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Effective Hamiltonian for atomic collective spectra
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A simple effective energy operator is constructed for doubly excited two-electron atoms. This operator
generalizes the “molecular” Hamiltonian of the supermultiplet model based in approxi@(@tg symmetry.
The Hamiltonian is compared to spectra of two-electron systems with both electrons m=theshell.
Nonlinear least-squares fits show systematic trends related to shielding, independent particle, and correlation
effects. Operators for atoms with three or more outer electrons are briefly considered.
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PACS numbdss): 31.15—p

[. INTRODUCTION theless, evidence is starting to appef26-2g for
moleculelike collective effects in systems with three outer
Investigations of highly excited few-body systems areelectrons. Again, the spectral patterns differ substantially for
bringing to light many surprising developments, in problemssystems wit{ 27,28 and without[29] closed shells.
as disparate as the motion of electrons in atoms, and the In short, the concepts and symbols available from the
vibrational dynamics of molecules. The idea that doubly ex-O(4) symmetry model are too limited to encompass the full
cited states of atoms exhibit moleculelike collective motions'@nge and subtlety of complex behavior emerging in highly

has proven very fruitful for understanding electron correla-€xcited atoms. This paper begins exploration of an approach
tion [1-23. using effective energy correlation operators. The essential

starting point is approximate dynamical symmetry, but our
rdoal necessarily will take us beyond the realm of symmetry.

It is expected that the effective energy operators will be
useful for interpreting patterns that are not well represented

two-electron “molecular” model is based in approximateb ither the idealized ind d icl lective i

O(4) symmetry. There are indicatiof24,25 that the con- by either the idealized independent particle or collective fim-
7 : ' X its. The applications presented here are numerical tests for

stants of motion of this symmetry are broken, especially for,

. 4 n=2 states of the doubly excited He and Be isoelectronic
systems with two electrons outside a closed shell. Furthersgiies Even for systems seemingly as simple as these, there

more, there are large systematic differences in the spectrglg critical puzzles in the known spectral patterns. The effec-
patterns of two-electron atoms and systems with two eleCqye energy operator tested here brings considerable light to
trons outside a closed shell, with both deviating from they.,, o this. Open questions are whether this approach will

ideal “molecular” Hamiltonian obtained fromd(4) algebra. o yisefyl for higher shells and for atoms with three or more
Nonetheless, atoms with closed inner shells still seem tQactrons.

be governed by collective motid6,9,10, perhaps in some

more general picture. Like doubly excited heliy#], sys-

tems with closed shells displ49] correlation in their ground Il. O(4) EFFECTIVE HAMILTONIAN AND THE
and singly excited states, and in doubly excited states with ~ROTOR-VIBRATOR SUPERMULTIPLET SCHEME

the electrons in different shells. Extensive analysis of two-  Arqund 1980. a new classification scheme and physical
electron wave functionf9,10] of systems with and without - ode| were developed for doubly excited states of two-
closed shells have confirmed the basic validity of the heurisg|ectron atoms. States were grouped into “supermultiplets”
tic picture of a highly nonrigid system with bending excita- that could be interpreted in terms of collective rotation-

tions. . _ vibration modes of a correlated, but highly nonrigid linear
In addition, there are surprising new phenomena in tWo-mgjecular” structure for the atonil—7].

electron systems not predicted by Wg4) model, such as  The sypermultiplet scheme grew out of earlier wisR—
the “frozen planet statesT20], where the linear “molecu- 321 i which the total angular momentum

lar” atom “isomerizes” and the electrons become locked
into place on the same side of the nucleus. In the frozen
planet systems, there are even hif8sl4—-16 of nonlinear
resonance phenomena between collective modes, analogous . . .
to Fermi resonances long familiar in molecules. Finally, forV@s combined with the difference of the Runge-Lenz opera-
mathematical reasons discussed below, there are perhaps 'S

tractable problems with extending a symmetry-based “mo- .

lecular” picture to atoms with three or more electrons. None- B=a;—a, v

However, it is unlikely that the small-amplitude rovibra-
tional model can provide an adequate metaphor for the e
tirety of correlated behavior in highly excited atoms. The

C=0,+1, 1)

to form an approximate symmetry group(4),, for the
*Electronic address: Kellman@Oregon.Uoregon.Edu atom. Previously, the more obvious choice
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Energy lets” with the energy and®>" L™ quantum number pattern
of a linear XYX “molecular” rotor vibrator with the elec-
trons X on opposite sides of the nucleus, and fermion statis-

8 | s tics. This “molecular” spectrum is shown for=2 in Fig. 1.

[0,0]

3pe 1pe 1po
Ill. GENERALIZED EFFECTIVE ENERGY OPERATOR

4 FOR TWO-ELECTRON CORRELATION
2] i The Hamiltonian based on the algel®é4),, has given a
1ge reasonable ideal model for doubly excited two-electron at-

oms as a “molecular” rotor-vibrator system. | will use this
nn o o as the point of departure to devise effective Hamiltonians
more general than the ideal case.

O(4),, supermultiplets

. ) A. Spectral patterns in He and Be isoelectronic series
FIG. 1. Supermultiplets for both electrons in the=2 shell.

Each column is a©(4),, multiplet, labeled by quantum numbers ~ The spectral systems to be considered are of two kinds:

[P,T]. Each level is an atomic term label&d* L ™. He and isoelectronic ions doubly excited to the 2 shell;
and Be and its isoelectronic series, with two electrons out-
N side a closed € shell. With both electrons in=2, there are
A=4a;+a, (3

six allowed terms. The He and Be spectra are plotted as
) supermultiplets in Figs. (2) and Ja). Both spectra agree
had been foun@33,34 not to work, following work[35,36  qualitatively with the rotor-vibrator model, as noted in Ref.
suggesting a “physical'O(4) that hinted at the existence of [g]. However, significant differences between the spectral
the symmetry group eventually identified &(4);,. The  patterns of the two atoms are evident. The most notable dif-
idea behind using the differen&=4,—a, was that it mim-  ference is the sign of the splitting between the pair of levels
ics the Coulomb repulsion between the electrons, whether ifP° and 3P, each of which has one bending quantum. In
the same or disparate she|&0—-32,37. molecules, these are split due to rotation-vibration interac-
From theO(4),, quantum numberB,Tis formed[38] the  tion [39], and the splitting is known dsdoubling. A similar
invariant operatof P(P+2)+T?2]. This can be regarded as splitting occurs in the rotational spectrum of a slightly asym-
the first piece, see Ed4), of the simplest version of an metric rotor, but with opposite sign. In He the splitting has
0(4),, effective energy operator for the atdif]. The eigen- the opposite sign of moleculdrdoubling. This splitting in-
values of this operator can be grouped into “supermultip-creases wittZ along the isoelectronic series, as seen in Fig.

Energy (10°cm™) (a) Energy (10° cm™) (c)
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FIG. 2. Calculated data far=2 levels of He isoelectronic series, from Rpf6], with energies converted to c¢rh
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Energy be said at all that the single—partiqle contributi@ifsgive the _
embryonic form of the supermultiplet energy pattern of Fig.
e Ape 150 1, it is evident the correlation terdy - &, is needed to “crys-
— — tallize” the rotor-vibrator pattern.

The single-particle orderings2<2p means that a correla-
tion term 4, - 4, with sign opposite that oé?, as with @,
2 | o P —a,)? in O(4),,, makes a positive contribution to the en-
ergy, and so corresponds to a repulsive interaction. This is
11 just what we want in the effective energy operator: single-
1ge particle states with <2p correlated by repulsive interac-
- tion to give a “molecular” structure whose lowest state has
the electrons on opposite sides of the nucleus, with higher
states described as collective excitations of the linear struc-
ture.

independent particle energies

FIG. 3. Energy levels of supermultiplets with just the single-
particle termséiz contributing toH®f". C. A generalized effective energy operator

o ) In the effectiveO(4), rotor-vibrator operator Eq4), the
2. In Be the splitting has the same sign as the moledular sjngle-particle and correlation terms enter with equal magni-
doubling, and in this respect, as in othgéd, the Be spec- tude B. A simple generalization is to let the single-particle
trum is more like that of a linear symmetric top molecule and correlation terms enter with different strengtéasand

than is the He spectrum. aqo,
In the idealO(4), limit, there is no splitting between the
1p° and 3P®, as seen in Fig. 1. Can the existence of the He= o(&7+85) — 218, - d,+ yL(L+1). (5)

splitting in real atoms, and the prominent difference in the _ _ _
spectral pattern of Be and He, be accounted for with an efl he effective energy operator, therefore, has variable single-
fective Hamiltonian operator? For this, an effective Hamil-Particle and correlation contributions. An operator with vari-

tonian must be constructed that goes beyond the [@¢4),,  ableas, has been considered before in the context of models
limit. for configuration mixing[40] and quasiclassical models

[41,42 for L=0 states.

It is important to recognize that the operaté” is by no
. o , . ) means the only way to introduce variable single-particle and
The effective Hamiltonian will have “single-particle” correlation contributionsHe™ is obtained by breaking an

and “correlation” contributions, of variable relative ((4),, algebra that can itself be obtaingd from aU(4);,
strength. In this way, one can think of an effective Hamil- algebra in the chain

tonian intermediate between single-particle and correlation

limits. U(4)1XU(4),DU(4)1,00(4)1,00(3)15. (6)
To develop this, | examine relevant pieces of the energy )

operator of Ref[7], theO(4),, andO(3),, parts, expressed However, an alternate chajn3] is

B. Single-particle and correlation operators

rr;rtserms of the angular momentum and Runge-Lenz opera- U(4); X U(4),0U(4)1,0U(3) 1,0 0(3) 15, )
2 where theU(3),, corresponds to nonrigid systems without
B[P(P+2)+T"]+CL(L+1) correlation. The chaing6) and (7) are related to different
=B[L(L+1)+(&,—4&,)%]+CL(L+1) patterns of ideal “rigid and nonrigid limit” few-body spectra
o [44,45. It would be entirely reasonable to obtain a single-
=B(a;—ay“+yL(L+1) particle contribution from breaking of the operators in the
_ B(§§+§§—2§1-52)+ JL(L+1). @ second, nonrigid limit chairi7) and then combine this with

elements from the rigid molecule chai®) to get the overall

i i , _ H®". This would make no difference whatsoever from .
The_flnal expression shows that _the effective energy consists the present investigation of tme=2 shell, but would mat-

of single-electron terms proportional af, a two-electron yor for higher shells. The kinds of effective energy operators
“correlation term” &, -&,, and an angular momentum term tnat are best will, in all likelihood, be determined from ex-
yL(L+1) to take into account the effective moment of in- perience with a variety of problems of increasing complex-
ertia of the rotor. The termsTi2 can be thought of as effective ity

Single-electron contributions to the energy. Empirically, they To test the operatadd eff of Eq. 5), 1 performed nonlinear
enter with a negative value &in Eq. (4). This is important,  |east-squares fits on calculated spe¢#é] for the isoelec-
because it corresponds, e.g., for the 2 manifold, to the tronic series He, Lfi, B€", Be*", up-to-date experimental
ordering Z<2p of single-particle orbital energies. The |evels[47] for neutral Be, and somewhat questionable but
2s-2p splitting originates as a mean-field effect from elec-still illuminating (see below compilations of Moord 48] for
tron shielding, and théiz single-particle contributions can be the Be isoelectronic ions. All energies were converted to
taken to represent this. Figure 3 shows the supermultipledm !. Several fits were done with variation of different
spectrum with just the single-particle contributions. If it can combinations of the parameters Hf". The energy of the
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3 4 0O(4)4, supermultiplets, and the results in Fig(a¥4 of
Energy (10" cm™) (@) course, have the spectral pattern of Fig. 1.
30 A deficiency of this fit is that there is nietype splitting
25 | - between the one-quantum bend state§ and *Pe. This can
20 . be remedied by allowing variation of the parametgp for

the correlation termd,-a,, along with . The results are
15 | shown in Fig. 4b) and Table I. Figure @) shows that the
correct sign and approximate magnitude of the°-3p®

101 _ splitting are obtained. Note that the signs @fand a4, in
5 - Table | mean that the single-particle and correlation terms
o1 _ He fit enter with opposite signs in the fit 4" Eq. (5). It is
1-parameter reassuring that the fit works like this numerically, given the
expectation on theoretical grounds that it must be this way. A
3 - slight further improvement, shown in Fig(a}, is obtained
Energy (10" cm™) (b) by allowing a variation ofy, as in Eq.(5). There is still a
35 minor but annoying discrepancy of the position of the higher
30 | — rotor state,’D®. A better “eyeball” fit can be obtained by
25 | _ changing the parameter[see above, immediately following
20 | Eq. (4)], but this results in a worsens deviation, and is not
. shown.
15 The spectra for the four isoelectronic two-electron atoms
10 He, Li*, B€*, B®", in Fig. 2, are very similar, as are their
5 — fits, which are reported in Table I, but not shown pictorially.
ol _ He fit As noted above, the most significant trend along the series is
2-parameter the increasing relative magnitude of thB°-3P¢ splitting.
The trends in the sign and magnitude of the splitting can
Energy (10° cm™) (c) be related to the parameters of the fits, which show mean-
ingful trends, with simple interpretations using concepts of
% _ atomic and molecular theory. Recall that the substantial de-
30 1 viation from the idealO(4),, supermultiplets of Fig. 1
25 | comes about in the molecular model because of the sign and
20 | - magnitude of thd-type doubling. In the fits of the isoelec-
- tronic two-electron series, the salient trend is that the ratio
13 - al aq, is less than 1.0 and decreases with nuclear charge
10 1 With respect toH®", this means increasing importance with
5 1 _ Z of the correlation termé,-a,, compared to the single-
0| - He fit particle termsa?iz. (At first glance, this seems in conflict with
3-parameter the expectation that the interelectronic repulsion becomes

FIG. 4. Fits of the He spectrum of Fig(d to several versions €SS important with increasing However, the energy opera-
of He". (a) One-parameter fit withw=a;, and y=0; (b) two- tor is intended to account only for the patteirmongthe six
parameter fit with variable, a1,; (c) three-parameter fit with vari- levels in then=2 shell, not theoverall energyof the n=2
ablea, a5, . See Sec. Il C for discussion. manifold. The latter is indeed controlled &) This domi-

nance of the correlatiod, - 8, is understood by recalling that
lowest 1S? level with n=2 for each atom was set equal to the single-particle termsz:ii2 describe the &2p splitting,
the energy of the lowestS® level in the fit. Each fit is then which is due to shielding. Because the shielding of each

of five independent levels. electron is only by the other electron in the=2 shell, it is
expected to be much smaller than shielding by a closed inner
D. Results of the fits shell. This is favorable for our interpretation, because the

2s-2p shielding splitting contributes to théP°-2P® split-

ting with the wrong sign for He, as seen in the “single-
We begin with several fits for He. The first was a one-particle supermultiplets” shown in Fig. 3, as opposed to the

parameter fit witha=a,, and y=0. These are the ideal P°-3P® splitting contribution from the correlation

1. He isoelectronic series

TABLE |. Parameters from fits of the effective energy oper&6f to atomic data. The different fits are described in Sec. 11l C.

He He He Lit Be?t B3* Be Be B c?t N3+
—a (X1 cm™Y) 3.38300 0.39419 2.07698 255096 2.83035 3.06310 1.28339 1.53767 2.47142 3.48784 4.48307
—ai, 3.38300 4.40546 4.41605 8.00075 11.54629 15.04951 0.66987 0.57719 1.02339 1.45334 1.86118
—y 0.94702 1.33204 1.61457 1.86660 0.20092 0.19146 0.27301 0.33878

alaq, 1.0000 0.08947 0.4703 0.3188 0.2451 0.2035 19159 26641 24149 23999 24087
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Energy (10* cm™) (a) and a considerable difference in the upp&® level; the
crucial 'P°-3P¢ splitting is essentially unaffected. For the

8 — Be isoelectronic ions, an up-to-date compilation does not ap-
pear to be available. | went ahead and used the assignments

6 - — and levels of Moore for fits of the ions, because for neutral
Be, the fits of the Kramida-Martin and Moore data do not

41 T differ all that much, especially in regard to the°-3p®
splitting.

21 — The most notable trend along the Be isoelectronic series is
the reversal in sign of théP°-3P¢ splitting in comparison

01 - with the He series. This trend can again be interpreted in

Be data relation to the fits, given in Table I. For the Be isoelectronic

series, the ratiax/ a4, is now much greater than 1.0. This

Energy (10* cm™) (b) large « value is responsible for the sign reversal of the

1po_3pe gplitting. This corresponds to the greater relative
importance of the single-particle terms, which is related in
turn to the increased shielding and-2p splitting expected

in an atom with filled 52 core. It is noteworthy that unlike
the He series, the ratie/ a4, is approximately constant, con-

8

4 sistent with the shielding by thesi core being more stable
5 ] - than the shielding in the coreless He series.

It is illuminating to compare the results of these fits with
0 _ Be fit other work that contrasts He-like and Be-like systems. It has

long been recognizeld,10,49,50 that there are isomorphic
features in the spectra of two-electron systems with and
without a closed shell. As we have seen, both Be and He
Energy (10* cm™) (c) deviate substantially from the ide@l(4),, molecular model,
Be with extra single-particle contribution, and He with extra
P correlation. This is entirely consistent with the conclusion of
_ Martin et al.[25] that “Be-like wave functions have a stron-
—_ ger single NInl” configuration character than the two-
—_ electron ones.” This does not contradict the fact that the sign
of the 1P°-3P® splitting in Be is more consistent than in He
with molecularl doubling; on the contrary, we have seen in
the operatoH ®" that the greater single-configuration charac-
ter is the source and prerequisite of this. All of this is con-
sistent with the earlier conclusion that the pattern of energy
spacingg6] and wave function§10] is more like a molecu-
lar rotor vibrator in Be than in He.

FIG. 5. () Data forn=2 If;ave_ls of Be from Ref[47]; (b) two- Apparently, the filled core stabilizes the moleculelike
parameter fit of data tH®' with variable a aip; (¢) three-  gyycture, and in this sense, plays a role analogous to the
parameter fit with variabler, e, y. See Sec. Il C for discussion.  centra| atom in a real triatomic molecule. The core could do

L ] ) ) this by helping the outer electrons avoid each other, so that
a8, dp, Which enters with the correct sign. Furthermore, they correlate better spatially. Another perspective on this is
shielding is expected to decrease wathielative to the cor-  that the filled core makes the electrons in Be behave more
relation term, consistent with the observed trend of increasiike particles on concentric spheré$1], a model used to
ing splitting magnitude along the He series. To summarizeg|ycidate the “molecular” atom. A hollow doubly excited
the small and decreasing ratid a,, is responsible for the He atom does not do this, so perhaps the correlation contri-
sign and magnitude of theP®-*P* splitting along the series  pution in He must be greater to keep the electrons away
in Fig. 2, and relates them to the basic notions of shieldingrom each other. If the core in Be does make the atomic

2-parameter

8

0] — Be fit
3-parameter

and correlation in a consistent fashion. bending more moleculelike, an interesting question is how
_ _ _ the core affects the collective radial quantum number consid-
2. Be isoelectronic series ered by Rost and co-workef$8,19 for He.

Now for the spectra and fits of the Be isoelectronic series.
The results for Be are shown in Fig. 5; the results for the rest
of the series are reported in Table | but not shown pictorially.
Visually, the agreement with the data is good for Be, and
better than for the He isoelectronic series. The data for Be The preceding considerations have led to a consistent pic-
are taken from the up-to-date compilation of Kramida andture of spectral patterns and their physical interpretation for
Martin [47]. This differs from the older compilation of systems with two electrons in thre=2 shell. It is of interest
Moore [48] primarily in a small difference in théD® level  whether this picture holds for higher shells.

E. Higher shells
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Calculations of two-electron systems far=3 without V. ATOMS WITH MORE THAN TWO OUTER
closed shell agree completdl§] with the qualitative pattern ELECTRONS

found here forn=2. quculatlon§[24,5]] for closed-shell For three or more electrons, useful generalization of the
systems fom=3 agree in the main with the pattgins _found 0(4),, with minus sign in 6,—4&,) to a many-particle
here forn=2. The calculations of Re{24] for O°" with  5(4) “if not altogether impossible, has so far eluded accom-
n=3, see, e.g., their Fig. 2, show the levél° slightly lower  plishment. This appears to foreclose a group-theoretical
in energy than'F°, a reversal from thé-doubling pattern  treatment analogous ©(4),, of “molecular” atoms with
pointed out in the present paper for=2 with closed shell.  more than two outer electrons, since the repulsive interaction
The calculations of Ref.24] have been called into question of electrons is the origin of the minus sign for two-electron
[51-53, but the compilation in Table V of Ref51] does systems. This is unfortunate, because there is no evident rea-
seem to support the existence of this switch for tf€ and  son why models with molecular quantum numbers should
1F°, and also for a hightP® and *P° |-doubled pair. Unfor-  not apply to larger systems, for example, a plabay; struc-
tunately, in the various calculations, the relevant levels jumgure for three electrons. Indeed, evidence is starting to appear
around a fair bit, and any conclusions about the actual energy26—28 for collective effects in three-electron systems.
patterns and their interpretation must remain tentative for the In these systems where a symmetry classification may not
time being. It is entirely plausible, but remains to be demonbe feasible at all, renunciation of the symmetry quantum
strated, that these reversals for states in higher subshellimbers therefore appears not so much as a sacrifice, but

could be accounted for in terms of a modified relation offather as the precondition for further progress. Herrick and

correlation and independent particle effects, for examplel<€llman [40] investigated an operatok to model configu-

taking a single-particle operator from a chain like Ed) ration mixing for mulgelgcztionésygems. For_two electrons,
rather than Eq(6). the O(4),, operator @7+a5—248,-a,) is the simplest form

of A, which was generalized in Rg#0] to a form similar to
the effective energy operators used in the fits h¢3ee also,
Refs.[41,42 for application to quasiclassical treatment of

The effective Hamiltonian has been tailored to represent =0 states. For three or more electrons, it is no longer
systems with varying magnitude of single-particle and correl0ssible to construct starting with anO(4) operator, but\
lation contributions by variation of the parametersa,,, ~ Nonetheless gives good predictions of configuration mixing.
andy. There is considerable deviation from the id€4K), Itis, therefor_e, _reasonabl_e to use thevperator as a starting
“molecular” limit, with correlation of greater importance in point for building effective energy operators for many-
He and single-particle shielding contributions of greater im_electron systems. . .
portance in Be. The variability of these effects is needed to We have seen that an effective energy operator, incorpo-

ting effects of shielding and correlation in a very simple

capture the essential spectral patterns and trends along & ; litati derstandi ¢ iral patt ¢
isoelectronic series. way, gives qualitative understanding of spectral patterns o

The penalty for this flexibility is that the Hamiltonian can a.to”.‘?’ with two electrons in tha=2.shell. This mvol_ves
no longer be expressed in terms of operators fromCipé) ., significant departures, not only from independent particle be-

symmetry group. This means that the precise quantum nunpavior, but also from the idealize®(4) "molecular”
bers provided by the symmetry classification are no Iongemc’del' Subjects for further mves'uga'uon of effective energy
available. This is a considerable price, because the symmet erators are spectral patterns of higher shells of two-

constants are useful to identify quantum numbers for collec: lectron systems, in_cluding those With filled cores, and three-
tive modes, as in the original supermultiplet c:IassificationeIeCtron systems witf26-24 and without[29] filled cores,

[2,3]. The payoff is that sacrifice of the symmetry cIassifica-Where the spectral patterns differ greatly and the applicability

tion enables a better fit to the data, with significant trendénc a molecular model is an open question.

newly mtgr_pretaple in s!mple physical terms. However, the ACKNOWLEDGMENT

most significant implications of the departure from symmetry

concern atoms with three or more outer electrons, as | now Early portions of this work were supported by NSF Grant
discuss. No. CHE-9120400.
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