogonall
polarized pump~Stokes! fields. In the case of SBS, one ca
consider that each of these fields is composed of a h
frequency carrier modulated by a narrow bandwidth en
lope:

Epl~z,t !5Apl~z,t !ei ~vpt2kplz!1c.c. ~ l 5x,y!, ~5a!

Esl~z,t !5Asl~z,t !ei ~vst1kslz!1c.c. ~ l 5x,y!. ~5b!

The envelopesAml(z,t)(m5p,s; l 5x,y) of the fields are
slowly varying on time scales comparable to the optical
riod and on distances comparable to the wavelength.vp is
the pulsation of the pump laser. The pulsationvs of the
Stokes wave is given byvs5vp2va , whereva is the pul-
sation of the acoustic wave. The propagation of the opt
waves inside the fiber is characterized by the wave vec
kml5nlvm /c (m5p,s and l 5x,y), wherec is the velocity
of light in vacuum.

Following an analogous approach, the acoustic wave
ated in the interaction can be written as

r̃~z,t !5r~z,t !ei ~vat2kaz!1c.c. ~6!

ka5va /cs is the wave vector of the material wave andcs is
its velocity in the fiber. In Eq.~6! the acoustic wave is sup
posed to be plane. This assumption can be discussed bec
a fiber, even optically monomodal, can be acoustically m
timodal. One of the most spectacular manifestations of
effect is the guided-acoustic-wave Brillouin scatteri
~GAWBS! @12,13#. Even if recent experiments tend to sho
a coupling between SBS and GAWBS in a laser@14#, we
will nevertheless restrict ourselves to the usual approxim
tion that consists in neglecting the influence of transve
effects for the acoustic wave.

The expressions for the acoustic and optical waves n
being established, the following step of our theoretical ana
sis consists in introducing them into the equations coupl
their spatiotemporal evolution@Eqs.~8.3.11! and ~8.3.16! of
Ref. @8##. By using the slowly varying approximation fo
phases and amplitudes~SVAPA!, we obtain the following set
of equations

]Apy

]t
1

c

ny

]Apy

]z
1

ge

2
Apy5 iKrAsy , ~7a!

]Apx

]t
1

c

nx

]Apx

]z
1

ge

2
Apx5 iKrAsxe

2 iDkz, ~7b!

]Asy

]t
2

c

ny

]Asy

]z
1

ge

2
Asy5 iKr* Apy , ~7c!

]Asx

]t
2

c

nx

]Asx

]z
1

ge

2
Asx5 iKr* Apxe

iDkz, ~7d!

]r

]t
1cs

]r

]z
1gar5 iK 8~ApyAsy* 1ApxAsx* eiDkz!, ~7e!

wherege represents the damping rate of the optical fiel
ga5pDnB is the damping coefficient of the acoustic wa
andDnB is the full width at half maximum of the Brillouin



y
th

ric

t
e

in-
la
h

th
y

e
on
-

ob
d,

r

rc
s
te
th

n
e

o

e
by

ccurs
is

ays

e

nts,
cy.
the
is

ndi-

e-
1.
r-
es

dent
e

la-
he
s
he

1646 PRA 59S. RANDOUX AND J. ZEMMOURI
gain curve. Rigorously speaking,K5(vm/2nl
2)(]« l l /]r)( l

5x,y and m5p,s) is a coupling constant that slightl
changes from one equation to the other one. However,
relative amplitude of this change is very low (.1024) and
henceforth we will consider thatK is a constant that is given
by K5(v/2n)(]«/]r). n5(nx1ny)/2 is the average value
of the fiber refractive index.v is equal to 2pc/nl, wherel
is the pumping wavelength. The strength of the electrost
tive effect is given by the coefficient ]«/]r
5p12(n

4/r0). p12 is the longitudinal elasto-optic coefficien
in fused silica andr0 is the average fiber density. Finally, th
coupling constantK8 of Eq. ~7e! is given by («0r0va/
4cs

2)(]«/]r).
Equations~7! clearly evidence the mechanisms of the

teraction occurring inside the fiber. The optical waves po
ized along thex and y directions are not coupled to eac
other as in a cascade process@1#, but mutually interact via
the same material wave. Let us now explain the origin of
termse6 iDkz that appear in the equation governing the d
namics of the acoustic wave@Eq. ~7e!# and in the equations
involving the optical fields that are polarized along thex
direction @Eqs. ~7b! and ~7d!#. As already mentioned, th
Brillouin interaction is submitted to a resonance conditi
(vp5vs1va). Usually, SBS involves only one of the prin
ciple axes of the fiber. If this axis is denotedy, the Brillouin
gain is maximized when the phase-matching relationka
5kpy1ksy is precisely verified. By ignoring thex direction,
this directly leads to the three-wave SBS model. In our pr
lem, SBS occurs along the two transverse directions an
we assume that the phase-matching conditionka5kpy1ksy
is fulfilled for the y direction, it cannot be the case for thex
direction. Along this transverse axis, the phase-matching
lation characterizing the interaction readskpx1ksx5ka
1Dk, where one can easily show thatDk5@(nx
2ny)/nx#ka . The functions e6 iDkz appear during the
SVAPA and are responsible for a modulation of the sou
terms related to thex direction. This modulation expresse
the fact that the two transverse directions are not charac
ized by the same Brillouin gain. Let us emphasize that
gain is not necessarily maximum for they direction and
lower for thex direction. This depends on the boundary co
ditions and an appropriate choice of the phase of the incid
fields can lead as well to an opposite situation.

By introducing the variablesrx(z,t) andry(z,t) defined
by the relation

r~z,t !5ry~z,t !1rx~z,t !eiDkz ~8!

and by neglecting the influence of cross terms appearing
the right-hand side (Dk.2000 m21), we obtain the follow-
ing set of equations for the description of the interaction:

]Apy

]t
1

c

ny

]Apy

]z
1

ge

2
Apy5 iKryAsy , ~9a!

]Apx

]t
1

c

nx

]Apx

]z
1

ge

2
Apx5 iKrxAsx , ~9b!

]Asy

]t
2

c

ny

]Asy

]z
1

ge

2
Asy5 iKry* Apy , ~9c!
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]Asx

]t
2

c

nx

]Asx

]z
1

ge

2
Asx5 iKrx* Apx , ~9d!

]ry

]t
1cs

]ry

]z
1gary5 iK 8ApyAsy* , ~9e!

]rx

]t
1cs

]rx

]z
1~ga1 icsDk!rx5 iK 8ApxAsx* . ~9f!

In these equations, thex direction is decoupled from they
direction. The y-polarized pump wave interacts with th
y-polarized Stokes wave through mechanisms described
the usual set of three equations and the same process o
for thex direction. However, as already explained, the gain
never identical for the two directions because there alw
exists a frequency detuning equal tocsDk between the two
orthogonally polarized Stokes waves. The writing of Eqs.~9!
could let suppose that they-polarized (x-polarized! optical
waves are coupled to a ‘‘y-polarized (x-polarized! acoustic
wave.’’ To discuss this point of view, let us consider th
change of variables given by Eq.~8!. Unlike Eq. ~3!, the
decomposition performed in Eq.~8! is not vectorial but
shows that the acoustic wave consists of two compone
each of them oscillating around a given spatial frequen
The phase-matching relation being precisely verified for
y direction, this spatial frequency is equal to zero for th
direction. On the other hand, as the phase-matching co
tion is not strictly fulfilled for thex direction, thex-polarized
optical waves interact with the componentrx whose spatial
frequency is shifted aroundDk.

III. BOUNDARY CONDITIONS, INTRACAVITY
INTENSITY, AND EIGENSTATES OF POLARIZATION

From a theoretical point of view, the ring resonator d
scribed in Ref.@5# is equivalent to that presented in Fig.
M2 , M3 , andM4 are polarization insensitive mirrors cha
acterized by a reflectivity equal to 1. All the resonator loss
are assumed to be localized on the mirrorM1 . The anisot-
ropy of these losses is described by a polarization-depen
reflectivity. The reflection coefficient for the amplitude of th
fields polarized parallel~perpendicular! to the plane of inci-

FIG. 1. Schematic representation of the Brillouin fiber ring
ser. u0 is the angle between the direction of polarization of t
incident field E0 and they axis. The output end of the fiber i
rotated by an angleu. All the resonator losses are localized on t
mirror M1 characterized by the reflection coefficientsR andR8.
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dence is denotedR8 (R). In our study, the incident pump
field E0 is assumed to be linearly polarized. Its polarizati
direction forms an angleu0 with they axis at the input end o
the fiber. In the general case, the output end of the fibe
rotated by an angleu so that the boundary conditions cha
acterizing the laser read

Epy~z50,t !5E0~12R!cosu01R cosuEpy~z5L,t !

2R sinuEpx~z5L,t !, ~10a!

Epx~z50,t !5E0~12R8!sinu01R8 cosuEpx~z5L,t !

1R8sinuEpy~z5L,t !, ~10b!

R8Esx~z50,t !5Esy~z5L,t !sinu1Esx~z5L,t !cosu,
~10c!

REsy~z50,t !5Esy~z5L,t !cosu2Esx~z5L,t !sinu.
~10d!

The lengthL of the optical fiber being much greater than th
of the optical path separatingM2 from M1 , the delay asso-
ciated with the corresponding propagation has been
glected in the establishment of Eqs.~10!. By setting E0
5A0eivpt and by using the expressions given by Eqs.~5a!
and ~5b!, the boundary conditions finally read

Apy~z50,t !5A0~12R!cosu01R cosuApy~z5L,t !e2 ikpyL

2R sinuApx~z5L,t !e2 ikpxL, ~11a!

Apx~z50,t !5A0~12R8!sinu0

1R8 cosuApx~z5L,t !e2 ikpxL

1R8 sinuApy~z5L,t !e2 ikpyL, ~11b!

R8Asx~z50,t !5Asy~z5L,t !sinueiksyL

1Asx~z5L,t !cosueiksxL, ~11c!

RAsy~z50,t !5Asy~z5L,t !cosueiksyL

2Asx~z5L,t !sinueiksxL. ~11d!

A0 is the amplitude of the incident pump field and the fr
quency detuning parametersdml5kmlL (m5p,s and l
5x,y) express the fact that the cavity is not necessarily re
nant for all the optical waves. It can be easily shown that
frequency detuning parameterdmx (m5p,s) characterizing
anx-polarized wave can be linked to the frequency detun
parameter characterizing ay-polarized wave through the re
lation

dmx5dmyS 11
nx2ny

ny
D ~m5p,s!. ~12!

At first sight, this seems to show thatdmx is perfectly deter-
mined if dmy is known. However, we are going to see th
the length and the birefringence of the fiber are not kno
with an accuracy sufficient to linkdmx to dmy in a simple
way. Let us suppose that the cavity length is tuned so
dpy is precisely a multiple of 2p. Mathematically, this can
is

t

e-

-

o-
e

g

t
n

at

be written asdpy52p j , where j is an integer equal to
nyL/l. The difference betweendpx anddpy then reads

dpx2dpy52p j
nx2ny

ny
52p

L~nx2ny!

l
. ~13!

For values of fiber length, pumping wavelength, and birefr
gence that are representative of the experiments (L.12 m,
l.800 nm, andnx2ny.1024), the termL(nx2ny)/l is
approximately equal to 1500. In these conditions, we c
choose to writedpx2dpy as the sum of a multiple of 2p and
of a termf̄p comprised between 0 and 2p:

dpx2dpy52p j 81f̄p. ~14!

In practice, the values ofL andnx2ny are not known with
an accuracy better than a few percent. However, even a s
relative variation (.1023) of the value of one of these pa
rameters leads to a change in the numerical value ofL(nx
2ny)/l that is of the order of unity. Therefore, the param
etersj 8 andf̄p cannot be accurately defined. This is not ve
important for the term 2p j 8 that can be ignored with regar
to the boundary conditions. It is more problematic for t
value off̄p that can drastically change if the numerical va
ues of L and nx2ny are slightly modified. Obviously, an
analogous argumentation can also be developed for the
quency detuning parameters characterizing the Stokes w
In fact, if one detuning parameter is fixed, the others can
considered as arbitrary. However, if the value of one of th
increases by a given quantity, the value of the others
creases by the same quantity. Therefore, we will hencef
consider that

dpx5dpy1fp , ~15a!

dsy5dpy1fsy , ~15b!

dsx5dpy1fsx . ~15c!

fp ,fsy , andfsx are arbitrary parameters that are compris
between 0 and 2p. Let us emphasize that, in the expe
ments, the values offp , fsy , andfsx always drift because
of slight random changes in the values ofL, l, and nx
2ny . Rigorously speaking,fp , fsy, andfsx must be con-
sidered as stochastic parameters. However, in the presen
per, we are going to assume that they drift sufficiently slow
to be considered as constants during the acquisition tim
the temporal signals (.0.01 s!. Therefore, in the numerica
simulations, the parametersfp , fsy, andfsx will be consid-
ered as time independent and their values will be chose
order to obtain the best agreement between theory and
periments.

Let us now restrict the problem to the study of the pass
ring resonator~i.e., no Brillouin gainK5K850) operating
in time-independent regime. We are first going to estab
the general expression giving the evolution of the intracav
pump intensity as a function of the frequency detuning
rameterdpy . If we neglect the propagation losses~i.e., ge
50), the fieldsApy and Apx are independent ofz and Eqs.
~11a! and ~11b! become
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1648 PRA 59S. RANDOUX AND J. ZEMMOURI
Apy5A0~12R!cosu01R cosuApye
2 idpy

2R sinuApxe
2 idpx, ~16a!

Apx5A0~12R8!sinu 01R8 cosuApxe
2 idpx

1R8sinuApye
2 idpy. ~16b!

The resolution of Eqs.~16! allows us to express the norma
ized intracavity pump fieldsApx /A0 andApy /A0 as functions
of R, R8, dpy , fp , u, andu0 :

Apy

A0
5

~12R!cosu02
~12R8!R sinu sinu0e2 i ~dpy1fp!

12R8 cosue2 i ~dpy1fp!

12R cosue2 idpy1
RR8 sin2ue2 i ~2dpy1fp!

12R8 cosue2 i ~dpy1fp!

,

~17a!

Apx

A0
5

~12R8!sinu01R8sinu
Apy

A0
e2 idpy

12R8 cosue2 i ~dpy1fp!
. ~17b!

Thex andy directions being orthogonal, the total intensityI p
of the intracavity pump field is simply obtained by addin
the intensitiesI px and I py of the two orthogonal fields

I p~R,R8,u,u0 ,dpy ,fp!5I px1I py5U Apx

A0
U2

1U Apy

A0
U2

.

~18!

The parametersu, u0 , andfp being fixed, it is now possible
to plot I p as a function ofdpy for values of the coefficientsR
and R8 that characterize the ring resonators studied in
previous works (R50.36 andR850.42). As the Stokes in
tensity directly depends on the pump intensity, the evolut
thus obtained is comparable to experimental recordi
showing the variation of the total Stokes power when
frequency of the pump laser is slowly swept.

The first configuration that we are going to consider
that in which the fast axis at the input end of the fiber
parallel to the fast axis at the output end~i.e., u50°). The
characteristics of this kind of resonator have been ex
sively studied for applications such as gyroscopes@15–19#.
In that case, the finesse is usually very high and in mos
the papers dealing with the behavior of these systems,
authors follow an approach that consists in using the form
ism of Jones vectors. They first calculate the one-rou
transmission matrix of the light inside the resonator. T
transmission of the cavity is then derived by considering
loop by loop evolution of the input Jones vector. Th
method presents an indisputable advantage: It gives acce
the eigenstates of polarization~ESOP! of the ring resonator.
An ESOP is a SOP that is defined at an arbitrary point of
fiber and remains unchanged after one round-trip in the c
ity. Mathematically, the ESOP are expressed as the eig
vectors of the one-round transmission matrix of the r
resonator. If the polarization maintaining ring resonator
ideal, the fiber axes are perfectly aligned.u is then strictly
equal to 0° and the ESOP are simply the two linear po
ization states that are fixed by the main axes of the fiber.
r

n
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he
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e
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s

r-
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they are orthogonal, the intracavity intensity is the sum of
intensities carried by each ESOP. Ifu050°, only one of
them is excited and the light remains always linearly pol
ized along they axis. The evolution of the intracavity inten
sity is then simply given by a Airy function (I p5I py) and a
resonance is obtained each time thatdpy is a multiple of 2p
@see Fig. 2~a!#. The frequency detuning parameterdpx does
not play any role and the function displayed in Fig. 2~a! is
independent offp . If u0545°, the two ESOP can be ex
cited and the evolution of the intracavity intensity is com
pletely different from that previously described. As illu
trated in Figs. 2~b! and 2~c!, the parameterfp fixes the
relative positions of the functionsI px(dpy) and I py(dpy).
Therefore, its value completely determines the shape of
function I p(dpy). This behavior will be retrieved in the ex
periments presented in Sec. V.

The other possibility for an ideal polarization maintainin
ring resonator is the configuration in whichu590°. That
kind of resonator has recently been the object of several s
ies @20,21#. Its two ESOP are the elliptical states of polariz
tion that have been calculated in Ref.@21#. Furthermore, it is
now well established that the separation between the r
nance frequencies associated with these two ESOP is i
pendent of changes in temperature and is equal to half
FSR. This behavior strongly contrasts with that of the oth

FIG. 2. Evolution of the intracavity intensity as a function of th
frequency detuning parameterdpy for various configurations of the
resonator (R50.36,R850.42). The full lines represent the total in
tracavity intensity and the dashed lines represent the intensitiesI px

and I py of the orthogonal fields.~a! u50°,u050°; ~b! u50°,u0

545°,fp51.5; ~c! u50°,u0545°,fp52.7; ~d! u590°,u0

50°,fp51.5; ~e! u595°,u050°,fp51.5.
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resonator (u50°) in which the resonance frequencies as
ciated with the two linear ESOP can cross each other if
temperature~and consequently the birefringence! slightly
drifts ~see Fig. 3!. This immunity from temperature change
can be very useful for technological applications and in p
ticular for Brillouin fiber-optic gyros in which a very stabl
lasing frequency is required. In the experiments presente
Ref. @5#, our ring resonator was pumped with a beam pol
ized parallel to one of the main axes of the fiber. In th
situation, u050° and the input SOP replicates itself aft
two round-trips so that the maxima of the intracavity inte
sity are now periodically spaced ofp @Fig. 2~d!#. The maxi-
mum intracavity intensity is lower than unity because of t
losses occurring on the mirrorM1 at the end of the first
round-trip. For this resonator, a change in the value offp
does not lead to a change in the shape of the function
sented in Fig. 2~d!, but only induces a global shift in th
position of the resonances.

The previous discussion is related to ideal resonators
in a real polarization maintaining ring resonator, there is
ways a coupling between the ESOP. It comes from a sl
misalignment of the fiber axes at the recoupling and it
responsible for the fact that the two ESOP are generally n
orthogonal. For these conditions, the intracavity intens
cannot be written as the sum of the intensities carried
each ESOP and a perturbative cross term expressing the
pling between the two ESOP must be taken into acco
@18#. However, the nature of the ESOP previously describ
~for u50° andu590°) is not fundamentally perturbed a
long as the misalignment of the axes is slight. Let us re
that the relations~17! and ~18! have been established b
considering fields propagating along thex and y axes. As
these axes are always orthogonal, these equations are
whatever the anglesu andu0 . This is particularly true when
the ESOP characterizing the ring resonator are not ortho
nal. The relations~17! and~18! can thus be used to study th
influence of a misalignment of the main axes on the shap
the functionI p(dpy). Slight variations (.10°) of u around
90° entails a significant change in this function@see Fig.
2~e!#. Unlike Fig. 2~d!, the modulation depth of the intracav

FIG. 3. Schematic representation of the resonance charac
tics of the Brillouin fiber ring laser.~a! In the usual configuration
(u50°), theseparation between the resonance frequencies as
ated with the two orthogonal ESOP drifts if the temperature or
pump wavelength slightly change.~b! In the modified configuration
(u590°), the separation between the resonance frequencies
ciated to the two orthogonal ESOP is immune from temperatur
wavelength changes.
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ity intensity does not remain constant whatever the value
dpy . That effect has already been observed in the exp
ments in which the frequency of the pump laser was slow
swept@see Figs. 4~a! and 4~b! of Ref. @5##. The alignment of
the axes was not perfect and the total Stokes power~which
directly depends on the intracavity pump power! was found
to follow an evolution that was quite similar to that present
in Fig. 2~e!. If a slight misalignment of the fiber axes aroun
u590° leads to an effect that is easily observable, it is
the case for values ofu around 0°. Indeed, numerical simu
lations show that slight imperfections in the alignment of t
axes (u.10°) do not alter significantly the functionI p pre-
sented in Fig. 2~a!. This is confirmed by the experiment
performed in the configuration of the ‘‘usual’’ Brillouin la
ser. In that case, the accuracy of the alignment of the a
was not better than a few degrees, but the modulation de
of the intracavity intensity was constant@see Fig. 2~b! of Ref.
@5##.

IV. NORMALIZATION

Equations~9! govern the dynamics of SBS in a birefrin
gent fiber. They consist of two independent sets of th
equations. The first one is the usual three-wave model
scribing the interaction of ay-polarized pump wave with a
y-polarized Stokes wave. The second set involv
x-polarized optical waves that experience a gain slightly d
ferent from that of they direction. In the two sets of equa
tions, the velocities of the optical waves slightly differ. Th
allows us to introduce two time scales on which the varia
t is normalized with respect to the times taken by the light
propagate inside the fiber along the two axes:

t5
ct

nyL
, t85

ct

nxL
. ~19!

Obviously, these time scales are not independent and ift is
fixed, t8 is given by

t85S 11
ny2nx

nx
D t. ~20!

By writing the spatial coordinatez in units of fiber length

z5
z

L
~21!

and by considering that they- (x-! polarized waves now
become functions oft (t8) and z, the velocities of thex-

is-

ci-
e

so-
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FIG. 4. ‘‘Usual’’ configuration. Response of the Brillouin lase
to a slow sweeping of the frequency detuning parameterdpy(u
50°,u050°,fsy53.0).
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1650 PRA 59S. RANDOUX AND J. ZEMMOURI
andy-polarized waves are thus normalized to unity. The t
oretical and numerical analyses of the model are also fa
tated by the introduction of dimensionless amplitudes.
Amax is the maximum amplitude that can be reached by
incident pump field, we can first define a dimensionle
pump parameterm by the relationA05mAmax. The dimen-
sionless amplitudes«ml of the optical fields are then obtaine
after a normalization with respect toAmax:

«ml5
Aml

Amax
~m5p,s; l 5x,y!. ~22!

The amplitudes of the acoustic waves can be rescaled in
form

Bl5
2 iga

Amax
2 K8

r l ~ l 5x,y!. ~23!

With these new variables, Eqs.~9! become:

]«py

]t
1

]«py

]z
1

b

2
«py52gBy«sy , ~24a!

]«px

]t8
1

]«px

]z
1

b

2
«px52gBx«sx , ~24b!

]«sy

]t
2

]«sy

]z
1

b

2
«sy5gBy* «py , ~24c!

]«sx

]t8
2

]«sx

]z
1

b

2
«sx5gBx* «px , ~24d!

1

bA

]By

]t
1By5«py«sy* , ~24e!

1

bA

]Bx

]t8
1~11 iD!Bx5«px«sx* , ~24f!

where b5genL/c, bA5ganL/c, D5csDk/ga , and g
5KK8nLAmax

2 /gac. The velocity of the sound being muc
lower than that of the light, the term corresponding to t
propagation of the acoustic wave has been neglected in
establishment of Eqs.~24e! and~24f!. In the ring laser, thex
andy directions are coupled by boundary conditions that ta
the normalized form

«py~z50,t!5m~12R!cosu01R cosu«py~z51,t!e2 idpy

2R sinu«px~z51,t8!e2 i ~dpy1fp!, ~25a!

«px~z50,t8!5m~12R8!sinu01R8 cosu«px~z51,t8!

3e2 i ~dpy1fp!1R8 sinu«py~z51,t!e2 idpy,

~25b!

R8«sx~z50,t8!5«sy~z51,t!sinuei ~dpy1fsy!

1«sx~z51,t8!cosuei ~dpy1fsx!,

~25c!

R«sy~z50,t!5«sy~z51,t!cosuei ~dpy1fsy!

2«sx~z51,t8!sinuei ~dpy1fsx!. ~25d!
-
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f
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Henceforth, Eqs.~24! and ~25! will be our working equa-
tions. They govern the dynamics of a Brillouin ring las
made with a polarization maintaining fiber and they gene
ize the usual three-wave model by including additional d
grees of freedom associated with the polarization of
fields. The following section is devoted to a comparison b
tween the experimentally observed behaviors and the res
obtained by the numerical integration of these equations

V. GENERAL FEATURES OF THE LASER BEHAVIOR

The physical data used to compute the reduced param
appearing in Eqs.~24! and~25! are those commonly found in
SBS literature@22#: p12, cs , andr0 are, respectively, equa
to 0.286, 5.963103 m s21, 2.213103 kg m23. The other
parameters characterize the ring laser used in our exp
ments. The fiber is 12 m long and its core diameter is eq
to 2.75 mm. At the working wavelength of 800 nm, th
average valuen of its refractive index is 1.45. Furthermore
the birefringencenx2ny of the fiber is equal to 1024 and its
absorption coefficient is 1.231023m21. The widthDnB of
the gain curve is estimated to 60 MHz and the Brillouin sh
is va52p3(203109) s21. Finally, the maximum power
available to pump the Brillouin laser is 1 W. The corr
sponding amplitudeAmax of the incident field is then 9.35
MV/m. The values of the reduced parameters used in
study areg545.92, bA510.93, b50.01, andD50.04. Let
us note that, except forg, these values are identical to thos
used in Ref.@1#. The difference between the values of th
parameterg arises from the choice made for the normaliz
tion of the fields. In Ref.@1# the fields were normalized to th
maximum electric field launched in the fiber (3.36 MV/
corresponding to a maximum injected power of 0.13 W!. In
the present paper they are normalized to the maximum e
tric field available to pump the laser.

Sections V A and V B are respectively devoted to t
study of the behavior of the Brillouin laser operating in t
usual configuration (u.0°) and in the ‘‘modified’’ configu-
ration in whichu.90°. Intermediate situations correspon
ing to other values of the angleu will be investigated in Sec.
V C. Let us recall that the experiments already presente
Ref. @5# have clearly evidenced the importance of the ro
played by the frequency detuning parameters. In particu
they have shown that an overview of the system dynam
can be obtained by slowly sweeping the frequency of
pump laser. Therefore, in our numerical simulations, we
going to follow an analogous approach and we are going
record the response of the laser to a slow sweeping ofdpy .
We will consider the evolution of the following dynamica
variables: the intensityI sx5u«sx(z50,t)u2 of thex-polarized
Stokes component, the intensityI sy5u«sy(z50,t)u2 of the
y-polarized Stokes component and the total Stokes inten
I s5I sx1I sy .

A. Behavior of the laser in the usual configuration„u.0°…

If the incident pump beam is linearly polarized along t
y axis (u050°), only the y direction is relevant and the
model then simply reduces to the three-wave model. In
merical simulations, the Stokes intensity obviously follow
an evolution that is similar to that experimentally observ
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@see Fig. 2~a! of Ref. @5# and Fig. 4#. Note that slight change
in the orientation of the output end of the fiber (u.10°) or
in the polarization of the input field (u0.10°) only induce
the emergence of a weak Stokes component polarized a
thex direction. Its appearance does not alter significantly
evolution presented in Fig. 4.

Let us now consider the situation in which the direction
polarization of the incident pump beam is rotated so t
u0545°. This is experimentally achieved by using the e
perimental setup described in Ref.@5#. Let us recall that it
includes a detection part allowing a polarization resolv
analysis of the Stokes light. For this experiment, it was o
modified by inserting a half-wave plate between the pu
laser and the Brillouin laser. Unlike the situation previous
discussed (u0.0°), the twoESOP characterizing the rin
resonator can now be simultaneously excited. When the
quency of the pump laser is slowly swept, the Brillouin las
then emits simultaneously along the two polarization dir
tions and oscillations of weak amplitude are recorded ab
the threshold@see Figs. 5~a! and 5~b!#. For appropriate values
of the detuning parametersfp , fsx , and fsy , numerical
simulations reveal a behavior that is similar to that expe
mentally observed@see Figs. 5~c! and 5~d!#. Another kind of
situation can also be experimentally observed. If the wa
length of the pump laser is slightly changed (.0.05 nm!, the
two ESOP can now be alternately excited. When the
quency of the pump laser is slowly swept, the Brillouin las
first emits a Stokes wave that is linearly polarized along
y direction. A further increase in the frequency of the pum
laser leads to the emission of a Stokes wave presentin
strong component polarized along thex direction and a weak
component polarized along they direction@see Figs. 6~a! and
6~b!#. It is worth noticing that, except when mode hops o
curs, the Stokes intensity always remains stable. That kin
behavior is also retrieved in numerical simulations@see Figs.
6~c! and 6~d!# performed for an angleu equal to 10°. If the
value of u is taken to 0°, the numerical simulations sho
that the Brillouin laser operates on either they direction or
the x direction but never simultaneously on the two dire
tions ~i.e., the weaky component disappears!.

FIG. 5. Usual configuration. Response of the Brillouin fiber ri
laser to a slow sweeping of the frequency of the pump laser.~a! and
~b! experiments ~c! and ~d! numerical simulations (u53°,u0

545°,m50.197,fp51.0,fsy50.5,fsx50.0).
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As long as the value ofu is sufficiently low (u,10°), the
coupling between thex and y directions is weak. One can
consider that two Brillouin lasers operate nearly indep
dently along the two transverse directions. As illustrated
Fig. 6, one of them can be above the threshold, whereas
other one is below the threshold. The Stokes intensity is t
always stable. On the other hand, both of them can e
simultaneously and unstable behaviors arising from a bea
between the two lasing frequencies are observed. The
quency of this beating is of the order of a few megahertz
the experiments and in the numerical simulations. This va
is comparable to the width of the resonator resonances.

B. Behavior of the laser
in the modified configuration „u.90°…

In the modified configuration studied in Ref.@5#, the fast
axis at the input end becomes nearly parallel to the slow a
at the output end (u.90°) and the input field is linearly
polarized along one of these axes (u0.0°). By adjusting the
values of the parametersm, fp , fsx , andfsy it is possible
to reproduce global evolutions that are qualitatively simi
to that reported in Ref.@5#. As in the experiments, the lase
can thus emit a Stokes beam whose intensity is stable
almost all the values ofdpy @see Fig. 7~a!#. For higher values
of the pump parameterm, unstable behaviors can also b
observed for appropriate values of the detuning parame
@see Fig. 7~b!#. The instabilities revealed by the numeric
simulations are of the same nature as that experimen
recorded. They consist of periodic oscillations whose per
is approximately equal to 2 in the reduced units adopted
the normalization~see Fig. 8!. This means that they are co
related to an effect involving a double round-trip of the lig
inside the cavity. Moreover, the antiphase motion betwe
the directionsx and y is also retrieved in the numerical re
sults. Its existence can be explained in a simple way if
first assume thatu and u0 are respectively strictly equal to
90° and 0°. If the values of the pump and detuning para
eters are appropriate, a Stokes pulse can grow inside the
and propagate along one of the main axes. If that axis is

FIG. 6. Usual configuration. Response of the Brillouin fiber ri
laser to a slow sweeping of the frequency of the pump laser.~a! and
~b! Experiments~c! and ~d! numerical simulations (u510°,u0

545°,m50.197,fp53.0,fsy56.0,fsx50.0).
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1652 PRA 59S. RANDOUX AND J. ZEMMOURI
y axis, the pulse is first recorded by the detector associ
with they direction. It is then recoupled along thex axis and
after one round-trip it is detected by the photodiode ass
ated with thex direction. After a new round-trip along the
axis, it is again detected by the other photodiode. Theref
the pulse is alternately observed in they direction and in the
x direction. It experiences losses at each recoupling,
these losses are compensated for by the gain acquired d
the propagation. The previous argumentation has been
mulated for waves that are linearly polarized. However
remains valid even if the values ofu andu0 are not strictly
equal to 90° and 0°. Indeed, in these conditions, the SO
the optical waves is not fundamentally perturbed and one
consider that they remain nearly linearly polarized.

Let us now provide a modal explanation of the behavi
presented in Figs. 7~a! and 7~b!. As already discussed in Re

FIG. 7. Modified configuration.~a! and ~b! Response of the
Brillouin fiber ring laser to a slow sweeping of the frequency d
tuning parameterdpy and~c! and~d! corresponding evolution of the
instantaneous frequencyV of the y-polarized Stokes wave. Th
numerical values of the parameters are~a! and ~c! m50.197,fp

54.9,fsy50.3,fsx50.8,u5100°,u050° and ~b! and ~d! m
50.228,fp55.9,fsy50.3,fsx50.0,u5100°,u050°.

FIG. 8. Modified configuration. Periodic instabilities and a
tiphase response of the Brillouin fiber ring laser (m50.228,dpy

53.2,fp55.9,fsy50.3,fsx50.0,u5100°,u050°).
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@2#, a sweeping of the frequency of the pump laser ent
two main effects: a periodic modulation of the intracav
pump power and a displacement of the center of the B
louin gain curve with respect to the resonance frequencie
the cavity. As the former effect has already been discusse
Sec. III, we will consider only the latter one. When the cen
of the gain curve is displaced with respect to the resona
frequencies, one can observe situations in which mode h
appear with a periodicity of 2p (17 MHz in the experi-
ments!. This is characterized by the appearance of instab
ties in the total intensity of the Stokes wave@see Fig. 7~a!#. A
way to check that these instabilities are definitely linked
mode hops consists in following the evolution of the insta
taneous frequency of the Stokes wave. By writing«sy(z
50,t) as asy(z50,t)eicsy(z50,t) and by following the evo-
lution of the variable V5dcsy(z50,t)/dt during the
sweeping ofdpy , one observes discontinuities, allowing on
to confirm that the instabilities can be imputed to mode ho
@see Fig. 7~c!#. The fact that they appear with a periodicity o
2p shows that the Stokes emission involves only one ES
and that the other one does not play any role@see Fig. 3~b!#.
When wide ranges of instabilities are recorded@Fig. 7~b!#,
the ESOP1 and ESOP2 of Fig. 3~b! have the same Brillouin
gain. The observed instabilities then result from a mode h
from the ESOP1 to the ESOP2. Another mode hop from
ESOP2 to the ESOP1 immediately follows the first one. T
fact that it occupies a narrow range of frequencies indica
that the ESOP1 tends to supplant the ESOP2 in the stu
laser. This is confirmed in Fig. 7~d!, where one can check
that, during the sweeping ofdpy , the Stokes emission pref
erentially involves one ESOP.

C. Other configurations „0°<u<90°…

Our aim in this section is not to provide a complete d
scription of the laser behaviors. The parameters characte
ing the system (m, u, u0 , fp , fsx , andfsy) are indeed too
numerous. For an angleu0 close to 0°, we are only going to
consider the results of experiments in which the angleu
takes values in the range 0°290°. In all the situations tha
have been experimentally studied (u.30°250°270°), the
laser rather exhibits a stable behavior with mode hops se
rated by a FSR (.17 MHz!. This is illustrated in Figs. 9~a!
and 9~b! for a particular case corresponding to an angleu
approximately equal to 30°. Let us finally note that for th
kind of configuration (0°,u,90°), numerical simulations
reproduce also correctly the experimental behaviors@see,
Figs. 9~c! and 9~d!#.

VI. CONCLUSION

The polarization dynamics of a Brillouin fiber ring lase
has been studied both experimentally and theoretically.
usual description of SBS in birefringent fibers has first be
revised by considering that the pump beam is not necess
polarized parallel to one of the main axes. The adopted
proach consists in considering that the optical fields can
decomposed with respect to the two orthogonally polariz
modes supported by the fiber. The equations then der
generalize the three-wave model by including additional
grees of freedom associated with the polarization. By co
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pleting them with appropriate boundary conditions, we ha
obtained a model describing the polarization dynamics o
Brillouin fiber ring laser. The system behavior has then be
studied by numerical simulations that have revealed res
qualitatively similar to that experimentally observed in va
ous configurations~i.e., for various orientations of the fibe
axes and various orientations of the polarization of the in
dent pump beam!.

SBS is the only nonlinear effect that has been taken
account in the establishment of our model, but another n
linear effect prone to influencing the system dynamics is
optical Kerr effect. The relevance of the inclusion of th
kind of nonlinearity in models describing SBS in fibers is
subject that was extensively discussed a few years

FIG. 9. Response of the Brillouin fiber ring laser to a slo
sweeping of the frequency of the pump laser.~a! and ~b! Experi-
ments ~c! and ~d! numerical simulations (m50.197,u530°,u0

50°,fp56.0,dsy50.3,dsx50.8).
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@6,7,23#. The polemic was essentially related to SBS dyna
ics in long fibers with or without external feedback. For r
alistic values of the physical parameters~and in particular the
n2 Kerr coefficient!, it has been shown that the ratio of th
Kerr to Brillouin nonlinearities is around 0.015@6#. Even in
long fibers, the Kerr effect remains always perturbative
that models incorporating only a Brillouin nonlinearity a
very often sufficient to describe correctly the dynamics of
studied systems. In our particular case, the laser dynamic
properly described by a model involving only the Brillou
effect even when the input pump power is sufficiently hi
to induce the emergence of a second order Stokes compo
@1#. These considerations associated with the fact that
experimental and theoretical results are in good qualita
agreement confidently allow us to neglect the Kerr effect
the establishment of the model.

From a theoretical point of view, an analytical study
the laser steady states could now be envisaged within
framework of the model previously established. It could le
to interesting results concerning the threshold conditions
the growth of thex- andy-polarized Stokes waves. Furthe
more, our numerical and experimental study is related to
behavior of short-length Brillouin fiber lasers. For longer l
sers much more longitudinal modes can compete for g
and one can reasonably expect a richer dynamics~eventually
presenting chaos!. However, that kind of conjecture require
further experimental and numerical studies.

ACKNOWLEDGMENTS

The Centre d’Etudes et de Recherches Lasers et App
tions ~CERLA! is supported by the Ministe`re Charge´ de la
Recherche, the Re´gion Nord/Pas de Calais, and the Fon
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