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Calculation of electron-photon coincidence parameters for singlet-triplet mixed
4F states of helium

Dmitry V. Fursa* and Igor Bray
Electronic Structure of Materials Centre, The Flinders University of South Australia, G.P.O. Box 2100, Adelaide 5001, Austra

~Received 8 September 1998!

We present the theoretical formalism required to interpret the electron-photon coincidence measurements of
the helium 4F state by Cvejanovic´ and Crowe@Phys. Rev. Lett.80, 3033~1998!#. The results of the convergent
close-coupling theory are compared with experiment and found to be in good qualitative agreement. We
demonstrate that the singlet-triplet mixing in the 4F states does not affect the calculated results significantly.
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I. INTRODUCTION

Electron-helium scattering is a favorite system for the
perimental study of electron-atom scattering. A compreh
sive set of accurate measurements has been compiled
the years which enables for thorough tests of correspon
theoretical methods. Electron-photon coincidence stud
have played an important role in such testing. Observatio
the scattered electron and the decay photon in coincide
allows for complete description of the scattering process,
determination of absolute values and relative phases o
scattering amplitudes. These ‘‘complete’’ experiments, fi
suggested by Bederson@1,2#, have been performed for he
lium P-state excitations~see Slevin and Chwirot@3# for a
review and references!. More recently, electron-photon coin
cidence measurements have been performed for he
3 1,3D states~see Refs.@4,5# and references therein!. Al-
though a triple coincidence experiment@6# is required to
achieve complete experimental description of theS-D tran-
sition, the missing information in the standard double co
cidence experiment can be recovered with some insight f
a reliable theoretical calculation@4,7#.

Cvejanović and Crowe @8# have reported recently a
electron-photon coincidence study of the helium 4F state
excited from the ground state by 29.6 eV electrons. Polar
tion of the decay photon~Stokes parameters! for the cascade
populated 31D22 1P transition has been measured in co
cidence with the scattered electron. Theoretical interpreta
of such measurements is complicated due to the relativ
effects requiring the helium 4F states to be described as
mixture of the pure singlet and triplet states. The gene
formalism for such analysis was presented by Blum@9# and
has been applied by Wanget al. @10# to the 4F state.

The purpose of the present paper is to present a theore
interpretation of the Cvejanovic´ and Crowe@8# measure-
ments in a transparent and clear form. In Sec. II we recall
standard formalism for calculating Stokes parameters
then in Sec. III we describe how this formalism is applied
account for observation of the cascade photon. This is
lowed by treatment of the singlet-triplet mixing in the 4F
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state in Sec. IV. Finally, in Sec. V we compare results o
convergent close-coupling~CCC! calculation with the mea-
surements@8#, followed by our conclusions given in Sec. V

II. STOKES PARAMETERS

We consider electron impact excitation of a helium st
with angular momentumJ. It is assumed that this state
described in the nonrelativisticLSJMJ coupling scheme.
The dipole deexcitation radiation from the excited state
measured in coincidence with the scattered electron. In
experiment of Cvejanovic´ and Crowe@8# the degrees of lin-
ear and circular polarization~Stokes parameters! of the ra-
diation have been measured. The Stokes parametersP1 and
P2 are the degrees of linear polarization andP3 is the degree
of circular polarization of the radiation propagating perpe
dicularly to the scattering plane. The Stokes parameterP4 is
the degree of linear polarization of the radiation propagat
in the scattering plane. We refer to the review article
Andersen, Gallagher, and Hertel@11# for details of the cal-
culation of the Stokes parameters and their relations to
shape and orientation of the excited state atomic cha
cloud.

For a given electron scattering angle the Stokes par
etersPi may be written in terms of the state multipolesTkq
@9,11#,

P1~J!5

a2~J!FT22~J!2A3

2
T20~J!G /2

T00~J!2
a2~J!

2
@T22~J!1T20~J!/A6#

, ~1!

P2~J!5
a2~J!T21~J!

T00~J!2
a2~J!

2
@T22~J!1T20~J!/A6#

, ~2!

P3~J!52
ia1~J!T11~J!

T00~J!2
a2~J!

2
@T22~J!1T20~J!/A6#

, ~3!
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P4~J!52

a2~J!FT22~J!1A3

2
T20~J!G /2

T00~J!1
a2~J!

2
@T22~J!2T20~J!/A6#

, ~4!

where the coefficientsak are

ak~J!53A2J11~21!J1J81k11H 1 J J8

J 1 k J . ~5!

Here J is the angular momentum of the atomic target st
andJ85J61 for dipole photon deexcitation. Two cases a
of interest for the present study. The first is anF state, where
J53,J852 and a15A2,a253A2/5. The second is aD
state, whereJ52,J851 anda153/2,a25A21/20.

The state multipolesTkq(J) are given by

Tkq~J!5 (
M ,M8

~21!J2M8CJMJ2M8
kq rMM8~J!, ~6!

where CJMJ2M8
kq are Clebsch-Gordan coefficients and t

density matrix is

rMM8~J!5
1

2~2Ji11!

3 (
Mi ,m,mi

f JM,Ji Mi
~m,mi ! f JM8,Ji Mi

* ~m,mi !. ~7!

The state multipoles are normalized to haveT00

5tr r/A2J11. Summation in Eq.~7! over projectile elec-
tron initial and final spin projectionmi andm indicates that
no electron spin analysis is performed. The collision fra
scattering amplitudesf JM,Ji Mi

(m,mi) for the transition from

initial state with angular momentumJi and magnetic sub
level Mi to final state with angular momentumJ and mag-
netic sublevelM have been chosen in such a way that
trace ofr gives the differential cross section

ds

dV
5tr r5

1

2~2Ji11! (
M ,Mi ,m,mi

u f JM,Ji Mi
~m,mi !u2. ~8!

III. ACCOUNT OF UNOBSERVED CASCADE RADIATION

Equations~1!–~4! allow for the calculation of the Stoke
parametersPi(3) for excitation of the 41F state. However,
the 41F23 1D radiation has a long wavelength and cann
be measured as a single particle. Instead, the 31D22 1P
cascade radiation has been measured@8#. We can obtain
Stokes parametersPi(2) for the latter case from the sam
equations if the state multipolesTkq(2) of the cascade popu
lated 31D state are known. These state multipoles can
calculated from the known state multipolesTkq(3) of the
4 1F state using the following general expression@12#:

Tkq~J8!5bk~J→J8! Tkq~J!, ~9!

where
e

e

e

t

e

bk~J→J8!5~21!J1J8111k ~2J11!H 1 J J8

k J8 J J . ~10!

Equation~9! relates the state multipolesTkq(J) of the initial
state and the state multipoleTkq(J8) of the cascade popu
lated final state~with angular momentumJ85J61) pro-
vided that polarization and angular distribution of the dipo
radiation are not registered. When applied to the 41F
23 1D transition, Eq.~9! gives

T00~2!5A7

5
T00~3!, T1q~2!5

2

3
A14

5
T1q~3!,

T2q~2!5
2

5
A6 T2q~3!. ~11!

The Stokes parameters for the 31D22 1P transition can be
found by substituting the above 31D state multipolesTkq(2)
in Eqs.~1!–~4! and yield the same Stokes parameters as
Pi(3) of the 41F state. This is a consequence of the gene
conservation property of the angular distribution of the
diation for the minimum multipole cascade transitions w
consequent decreasing of the atom angular momentum.
cascade 41F23 1D22 1P21 1S is an example of such
transitions, see Korenman@12# for detailed discussion. Thus
measurements of the Stokes parameters for any of the
sition in 41F→1 1S cascade would yield the same result,

Pi~3!5Pi~2!5Pi~1!, i 51,2,3,4. ~12!

IV. ACCOUNT OF RELATIVISTIC EFFECTS

For the helium 4F states the nonrelativistic Russe
Saunders coupling scheme (LS scheme! breaks down. The
relativistic effects become important and total orbital angu
momentumL and total spinSare not good quantum numbe
any more. However, the total atom angular momentumJ is
still a good quantum number and is used to label atom sta
These states can be described, to a good approximation,
mixture of the singlet (S50) and triplet (S51) nonrelativ-
istic Russel-Saunders wave functions,

CJ
a5 (

S50,1
vS

aC~2S11LJ!, a5a,b, ~13!

wherevS
a ,S50,1 are expansion coefficients, and

C~2S11LJM!5 (
mLmS

CLmLSmS

JM CmLmS
~2S11L !. ~14!

A convenient choice for the functionsCmLmS
(2S11L) is to

take ~approximate! eigenfunctions of the nonrelativisti
Hamiltonian.

The expansion coefficients satisfy the following relation

~v0
a!21~v1

a!251, a5a,b, ~15!

~vS
a!21~vS

b!251, S50,1, ~16!

v0
a5v1

b51/A11v2, ~17!
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v1
a52v0

b5v/A11v2, ~18!

where we have introduced a mixing coefficientv5v1
a/v0

a

52v0
b/v1

b , which specifies the degree of mixing between
inglet and triplet levels. Ifv51, the singlet-triplet mixing is
largest and statesCJ

a contain an equal mixture of the single
and triplet wave functions. Ifv,1, then, in the present no
tation, the state labeleda is predominantly singlet and th
state labeledb is predominatly triplet.

The singlet-triplet mixing coefficientv for the 4F states
has been calculated by Parish and Mires@13# and van den
Eynde, Wiebes, and Niemeyer@14# using the Breit-Pauli
Hamiltonian. Their choice of the nonrelativistic wave fun
tions for the 4F state is sufficiently close to the frozen-co
model we use@15#. We therefore may use their values ofv.
There is, however, a discrepancy between the former
latter calculations with Ref.@13# giving the value v
50.4335, while Ref.@14# gives v50.59. Nevertheless, we
will demonstrate that either choice ofv leads to essentually
the same results when used to calculate the Stokes pa
eters.

When considering electron-impact excitation of the 4F
states, we can use Eq.~13! to calculate scattering amplitude
for the excitation of singlet-triplet mixed 4F states,

f JM,Ji Mi

a ~m,mi !5 (
S50,1

vS
a f JM,Ji Mi

S ~m,mi !, a5a,b, ~19!

where on the right-hand side the singlet and triplet scatte
amplitudes are obtained from a nonrelativistic calculation
what follows we consider scattering from helium grou
state (Ji5Mi50) and drop initial state indexes.

We now proceed to the calculation of the radiation fro
the 4F levels to the 31D state. The major difference with
what was presented in Sec. II is that radiation to the 31D
state can occur from bothCJ

a andCJ
b levels simultaneously

Due to the energy difference betweenCJ
a and CJ

b levels,
vab5(Ea2Eb)/\5704 MHz, the observed radiation ca
be time modulated~quantum beats!. We refer to Blum@9# for
a general discussion of this phenomenon and to Wanget al.
@10# for the specific application to the 4F→3 1D transition.
The formalism presented in Sec. II for the calculation of t
Stokes parameters requires modification. We will outline
low how this can be done while keeping the structure of E
~1!–~4! unchanged.

Both of the CJ
a and CJ

b levels are excited by electro
impact from the helium ground state and their density ma
can be expressed via scattering amplitudes~19!,

rMM8
ab

~J!5
1

2 (
m,mi

f JM
a ~m,mi ! f JM8

b* ~m,mi !, ~20!

assuming no spin analysis is performed. The summation o
projectile electron spin magnetic sublevels in Eq.~20! results
in cancelation of the singlet-triplet terms,
-

d

m-

g
n

e
-

s.

x

er

rMM8
ab

~J!5
1

2 (
S

(
m,mi

vS
avS

b f JM
S ~m,mi ! f JM8

S* ~m,mi !

5(
S

vS
avS

brMM8
S

~J!. ~21!

The interesting consequence of the last relation is, for
ample, that the differential cross section for excitation of t
levelsCJ

a is just a sum of the cross section for the excitati
of the corresponding singlet and triplet states multiplied
their weight factors,

dsa

dV
5tr raa5(

S
~vS

a!2
dsS

dV
, ~22!

and does not depend on the sign of the expansion coeffici
vS

a . Similar expressions hold for any other quantity diagon
in index a.

The state multipoles corresponding to the density ma
rMM8

ab (J) are defined according to Eq.~6!,

Tkq
ab~J!5 (

M ,M8
~21!J2M8CJMJ2M8

kq rMM8
ab

~J!

5(
S

vS
avS

bTkq
S ~J!. ~23!

They satisfy the same symmetry properties in the collis
frame as the state multipolesTkq

S (J) @9#,

Tkq5~21!k1qTk2q5~21!kTkq* . ~24!

They are real for evenk and imaginary for oddk, andTk0 are
zero for oddk.

The explicit time dependence of the Stokes parameters
the 4F→3 1D transition can be obtained using the followin
substitution in Eqs.~1!–~4! @9,10#:

Tkq~J!5(
a,b

v0
av0

bTkq
ab~J!exp@2 ivabt2gt#, ~25!

where g is the decay constant and is related to the me
lifetime t51/g567610 ns @16# for the helium 4F state.
An example of the cos(vabt) modulation of the radiation was
presented by Wanget al. @10#. Experimental observation o
such modulation requires very high time resolution as wel
much better coincidence statistical accuracy, which curre
is not feasible. In the experiment of Cvejanovic´ and Crowe
@8# the observation time was much longer than the me
lifetime of the 4F state. In order to compare with experime
we must integrate Eq.~25! over the time. Extending the in
tegration limit to infinity @9#, we obtain

Tkq~J!5(
a,b

v0
av0

bTkq
ab~J!

g

g21vab
2

. ~26!

The last relation allows for a significant simplification du
to the substantial difference between the values ofg
515 MHz andvab5704 MHz. TheaÞb terms are much
smaller thana5b terms and, therefore,
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Tkq~J!'
1

g (
a

~v0
a!2Tkq

aa~J!

5
1

g (
S

S (
a

~v0
a!2~vS

a!2DTkq
S ~J!. ~27!

This relation can be interpreted as if radiation is origina
not from the twoCJ

a andCJ
b levels, but rather from a single

level whose singlet-triplet mixing is given by the expansi
coefficients

~ṽS!25(
a

~v0
a!2~vS

a!2, ~28!

~ṽ0!21~ṽ1!251. ~29!

When expressed through the mixing coefficientv, they are

ṽ05
A11v4

11v2
, ṽ15

A2v

11v2
, ~30!

and the new mixing coefficient is

ṽ5ṽ1 /ṽ05
A2v

A11v4
. ~31!

The value ofṽ is larger than the value ofv (0,v,1) and
is 0.603 or 0.788 depending on ifv50.4335 @13# or v
50.59 @14#, respectively.

Finally, in order to compare theoretical results with t
experimental data of Cvejanovic´ and Crowe@8#, the follow-
ing substitution should be made in Eqs.~1!–~4!:

Tkq~J!5
1

g
@ṽ0

2Tkq
0 ~J!1ṽ1

2Tkq
1 ~J!#. ~32!

Since the Stokes parameters are relative quantities, they
function of ṽ2, i.e., we may divide Eq.~32! by ṽ0

2 and
multiply by g. The account of the unobserved cascade ra
tion from the 4F to 3 1D state is identical with what wa
presented in Sec. III.

V. RESULTS AND DISCUSSION

We now compare in Fig. 1 the results of our CCC calc
lation for Stokes parameters with the experimental data
Cvejanovićand Crowe@8#. We use the same 111-state ca
culation at 30 eV given by Fursa and Bray@17#. The states
comprise 141S states, 133S and 3,1P states, 123,1D states,
10 3,1F states, and 73,1G states.

Calculated Stokes parameters are given for two cases.
first gives nonrelativistic results for excitation of the 41F
state and the second gives the results that account for
singlet-triplet mixing as decribed in the preceding secti
For maximal difference we take the largest value of theF
mixing coefficientv50.59 @14#. We find very close agree
ment between the results of the two models. The prim
reason for this is that the state multipolesTkq

0 (3) correspond-
ing to excitation of the singlet state have larger absolute
ues than the state multipolesTkq

1 (3) correponding to the trip-
d

e a

a-

-
f

he

he
.

y

l-

let state. The coefficient ṽ250.621 reduces their
contribution even more.

Comparing results of the CCC calculation with expe
mental values of the Stokes parameters, we find good qu
tative agreement. As in the experiment, we find that val
of the Stokes parameterP2 are close to zero. ParameterP4
does not differ substantially from its nonrelativistic valu
(P450.5) at zero scattering angle. Agreement betwe
theory and experiment is good for Stokes parameterP1 at
20°, 30°, and 40°, but the experimental value at 10°
substantially below the theoretical prediction. The larg
discrepancy between theory and experiment is for the par
eter P3 . Similar to theP1 case, the 10° point exhibits th
largest problem. Given thatP150.5 andP350 at zero de-
grees, it is difficult to reconcile the discrepancy at 10°.

We have also presented in Fig. 1 the alignment angleg of
the atomic charge cloud and the angular momentumL'

transfered to the atom perpendicular to the scattering pla

g5ATAN 2~P2 ,P1!/2,

L'52A2iT11/T0052
6P3~P411!

42~P121!~P421!
. ~33!

The near zero values of alignment angleg are due to the nea
zero values of the parameterP2 . The discrepancy betwee
theoretical and experimental values ofL' has its origin in
the corresponding discrepancy for Stokes parame
P1 , P3 , andP4 .

Our results indicate that at the scattering angles 1
240°, where experimental data of Cvejanovic´ and Crowe
@8# are available, the relativistic effects are negligible. The
fore, we consider it unlikely that a more consistent incorp
ration of the relativistic formalism in the scattering calcul
tion would lead to a better agreement with experiment. Ap
from the difficulty for theory and experiment to deal wit
such a complex transition, there is an uncertainty associ
with the cascade contributions to the 31D state from levels
other than 41F. It follows from our calculation that cascade
from n55,6 F and G levels are comparable with the ca
cade from the 41F level. These states have longer lifetim
and their contributions have been substantially reduced in
experiment of Cvejanovic´ and Crowe@8#. However, this may
be the source of the occasional discrepancies.

VI. CONCLUSIONS

We have shown how the helium Stokes 31D22 1P pa-
rameters measured by Cvejanovic´ and Crowe@8# in coinci-
dence with electron-impact 4F excitation may be calcula
from the nonrelativistic scattering amplitudes for 41F and
4 3F excitation. The state multipoles describing the dipo
radiation from the 4F states may be simply obtained, to
good approximation, from the nonrelativistic singlet and tr
let state multipoles via Eq.~32!. At the considered 30-eV
energy, the CCC-calculated triplet state multipoles are c
siderably smaller than the corresponding singlet ones res
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FIG. 1. Stokes parameters for electron-impact helium 4F state excitation. The present CCC~111! calculation is described in the text. Th
solid line is the result of a model which accounts for the singlet-triplet mixing in the 4F state. The dashed line is the result of th
corresponding nonrelativistic calculation for the 41F state. The experiment is due to Cvejanovic´ and Crowe@8#.
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ing in the Stokes parameters being predominantly de
mined by the singlet-state multipoles. As a result, theF
singet-triplet mixing does not affect the Stokes parame
significantly.

The agreement with experiment is qualitative rather th
quantitative. We have checked for convergence in the C
calculations and find little variation between various calcu
tions at the small scattering angles. It would be desirable
v

r-

rs

n
C
-
to

have more angles measured to pin down the remaining s
discrepancies.
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