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Fully relativistic calculations of and fits to 1s ionization cross sections
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The range of conditions for which inclusion of the generalized Breit interaction is important in calculating
the scattering matrix elements for 1s ionization is explored within the relativistic distorted-wave approxima-
tion. This approach is applied to the calculation of 1s ionization cross sections for a variety of ions with one to
four bound electrons and nuclear chargeZ in the range of 10<Z<92. These data are then interpolated with
simple, but accurate, fit formulas. The resulting expressions are readily integrated over a relativistic Maxwell-
ian electron distribution function to obtain rate coefficients for plasma modeling. A discussion of the high
energy behavior of the cross sections for largeZ is also given.@S1050-2947~99!08802-2#

PACS number~s!: 34.80.Kw
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I. INTRODUCTION

In previous work @1# we used the relativistic distorte
wave code of@2,3# to calculate cross sections for electro
impact ionization from then53, 4, and 5 subshells of vari
ous ions. That study included an examination of the cr
sections over a range of values for the number of ini
bound electronsN and nuclear chargeZ. It was found that
the reduced cross section@see Eq.~2.8! below# depended
only slightly onN andZ in these cases. Hence, the reduc
cross sections could be fit with a simple formula that d
pended solely on impact energy and a simple prescrip
could be given for obtaining the ionization cross sections
ions of arbitrary complexity. This procedure is especia
useful because direct calculation of ionization cross sect
for individual cases requires a great deal of computatio
effort, much more than atomic structure calculations or e
collisional excitation calculations.

In the present work we consider ionization from thes
subshell. This situation is considerably more complex th
ionization from then53, 4, and 5 subshells for several re
sons. First of all the reduced cross sections for 1s ionization
vary strongly as a function ofZ, as seen from Table II of@2#.
This behavior is due to relativistic effects on the tigh
bound 1s orbital, which are not important for then53, 4, and
5 cross sections. The situation is further complicated by
cluding the generalized Breit interaction~GBI! between
bound and free electrons whenZ is large. This increases th
computational run time by more than two orders of mag
tude, but is necessary for accurate results. The GBI incre
the 1s ionization cross section by about 50% forZ592, as
was found by electron beam ion trap~EBIT! experiments@4#
and by theoretical calculations@5,6#, all of which are in ex-
cellent agreement. A final consideration is the apparent
agreement of the highZ, high energy behavior between th
calculated cross sections and the traditional Bethe high
ergy formula. Despite these obstacles, as will be shown,
are able to make quite simple, but accurate,Z-dependent fits
to the reduced cross sections.

A summary of the purposes of the present work is
follows: ~1! to explore the range of conditions for whic
inclusion of the GBI has a significant effect on cross secti
PRA 591050-2947/99/59~2!/1329~7!/$15.00
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for 1s ionization; ~2! to calculate these cross sections~with
inclusion of the GBI when significant! for a wide range of
energies and for a large number of ions withZ in the range of
10<Z<92; ~3! to explain the high energy behavior of th
cross sections for largeZ; and ~4! to make simple, accurate
fits to the corresponding reduced cross sections. These
should be readily integrated over a relativistic Maxwelli
electron distribution function to obtain rate coefficients f
plasma applications.

In the next section a description is given of the method
obtaining the cross sections and the procedure for mak
fits. This is followed by a discussion of the high ener
behavior of the cross sections. Finally, the procedure for
taining rate coefficients is described. Numerical results
given and discussed in Sec. III and the work is summari
in Sec. IV.

II. THEORY

A. Method of calculation

In the present work the atomic structure calculations
made with the Dirac-Fock-Slater~DFS! program of@7#, but
modified to include the GBI together with other QED co
rections plus a distributed nuclear charge, as described in@8#.
In the ionization calculations the same potential is used
all electrons bound and free. Hence, all orbitals are autom
cally orthogonal. For hydrogenic ions this potential is t
Coulomb potential2Z/r . For complex ions~i.e., those with
two or more electrons! we used the DFS potential given by
for example, Eqs.~14!–~16! of @2#. In determining this po-
tential we generally use a mean configuration in which
occupation of the active electron is split between the ini
and final subshells. For ionization, this final subshell, wh
corresponds to that of the ejected electron, is mocked up
a highly excited bound orbital. In the present case this w
chosen to be a high lyingl 5h orbital, but results are insen
sitive to the precise highly excited bound orbital use
Hence, for example, the mean configuration used in the D
potential for determining the orbitals in the case of inn
shell ionization of Li-like ions initially in the ground leve
was
1329 ©1999 The American Physical Society
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1330 PRA 59FONTES, SAMPSON, AND ZHANG
1s1.52s9h0.5. ~2.1!

The GBI is the lowest order quantum electrodynamic c
rection to the Coulomb interaction. The total interactio
Coulomb plus generalized Breit, is given by

g~1,2!5
1

r 12
2~a1•a2!

exp~ ivr 12!

r 12
1~a1•“1!

3~a2•“2!
exp~ ivr 12!21

v2r 12

, ~2.2!

wherea1 and a2 are the usual Dirac matrices andv is the
wave number of the exchanged virtual photon. The imp
tance of inclusion of the GBI was explored for the case
electron-impact excitation in@9,10#. As discussed in@6# and
in more detail in@2,3#, in order to obtain an ionization com
puter code from this relativistic distorted wave excitati
code one replaces the orbital representing the final exc
electron with that representing the ejected electron when
culating the scattering matrix elements. Care must be ta
to sum over the appropriate quantum numbers that arise f
this orbital replacement, perform the necessary energy i
gration associated with the presence of two free electron
the final state, and divide by a factor ofp to account for the
different normalization between bound and free electrons

B. Form chosen for the fits to the cross sections

It was shown in@3# that the cross section for ionization o
ions of any complexity could be expressed in the form

Q~U2U9!5 (
S,S9

S1 ,S19

B~U,SS1 ;U9,S9S19!QH
ps~nl j !,

~2.3!

whereSandS1 are pure states contributing to initial levelU,
while S9 andS19 are pure states contributing to final levelU9
with one less bound electron. TheB coefficients depend only
on the ion properties such as mixing coefficients and ang
momenta and are rapidly computed. They are given by E
~36!–~38! of @3#, where Eq.~38! of @3# can be easily ex-
tended to more complex cases via Eq.~19! of @11#. The
pseudohydrogenic cross sectionQH

ps(nl j ) in Eq. ~2.3! has
exactly the same form as the cross section for electr
impact ionization from subshellnl j in a hydrogenic ion
except that for nonhydrogenic ions it is calculated us
bound and free orbitals determined using the appropr
DFS potential of the actual ion in place of the2Z/r poten-
tial.

For the relatively simple cases of principal interest fors
ionization Eq.~2.3! reduces to the simple form

Q~U2U9!5BQH
ps~1s!, ~2.4!

whereB has the values

B51 ~2.5!

for hydrogenic ions,
-
,
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B52 ~2.6!

for He-like ions and inner-shell ionization of Be-like ion
initially in their ground levels, and

B51/2 or 3/2 ~2.7!

for inner-shell ionization of Li-like ions initially in the
ground level when the angular momentum of the final ion
0 or 1, respectively.

It is convenient to express results in terms of the redu
cross sectionQR(nl j ,u) defined by

QH
ps~nl j !5

pa0
2

I ~Ry!2
QR~nl j ,u!, ~2.8!

whereI~Ry! is the ionization energy in rydbergs andu is the
impact electron energy in threshold units

u5e/I . ~2.9!

A single fit formula for QR(nl j ,u) is fairly accurate for
nearly all values ofZ andN as long as relativistic effects ar
not important~see, for example, the results in@1,2#!. How-
ever, for 1s ionization the GBI plus other relativistic effect
causeQR(1s,u) to increase quite rapidly withZ. This is
especially true whenu is large. Nevertheless we are able
make quite simple and accurate fits toQR(1s,u) using the
following procedure.

We takeZ520 as the approximate value above whi
relativistic effects become significant for the reduced cr
sections and first focus our attention on ions for whichZ
>20. We return to the case ofZ,20, for which our tradi-
tional methods prove quite accurate, near the end of
subsection. As shown by test cases presented in Sec. II
QR(1s,u) for a givenZ have almost the same values, ind
pendent of the number of bound electronsN when Z>20.
Therefore we need not be concerned withN dependence and
choose to fit the hydrogenicN51 results in this regime. Ou
strategy is to define a new quantity that will be independ
of Z for low impact energies(u near 1! and then to fit this
quantity to a function ofu. To this end we define a new
quantityQR8 (1s,u),

QR8 ~1s,u!5QR~1s,u!/F~Z!, ~2.10!

whereF(Z) is chosen to makeQR8 (1s,u) independent ofZ
for low impact electron energies. The choice

F~Z!5@1401~Z/20!3.2#/141 ~2.11!

accomplishes this independence to within 1%. Then foZ
520, whereQR85QR , we fit the calculated results to th
form

QR8 ~1s,u!5
1

uH A ln~u!1DS 12
1

uD 2

1CuS 12
1

uD 4

1F c

u
1

d

u2G S 12
1

uD J , ~2.12!
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PRA 59 1331FULLY RELATIVISTIC CALCULATIONS OF AND FITS . . .
where A51.13 is the known constant that reproduces
nonrelativistic Bethe high energy limit andD, C, c,andd are
free fit parameters. Except for the term proportional toC, Eq.
~2.12! has the same form as the expression used in@1# and
earlier work cited therein.

For Z.20 we first tried using Eq.~2.12! with the coeffi-
cientsA, D, c, andd fixed at the same values as forZ520
and made best fits to obtain theC parameter at each testZ
value. This led to fits that were accurate to within 2.4%. W
then used these best values ofC to expressC as a function of
Z. The results, which preserve the accuracy to within 2.4
are

C~Z!5@~Z220!/50.5#1.111C~Z520!, 20<Z<66
~2.13!

and

C~Z!5@~Z220!/53#0.731C~Z520!, 67<Z<92.
~2.14!

Moreover, the simple formula

C~Z!5@~Z220!/55#0.921C~Z520!, 20<Z<92
~2.15!

gives only slightly worse accuracy over the entire range oZ.
Although the Z520 fit parameters obtained from th

above procedure also give a fairly good representation
QR(1s,u) for Z,20, further numerical study shows that fi
ting the He-like,Z510 results to Eq.~2.12! gives an im-
proved overall accuracy for the lowZ region. There is no
need to define a quantity likeQR8 for Z,20, or to expressC
as a function ofZ, because there is essentially noZ depen-
dence exhibited by the reduced cross sections in this reg

C. High energy behavior for large Z

The newC term that was added to Eq.~2.12! helps to
represent better the rapid increase in the reduced cross
tion with increasingZ value. However, a second reason f
introducing this term is to account for the near-constant
havior exhibited by cross sections at large energies fo
fixed value ofZ. A graphical example of this behavior i
provided in Fig. 1 to complement the explanation that f
lows. The figure contains hydrogenic results that were ca
lated with only the Coulomb interaction~‘‘Coulomb only’’
curves! and with the Coulomb plus Breit interaction~‘‘Cou-
lomb 1 Breit’’ curves!.

Normally one expects the ionization cross section to
off as lnu/u ~the Bethe formula! at high energies, which is
represented by the term proportional toA in Eq. ~2.12!. How-
ever, Bethe’s original formula was written in terms of veloc
ties, an expression that holds for relativistic energies. A m
appropriate form of the Bethe formula is given by ln(b2

1G)/b2, whereb has the usual definitionb5v/c andG is a
constant. This last expression approaches a constant v
for very high energies due to the fact that the velocityv of
the impact electron is bounded by the speed of light. And
fact, that is precisely the behavior exhibited by the Coulo
only results in Fig. 1.

In addition, there is a predicted ‘‘relativistic rise’’ in th
cross section that occurs at sufficiently high impact energ
e
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This rise results when the exchange of a virtual photon,
process represented by the Breit interaction, becomes im
tant ~see, for example, the discussion in@12#!. The end result
of considering a virtual photon exchange is the addition
extra terms to the Bethe formula that grow with increas
impact energy. In particular, the high energy behavior of
cross section is predicted to have the form@12# $ ln@b2/(1
2b2)#2b21G%/b2. One can see from the data in Fig. 1 a
Table I that the results which include the Breit interaction a
increasing slightly faster than the Coulomb only data as
energy andZ value increase. This behavior is an indicatio
that the cross sections are approaching the region in w
the relativistic rise occurs. Due to the numerical difficulti
associated with obtaining converged cross sections for e
gies beyondu56, the highest energy for which detailed cro
sections were calculated, we were not able to further exp
this behavior. In any event we do not expect our fits to
reliable foru appreciably greater than 6, which is sufficient
large for most practical applications.

D. Formulas for rate coefficients

For high Z ions the temperatures at which 1s ionization
may become important in a plasma could be sufficien
large as to require a relativistic treatment of the free elect
energy distribution. Therefore we assume a relativistic M
wellian distribution function in determining rate coefficie
formulas. With this assumption the rate coefficient for io
ization by electron impact is given by

a~U2U9;T!5
1

Ne
E

p0

`

ne~p!vQ~U2U9!dp

5
8pe2m

Neh
3 E

p0

`

e2e~p!/kTp2vQ~U2U9!dp,

~2.16!

FIG. 1. Ionization cross sections for the 1s electron in hydro-
genic ions as a function of impact energy in threshold units. Res
are given forZ566, 79, and 92. The dashed lines represent res
calculated with only the Coulomb interaction included in the sc
tering matrix elements. The solid lines represent results calcul
with both the Coulomb and Breit interactions.
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1332 PRA 59FONTES, SAMPSON, AND ZHANG
whereNe is the electron density,p0 is the momentum corre
sponding to the threshold of the transition

e~p0!5I ~2.17!

andem is determined by imposing the usual density norm
ization on the Maxwellian so that

em5
8p

Neh
3E

0

`

e2e~p!/kTp2dp. ~2.18!

Making the change of variables

y[
E

mc2 , ~2.19!

whereE is the total energye(p)1mc2, we can rewrite Eq.
~2.18! as

em5
8p~mc!3emc2/kT

Neh
3 E

1

`

e2~mc2/kT!y~y221!1/2ydy.

~2.20!

With the use of the expressions given in the appendix of@13#
this can be expressed as

em5
8p

Ne
S mc

h D 3 ea

a
K2~a!, ~2.21!

wherea[mc2/kT andK2(a) is the modified Bessel function
of order 2. Fora.1 one can expandK2(a) using Eq.~9.72!
of @14# and substitute the results in Eq.~2.21! to obtain
-

em5
2

Neh
3 ~2pmkT!3/2F11

15

8

kT

mc2

1
105

108S kT

mc2D 2

2
315

1024S kT

mc2D 3

1••• G ~2.22!

in agreement with Eqs.~35! and ~36! of @15#. It is easily
shown~see, for example,@15#! that

vdp5de ~2.23!

relativistically, as well as nonrelativistically. Also

p25
e~Ry!

~a0 /\!2F11
a2

4
e~Ry!G , ~2.24!

wherea is the fine structure constant. Now we apply Eq
~2.23! and ~2.24! together with Eqs.~2.4!, ~2.8! and ~2.9! to
Eq. ~2.16! and obtain for the rate coefficient for 1s ionization

a~1s;T!5
2Be2m

Neh
E

1

`

e2~ I /kT!uQR~1s,u!u

3F11
a2

4
I ~Ry!uGdu, ~2.25!

whereB has the simple values given by Eqs.~2.5!–~2.7! for
the cases of interest here. Using Eqs.~2.10!–~2.12! one can
perform the integration over energy and obtain
a~1s;T!5
2BF~Z!e2m

Nehb F H F ~D23C!1
C

b Ge2b1@A1b~c22D16C!#E1~b!

1b~D24C1d2c!E2~b!1b~C2d!E3~b!J
1

a2

4
I ~Ry!H F ~c2D13C!1

1

b
~A1D22C!1

2C

b2 Ge2b

1Fb~D1d2c24C!1
A

bGE1~b!1b~C2d!E2~b!J G , ~2.26!
ng
where it is nearly always valid to use Eq.~2.22! in evaluating
e2m. In Eq. ~2.26!

b5
I

kT
~2.27!

andEn(b) is thenth exponential integral defined by

En~b!5E
1

`e2bu

un
du, ~2.28!
with properties described in@14#. F(Z) is 1 for Z<20 and is
given by Eq.~2.11! for higherZ. Also for Z.20 the quantity
C5C(Z) is given by Eqs.~2.13! and~2.14!, or alternatively
by Eq. ~2.15!. Although Eq.~2.26! looks quite lengthy it is
very rapidly calculated on a computer. Also forZ<26 the
part proportional toa2 will usually be negligible.

III. NUMERICAL RESULTS AND DISCUSSION

First an exploration was made of the range ofZ for which
inclusion of the GBI is important in calculating the scatteri
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PRA 59 1333FULLY RELATIVISTIC CALCULATIONS OF AND FITS . . .
matrix elements for 1s ionization. The results for cross se
tions calculated for hydrogenic ions withZ values of 10, 20,
30, 42, 50, 66, 79, and 92 and a range of impact energiesu in
threshold units are given in Table I. The upper entries

TABLE I. Comparison of results for 1s ionization of hydrogenic
ions. The cross sections below are given in units of 10224 cm2 for
various impact electron energiesu and nuclear chargeZ. Upper
entries are values calculated with only the Coulomb interaction
cluded, while lower entries are values calculated with the gene
ized Breit interaction also included.

Z
u 10 20 30 42 50 66 79 92

1.125 2490 155.7 30.8 8.04 4.01 1.327 0.649 0.3
31.2 8.33 4.27 1.535 0.831 0.51

1.250 4219 264.0 52.3 13.65 6.82 2.259 1.106 0.6
53.1 14.21 7.29 2.636 1.432 0.88

1.500 6374 399.3 79.2 20.74 10.37 3.453 1.695 0.9
80.6 21.71 11.19 4.081 2.227 1.38

2.250 8624 542.5 108.3 28.67 14.46 4.897 2.429 1.3
110.9 30.32 15.82 5.910 3.268 2.02

4.000 8453 538.9 109.9 30.03 15.51 5.503 2.815 1.5
113.1 32.16 17.28 6.823 3.894 2.45

6.000 7266 471.2 98.6 27.96 14.83 5.512 2.903 1.6
102.0 30.31 16.80 7.009 4.126 2.63
e

values obtained with only the Coulomb interaction include
The lower entries are those obtained with inclusion of
full interaction given by Eq.~2.2! except that the imaginary
part was omitted. Test calculations indicate that the ma
mum effect of including the imaginary contribution is to in
crease the cross sections by only 1.6% for energies n
threshold whenZ592. Hence, the effect is essentially neg
gible and its omission saves roughly a factor of 2 in comp
ing time. One sees that inclusion of the Breit interaction
very important for highZ, especially for high energies, bu
the effect steadily decreases withZ and ranges from only
1.3% to 3.4% whenZ530. For Z510 and 20 the effect is
negligible and hence omitted.

In Table II results for ions in the ground state with vario
values ofN and Z are given in terms of reduced cross se
tions QR , obtained using Eqs.~2.4!–~2.8!. Also the ioniza-
tion energiesI (Ry) are listed. For H-like and He-like ion
this is the level-level energy, but for Li-like and Be-like ion
it is the 1s orbital binding energy. Exceptions to this pre
scription occur atZ510 for which we also give results fo
the level-level energy in the cases that the final level is list
One sees that even forZ510, for which the effect of electron
correlation should be greatest, there is hardly any differe
between theQR values determined with these various en
gies for a givenN value. Hence, for higherZ the QR for
Li-like and Be-like ions were determined using only the o
bital binding energy forI (Ry).

-
l-

5

6

1

9

7

0
6
5
9
5
4
3
7
2
3
6
2
0
0
9
2
5
3
4
5
7
4
3
2
4
0

TABLE II. Reduced cross sectionsQR(1s,u) and ionization energiesI ~Ry! for ions in the ground state
with variousN andZ values. Herey@n# meansy310n.

Final u5e/I
Z N Level I ~Ry! 1.125 1.250 1.500 2.250 4.000 6.000

10 1 1.0013@2# 0.2837 0.4807 0.7264 0.9828 0.9632 0.828
2 8.7797@1# 0.2714 0.4580 0.7038 0.9682 0.9669 0.839
3 8.4376@1# 0.2636 0.4557 0.6951 0.9694 0.9768 0.849
3 (1s2s)0 8.4793@1# 0.2647 0.4577 0.6982 0.9744 0.9819 0.853
3 (1s2s)1 8.4007@1# 0.2626 0.4539 0.6923 0.9650 0.9721 0.845
4 8.0893@1# 0.2587 0.4434 0.6824 0.9600 0.9790 0.857
4 (1s2s2)1/2 8.0795@1# 0.2584 0.4430 0.6816 0.9588 0.9777 0.856

20 1 4.0205@2# 0.2861 0.4851 0.7337 0.9968 0.9901 0.865
2 3.7688@2# 0.2793 0.4743 0.7217 0.9882 0.9896 0.868
3 3.6975@2# 0.2774 0.4722 0.7196 0.9886 0.9942 0.873
4 3.6213@2# 0.2730 0.4679 0.7142 0.9862 0.9960 0.876

23 1 5.3261@2# 0.2873 0.4871 0.7369 1.0030 1.0017 0.882
30 1 9.1063@2# 0.2943 0.5003 0.7602 1.0450 1.0659 0.961
42 1 1.8062@3# 0.3091 0.5269 0.8051 1.1244 1.1927 1.124
50 1 2.5869@3# 0.3245 0.5545 0.8509 1.2030 1.3143 1.277

2 2.5181@3# 0.3198 0.5469 0.8407 1.1904 1.3012 1.264
3 2.5036@3# 0.3192 0.5461 0.8400 1.1907 1.3027 1.265
4 2.4825@3# 0.3173 0.5432 0.8361 1.1869 1.2995 1.262

66 1 4.6373@3# 0.3751 0.6444 0.9976 1.4447 1.6678 1.713
2 4.5389@3# 0.3702 0.6352 0.9850 1.4270 1.6468 1.690

79 1 6.8591@3# 0.4446 0.7660 1.1912 1.7477 2.0825 2.206
2 6.7311@3# 0.4383 0.7554 1.1754 1.7248 2.0546 2.176

92 1 9.7078@3# 0.5531 0.9522 1.4798 2.1740 2.6247 2.827
2 9.5422@3# 0.5455 0.9391 1.4599 2.1451 2.5903 2.794
3 9.5407@3# 0.5459 0.9394 1.4614 2.1481 2.5950 2.802
4 9.4934@3# 0.5431 0.9394 1.4545 2.1389 2.5845 2.789
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1334 PRA 59FONTES, SAMPSON, AND ZHANG
For Z>20 one sees from the results in Table II that t
dependence onN is weak. More specifically, a maximum
difference of 4.8% occurs near threshold between theN51
and 4 values forZ520. The differences in the reduced cro
sections for differentN values at higher energies andZ val-
ues are progressively smaller. Hence, the results for H-
ions with Z520 have been chosen in determining the fit p
rameters for this regime. If the reader desires extremely h
accuracy in the cross sections for a number of bound e
trons other than one, a different set of fit parameters
always be generated from the relevant values in Table
using the procedure described in Sec. II B. However,
results generated from the hydrogenic cross sections sh
be accurate enough~within about 5%! for most purposes.

Values ofQR8 (1s,u), which is obtained fromQR via Eqs.
~2.10! and~2.11!, are listed in Table III. Upper entries are th
calculated values ofQR8 and the lower entries are the fits
QR8 obtained as described in Sec. II B. One sees thatQR8 at
energies close to threshold is nearly independent ofZ. The fit
parameters obtained from fitting the hydrogenic results
QR85QR whenZ520 are listed in Table IV. ForZ.20 these
same fit parameters are used to calculateQR8 via Eq. ~2.12!
except thatC is replaced withC(Z) given by Eqs.~2.13! and
~2.14!. The maximum errors in the fits listed in Table III a
2.4% and 2.0%, occurring atu51.5 for Z592 and 50, re-
spectively. If insteadC(Z) given by Eq.~2.15! is used, the
maximum error is 2.5%, which occurs atu56 for Z530.

For Z,20 one sees that theQR in Table II exhibit the
strongestN dependence, as expected. To help mitigate
dependence we chose to fit the results for He-like ions w
Z510, rather than the hydrogenic results, as the best c
promise in the lowZ regime. The fit parameters obtained b

TABLE III. Calculated values~upper entries! for QR8 (1s,u)
5QR(1s,u)/F(Z), whereF(Z) is given by Eq.~2.10!. Lower en-
tries are fits ofQR8 (1s,u) to Eq.~2.12! with C5C(Z) given by Eqs.
~2.13! and ~2.14!.

u5e/I
Z 1.125 1.250 1.500 2.250 4.000 6.000

20 0.2861 0.4851 0.7337 0.9968 0.9901 0.865
0.2865 0.4843 0.7333 0.9993 0.9875 0.866

23 0.2862 0.4852 0.7340 0.9990 0.9977 0.878
0.2865 0.4843 0.7338 1.0035 1.0013 0.887

30 0.2889 0.4910 0.7461 1.0257 1.0462 0.943
0.2865 0.4845 0.7353 1.0151 1.0399 0.946

42 0.2891 0.4928 0.7531 1.0517 1.1156 1.051
0.2865 0.4849 0.7382 1.0372 1.1133 1.058

50 0.2882 0.4924 0.7557 1.0684 1.1672 1.134
0.2865 0.4851 0.7402 1.0528 1.1650 1.137

66 0.2849 0.4895 0.7578 1.0974 1.2668 1.301
0.2866 0.4857 0.7444 1.0852 1.2728 1.301

79 0.2835 0.4885 0.7596 1.1145 1.3280 1.407
0.2866 0.4860 0.7466 1.1023 1.3297 1.388

92 0.2866 0.4935 0.7669 1.1266 1.3602 1.465
0.2867 0.4863 0.7487 1.1185 1.3832 1.469
e
-
h
c-
n
II
r
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r

is
h

-

applying Eq.~2.12! to theZ510, N52 values forQR given
in Table II are also displayed in Table IV.

In summary, both sets of fit parameters listed in Table
are to be used in Eq.~2.26! for rates, or Eqs.~2.4!, ~2.8!, and
~2.10!–~2.12! for cross sections. TheZ520 parameters are
also to be used for ions withZ.20, provided the above
prescription for properly choosing theC coefficient is fol-
lowed. More specifically, theC coefficient should be deter
mined from Eqs.~2.13! and ~2.14!, or from Eq.~2.15!. For
Z,20 both sets of parameters do a good job of fitting
cross sections because theQR are reasonably insensitive t
changes inZ in this region. From Table II we find a maxi
mum difference of 5.9% between the calculatedQR values
for Z510, N52 andZ520, N51. Since each set of param
eters reproduces the calculatedQR values from which they
were determined to within 0.4%, we conclude that either
will give good results forZ,20. However, to obtain the bes
possible fits we recommend using theZ520,N51 values for
16<Z,20 and theZ510, N52 values for Z<15. This
choice should give moderately accurate results down to
oms that have lost three or more electrons.

IV. SUMMARY

A fully relativistic distorted wave method has been us
to explore the range of conditions for which inclusion of t
GBI has a significant effect on cross sections for ionizat
from the 1s subshell. A discussion of the resulting high e
ergy behavior of the cross sections for largeZ has also been
given. Results are expressed conveniently in terms of
duced cross sectionsQR . Based on the calculated values f
a large number of ions with 10<Z<92, quite simple fits
have been made that allow one to readily calculate 1s ion-
ization cross sections and rate coefficients for ions with o
to four bound electrons. These fits are valid for a large ra
of systems, from lowZ atoms a few times ionized up to thos
with Z592. For most of this range the results are expec
to be quite accurate, within about 5%, but the accuracy w
progressively lessen as one considers lowZ, near-neutral
species.

In future work it is planned to consider ionization from
the n52 subshell, where the Breit interaction is also e
pected to be important for highZ, but somewhat less so tha
for 1s ionization.
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TABLE IV. Parameters for fits toQR by use of Eq.~2.12! for
hydrogenic ions withZ520 and heliumlike ions withZ510.

Z N A D c d C

10 2 1.1300 3.82652 20.80414 2.32431 0.14424
20 1 1.1300 3.70590 20.28394 1.95270 0.20594
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