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Effective Hamiltonian for atomic collective spectra
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A simple effective energy operator is constructed for doubly excited two-electron atoms. This operator
generalizes the ‘‘molecular’’ Hamiltonian of the supermultiplet model based in approximateO(4) symmetry.
The Hamiltonian is compared to spectra of two-electron systems with both electrons in then52 shell.
Nonlinear least-squares fits show systematic trends related to shielding, independent particle, and correlation
effects. Operators for atoms with three or more outer electrons are briefly considered.
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I. INTRODUCTION

Investigations of highly excited few-body systems a
bringing to light many surprising developments, in proble
as disparate as the motion of electrons in atoms, and
vibrational dynamics of molecules. The idea that doubly
cited states of atoms exhibit moleculelike collective motio
has proven very fruitful for understanding electron corre
tion @1–23#.

However, it is unlikely that the small-amplitude rovibra
tional model can provide an adequate metaphor for the
tirety of correlated behavior in highly excited atoms. T
two-electron ‘‘molecular’’ model is based in approxima
O(4) symmetry. There are indications@24,25# that the con-
stants of motion of this symmetry are broken, especially
systems with two electrons outside a closed shell. Furth
more, there are large systematic differences in the spe
patterns of two-electron atoms and systems with two e
trons outside a closed shell, with both deviating from t
ideal ‘‘molecular’’ Hamiltonian obtained fromO(4) algebra.

Nonetheless, atoms with closed inner shells still seem
be governed by collective motion@6,9,10#, perhaps in some
more general picture. Like doubly excited helium@5#, sys-
tems with closed shells display@9# correlation in their ground
and singly excited states, and in doubly excited states w
the electrons in different shells. Extensive analysis of tw
electron wave functions@9,10# of systems with and withou
closed shells have confirmed the basic validity of the heu
tic picture of a highly nonrigid system with bending excit
tions.

In addition, there are surprising new phenomena in tw
electron systems not predicted by theO(4) model, such as
the ‘‘frozen planet states’’@20#, where the linear ‘‘molecu-
lar’’ atom ‘‘isomerizes’’ and the electrons become lock
into place on the same side of the nucleus. In the fro
planet systems, there are even hints@8,14–16# of nonlinear
resonance phenomena between collective modes, analo
to Fermi resonances long familiar in molecules. Finally,
mathematical reasons discussed below, there are perhap
tractable problems with extending a symmetry-based ‘‘m
lecular’’ picture to atoms with three or more electrons. Non
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theless, evidence is starting to appear@26–28# for
moleculelike collective effects in systems with three ou
electrons. Again, the spectral patterns differ substantially
systems with@27,28# and without@29# closed shells.

In short, the concepts and symbols available from
O(4) symmetry model are too limited to encompass the
range and subtlety of complex behavior emerging in hig
excited atoms. This paper begins exploration of an appro
using effective energy correlation operators. The essen
starting point is approximate dynamical symmetry, but o
goal necessarily will take us beyond the realm of symme

It is expected that the effective energy operators will
useful for interpreting patterns that are not well represen
by either the idealized independent particle or collective li
its. The applications presented here are numerical tests
n52 states of the doubly excited He and Be isoelectro
series. Even for systems seemingly as simple as these,
are critical puzzles in the known spectral patterns. The eff
tive energy operator tested here brings considerable ligh
bear on this. Open questions are whether this approach
be useful for higher shells and for atoms with three or m
electrons.

II. O„4… EFFECTIVE HAMILTONIAN AND THE
ROTOR-VIBRATOR SUPERMULTIPLET SCHEME

Around 1980, a new classification scheme and phys
model were developed for doubly excited states of tw
electron atoms. States were grouped into ‘‘supermultiple
that could be interpreted in terms of collective rotatio
vibration modes of a correlated, but highly nonrigid line
‘‘molecular’’ structure for the atom@1–7#.

The supermultiplet scheme grew out of earlier work@30–
32# in which the total angular momentum

LW 5 lW11 lW2 ~1!

was combined with the difference of the Runge-Lenz ope
tors

BW 5aW 12aW 2 ~2!

to form an approximate symmetry groupO(4)12 for the
atom. Previously, the more obvious choice
1102 ©1999 The American Physical Society
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AW 5aW 11aW 2 ~3!

had been found@33,34# not to work, following work@35,36#
suggesting a ‘‘physical’’O(4) that hinted at the existence o
the symmetry group eventually identified asO(4)12. The
idea behind using the differenceBW 5aW 12aW 2 was that it mim-
ics the Coulomb repulsion between the electrons, whethe
the same or disparate shells@30–32,37#.

From theO(4)12 quantum numbersP,T is formed@38# the
invariant operator@P(P12)1T2#. This can be regarded a
the first piece, see Eq.~4!, of the simplest version of an
O(4)12 effective energy operator for the atom@7#. The eigen-
values of this operator can be grouped into ‘‘supermult

FIG. 1. Supermultiplets for both electrons in then52 shell.
Each column is anO(4)12 multiplet, labeled by quantum number
@P,T#. Each level is an atomic term labeled2S11Lp.
in

-

lets’’ with the energy and2S11Lp quantum number pattern
of a linear XYX ‘‘molecular’’ rotor vibrator with the elec-
tronsX on opposite sides of the nucleus, and fermion sta
tics. This ‘‘molecular’’ spectrum is shown forn52 in Fig. 1.

III. GENERALIZED EFFECTIVE ENERGY OPERATOR
FOR TWO-ELECTRON CORRELATION

The Hamiltonian based on the algebraO(4)12 has given a
reasonable ideal model for doubly excited two-electron
oms as a ‘‘molecular’’ rotor-vibrator system. I will use th
as the point of departure to devise effective Hamiltonia
more general than the ideal case.

A. Spectral patterns in He and Be isoelectronic series

The spectral systems to be considered are of two kin
He and isoelectronic ions doubly excited to then52 shell;
and Be and its isoelectronic series, with two electrons o
side a closed 1s2 shell. With both electrons inn52, there are
six allowed terms. The He and Be spectra are plotted
supermultiplets in Figs. 2~a! and 5~a!. Both spectra agree
qualitatively with the rotor-vibrator model, as noted in Re
@6#. However, significant differences between the spec
patterns of the two atoms are evident. The most notable
ference is the sign of the splitting between the pair of lev
1Po and 3Pe, each of which has one bending quantum.
molecules, these are split due to rotation-vibration inter
tion @39#, and the splitting is known asl doubling. A similar
splitting occurs in the rotational spectrum of a slightly asy
metric rotor, but with opposite sign. In He the splitting h
the opposite sign of molecularl doubling. This splitting in-
creases withZ along the isoelectronic series, as seen in F
FIG. 2. Calculated data forn52 levels of He isoelectronic series, from Ref.@46#, with energies converted to cm21.
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1104 PRA 59MICHAEL E. KELLMAN
2. In Be the splitting has the same sign as the molecull
doubling, and in this respect, as in others@6#, the Be spec-
trum is more like that of a linear symmetric top molecu
than is the He spectrum.

In the idealO(4)12 limit, there is no splitting between th
1Po and 3Pe, as seen in Fig. 1. Can the existence of t
splitting in real atoms, and the prominent difference in t
spectral pattern of Be and He, be accounted for with an
fective Hamiltonian operator? For this, an effective Ham
tonian must be constructed that goes beyond the idealO(4)12
limit.

B. Single-particle and correlation operators

The effective Hamiltonian will have ‘‘single-particle’
and ‘‘correlation’’ contributions, of variable relative
strength. In this way, one can think of an effective Ham
tonian intermediate between single-particle and correla
limits.

To develop this, I examine relevant pieces of the ene
operator of Ref.@7#, theO(4)12 andO(3)12 parts, expressed
in terms of the angular momentum and Runge-Lenz op
tors,

B@P~P12!1T2#1CL~L11!

5B@L~L11!1~aW 12aW 2!2#1CL~L11!

5B~aW 12aW 2!21gL~L11!

5B~aW 1
21aW 2

222aW 1•aW 2!1gL~L11!. ~4!

The final expression shows that the effective energy cons
of single-electron terms proportional toaW i

2, a two-electron
‘‘correlation term’’ aW 1•aW 2 , and an angular momentum ter
gL(L11) to take into account the effective moment of i
ertia of the rotor. The termsaW i

2 can be thought of as effectiv
single-electron contributions to the energy. Empirically, th
enter with a negative value ofB in Eq. ~4!. This is important,
because it corresponds, e.g., for then52 manifold, to the
ordering 2s,2p of single-particle orbital energies. Th
2s-2p splitting originates as a mean-field effect from ele
tron shielding, and theaW i

2 single-particle contributions can b
taken to represent this. Figure 3 shows the supermulti
spectrum with just the single-particle contributions. If it c

FIG. 3. Energy levels of supermultiplets with just the sing
particle termsaW i

2 contributing toHeff.
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be said at all that the single-particle contributionsaW i
2 give the

embryonic form of the supermultiplet energy pattern of F
1, it is evident the correlation termaW 1•aW 2 is needed to ‘‘crys-
tallize’’ the rotor-vibrator pattern.

The single-particle ordering 2s,2p means that a correla
tion term aW 1•aW 2 with sign opposite that ofaW i

2, as with (aW 1

2aW 2)2 in O(4)12, makes a positive contribution to the en
ergy, and so corresponds to a repulsive interaction. Thi
just what we want in the effective energy operator: sing
particle states with 2s,2p correlated by repulsive interac
tion to give a ‘‘molecular’’ structure whose lowest state h
the electrons on opposite sides of the nucleus, with hig
states described as collective excitations of the linear st
ture.

C. A generalized effective energy operator

In the effectiveO(4)12 rotor-vibrator operator Eq.~4!, the
single-particle and correlation terms enter with equal mag
tude B. A simple generalization is to let the single-partic
and correlation terms enter with different strengthsa and
a12,

Heff5a~aW 1
21aW 2

2!22a12aW 1•aW 21gL~L11!. ~5!

The effective energy operator, therefore, has variable sin
particle and correlation contributions. An operator with va
ablea12 has been considered before in the context of mod
for configuration mixing @40# and quasiclassical model
@41,42# for L50 states.

It is important to recognize that the operatorHeff is by no
means the only way to introduce variable single-particle a
correlation contributions.Heff is obtained by breaking an
O(4)12 algebra that can itself be obtained@7# from aU(4)12
algebra in the chain

U~4!13U~4!2.U~4!12.O~4!12.O~3!12. ~6!

However, an alternate chain@43# is

U~4!13U~4!2.U~4!12.U~3!12.O~3!12, ~7!

where theU(3)12 corresponds to nonrigid systems witho
correlation. The chains~6! and ~7! are related to different
patterns of ideal ‘‘rigid and nonrigid limit’’ few-body spectr
@44,45#. It would be entirely reasonable to obtain a sing
particle contribution from breaking of the operators in t
second, nonrigid limit chain~7! and then combine this with
elements from the rigid molecule chain~6! to get the overall
Heff. This would make no difference whatsoever from Eq.~5!
in the present investigation of then52 shell, but would mat-
ter for higher shells. The kinds of effective energy operat
that are best will, in all likelihood, be determined from e
perience with a variety of problems of increasing comple
ity.

To test the operatorHeff of Eq. ~5!, I performed nonlinear
least-squares fits on calculated spectra@46# for the isoelec-
tronic series He, Li1, Be21, Be31, up-to-date experimenta
levels @47# for neutral Be, and somewhat questionable b
still illuminating ~see below! compilations of Moore@48# for
the Be isoelectronic ions. All energies were converted
cm21. Several fits were done with variation of differen
combinations of the parameters inHeff. The energy of the
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lowest 1Se level with n52 for each atom was set equal
the energy of the lowest1Se level in the fit. Each fit is then
of five independent levels.

D. Results of the fits

1. He isoelectronic series

We begin with several fits for He. The first was a on
parameter fit witha5a12 and g50. These are the idea

FIG. 4. Fits of the He spectrum of Fig. 2~a! to several versions
of Heff. ~a! One-parameter fit witha5a12 and g50; ~b! two-
parameter fit with variablea, a12; ~c! three-parameter fit with vari-
ablea, a12, g. See Sec. III C for discussion.
-

O(4)12 supermultiplets, and the results in Fig. 4~a!, of
course, have the spectral pattern of Fig. 1.

A deficiency of this fit is that there is nol-type splitting
between the one-quantum bend states1Po and 3Pe. This can
be remedied by allowing variation of the parametera12 for
the correlation termaW 1•aW 2 , along with a. The results are
shown in Fig. 4~b! and Table I. Figure 4~b! shows that the
correct sign and approximate magnitude of the1Po-3Pe

splitting are obtained. Note that the signs ofa and a12 in
Table I mean that the single-particle and correlation ter
enter with opposite signs in the fit toHeff, Eq. ~5!. It is
reassuring that the fit works like this numerically, given t
expectation on theoretical grounds that it must be this way
slight further improvement, shown in Fig. 4~c!, is obtained
by allowing a variation ofg, as in Eq.~5!. There is still a
minor but annoying discrepancy of the position of the high
rotor state,1De. A better ‘‘eyeball’’ fit can be obtained by
changing the parameterg @see above, immediately following
Eq. ~4!#, but this results in a worserms deviation, and is not
shown.

The spectra for the four isoelectronic two-electron ato
He, Li1, Be21, B31, in Fig. 2, are very similar, as are the
fits, which are reported in Table I, but not shown pictorial
As noted above, the most significant trend along the serie
the increasing relative magnitude of the1Po-3Pe splitting.

The trends in the sign and magnitude of the splitting c
be related to the parameters of the fits, which show me
ingful trends, with simple interpretations using concepts
atomic and molecular theory. Recall that the substantial
viation from the idealO(4)12 supermultiplets of Fig. 1
comes about in the molecular model because of the sign
magnitude of thel-type doubling. In the fits of the isoelec
tronic two-electron series, the salient trend is that the ra
a/a12 is less than 1.0 and decreases with nuclear chargZ.
With respect toHeff, this means increasing importance wi
Z of the correlation termaW 1•aW 2 , compared to the single
particle termsaW i

2. ~At first glance, this seems in conflict with
the expectation that the interelectronic repulsion becom
less important with increasingZ. However, the energy opera
tor is intended to account only for the patternamongthe six
levels in then52 shell, not theoverall energyof the n52
manifold. The latter is indeed controlled byZ.! This domi-
nance of the correlationaW 1•aW 2 is understood by recalling tha
the single-particle termsaaW i

2 describe the 2s-2p splitting,
which is due to shielding. Because the shielding of ea
electron is only by the other electron in then52 shell, it is
expected to be much smaller than shielding by a closed in
shell. This is favorable for our interpretation, because
2s-2p shielding splitting contributes to the1Po-3Pe split-
ting with the wrong sign for He, as seen in the ‘‘single
particle supermultiplets’’ shown in Fig. 3, as opposed to
1Po-3Pe splitting contribution from the correlation
.483 07
.861 18
8 78
08 7
TABLE I. Parameters from fits of the effective energy operatorHeff to atomic data. The different fits are described in Sec. III C.

He He He Li1 Be21 B31 Be Be B1 C21 N31

2a (3103 cm21) 3.383 00 0.394 19 2.076 98 2.550 96 2.830 35 3.063 10 1.283 39 1.537 67 2.471 42 3.487 84 4
2a12 3.383 00 4.405 46 4.416 05 8.000 75 11.546 29 15.049 51 0.669 87 0.577 19 1.023 39 1.453 34 1
2g 0.947 02 1.332 04 1.614 57 1.866 60 0.200 92 0.191 46 0.273 01 0.33

a/a12 1.000 0 0.089 47 0.470 3 0.318 8 0.245 1 0.203 5 1.915 9 2.664 1 2.414 9 2.399 9 2.4
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1106 PRA 59MICHAEL E. KELLMAN
a12aW 1•aW 2 , which enters with the correct sign. Furthermo
shielding is expected to decrease withZ relative to the cor-
relation term, consistent with the observed trend of incre
ing splitting magnitude along the He series. To summar
the small and decreasing ratioa/a12 is responsible for the
sign and magnitude of the1Po-3Pe splitting along the series
in Fig. 2, and relates them to the basic notions of shield
and correlation in a consistent fashion.

2. Be isoelectronic series

Now for the spectra and fits of the Be isoelectronic ser
The results for Be are shown in Fig. 5; the results for the r
of the series are reported in Table I but not shown pictoria
Visually, the agreement with the data is good for Be, a
better than for the He isoelectronic series. The data for
are taken from the up-to-date compilation of Kramida a
Martin @47#. This differs from the older compilation o
Moore @48# primarily in a small difference in the1De level

FIG. 5. ~a! Data forn52 levels of Be from Ref.@47#; ~b! two-
parameter fit of data toHeff with variable a a12; ~c! three-
parameter fit with variablea, a12, g. See Sec. III C for discussion
,

s-
:

g

s.
st
.
d
e

d

and a considerable difference in the upper1Se level; the
crucial 1Po-3Pe splitting is essentially unaffected. For th
Be isoelectronic ions, an up-to-date compilation does not
pear to be available. I went ahead and used the assignm
and levels of Moore for fits of the ions, because for neut
Be, the fits of the Kramida-Martin and Moore data do n
differ all that much, especially in regard to the1Po-3Pe

splitting.
The most notable trend along the Be isoelectronic serie

the reversal in sign of the1Po-3Pe splitting in comparison
with the He series. This trend can again be interpreted
relation to the fits, given in Table I. For the Be isoelectron
series, the ratioa/a12 is now much greater than 1.0. Th
large a value is responsible for the sign reversal of t
1Po-3Pe splitting. This corresponds to the greater relati
importance of the single-particle terms, which is related
turn to the increased shielding and 2s-2p splitting expected
in an atom with filled 1s2 core. It is noteworthy that unlike
the He series, the ratioa/a12 is approximately constant, con
sistent with the shielding by the 1s2 core being more stable
than the shielding in the coreless He series.

It is illuminating to compare the results of these fits wi
other work that contrasts He-like and Be-like systems. It h
long been recognized@6,10,49,50# that there are isomorphic
features in the spectra of two-electron systems with a
without a closed shell. As we have seen, both Be and
deviate substantially from the idealO(4)12 molecular model,
Be with extra single-particle contribution, and He with ext
correlation. This is entirely consistent with the conclusion
Martin et al. @25# that ‘‘Be-like wave functions have a stron
ger single Nlnl8 configuration character than the two
electron ones.’’ This does not contradict the fact that the s
of the 1Po-3Pe splitting in Be is more consistent than in H
with molecularl doubling; on the contrary, we have seen
the operatorHeff that the greater single-configuration chara
ter is the source and prerequisite of this. All of this is co
sistent with the earlier conclusion that the pattern of ene
spacings@6# and wave functions@10# is more like a molecu-
lar rotor vibrator in Be than in He.

Apparently, the filled core stabilizes the moleculelik
structure, and in this sense, plays a role analogous to
central atom in a real triatomic molecule. The core could
this by helping the outer electrons avoid each other, so
they correlate better spatially. Another perspective on thi
that the filled core makes the electrons in Be behave m
like particles on concentric spheres@11#, a model used to
elucidate the ‘‘molecular’’ atom. A hollow doubly excite
He atom does not do this, so perhaps the correlation co
bution in Heff must be greater to keep the electrons aw
from each other. If the core in Be does make the atom
bending more moleculelike, an interesting question is h
the core affects the collective radial quantum number con
ered by Rost and co-workers@18,19# for He.

E. Higher shells

The preceding considerations have led to a consistent
ture of spectral patterns and their physical interpretation
systems with two electrons in then52 shell. It is of interest
whether this picture holds for higher shells.
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Calculations of two-electron systems forn53 without
closed shell agree completely@4# with the qualitative pattern
found here forn52. Calculations@24,51# for closed-shell
systems forn53 agree in the main with the patterns foun
here for n52. The calculations of Ref.@24# for O21 with
n53, see, e.g., their Fig. 2, show the level3Fe slightly lower
in energy than1Fo, a reversal from thel-doubling pattern
pointed out in the present paper forn52 with closed shell.
The calculations of Ref.@24# have been called into questio
@51–53#, but the compilation in Table V of Ref.@51# does
seem to support the existence of this switch for the3Fe and
1Fo, and also for a high3Pe and 1Po l-doubled pair. Unfor-
tunately, in the various calculations, the relevant levels ju
around a fair bit, and any conclusions about the actual ene
patterns and their interpretation must remain tentative for
time being. It is entirely plausible, but remains to be dem
strated, that these reversals for states in higher subs
could be accounted for in terms of a modified relation
correlation and independent particle effects, for exam
taking a single-particle operator from a chain like Eq.~7!
rather than Eq.~6!.

IV. ON THE LOSS OF SYMMETRY

The effective Hamiltonian has been tailored to repres
systems with varying magnitude of single-particle and cor
lation contributions by variation of the parametersa, a12,
andg. There is considerable deviation from the idealO(4)12
‘‘molecular’’ limit, with correlation of greater importance in
He and single-particle shielding contributions of greater i
portance in Be. The variability of these effects is needed
capture the essential spectral patterns and trends along
isoelectronic series.

The penalty for this flexibility is that the Hamiltonian ca
no longer be expressed in terms of operators from theO(4)12
symmetry group. This means that the precise quantum n
bers provided by the symmetry classification are no lon
available. This is a considerable price, because the symm
constants are useful to identify quantum numbers for col
tive modes, as in the original supermultiplet classificat
@2,3#. The payoff is that sacrifice of the symmetry classific
tion enables a better fit to the data, with significant tren
newly interpretable in simple physical terms. However,
most significant implications of the departure from symme
concern atoms with three or more outer electrons, as I n
discuss.
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V. ATOMS WITH MORE THAN TWO OUTER
ELECTRONS

For three or more electrons, useful generalization of
O(4)12 with minus sign in (aW 12aW 2) to a many-particle
O(4), if not altogether impossible, has so far eluded acco
plishment. This appears to foreclose a group-theoret
treatment analogous toO(4)12 of ‘‘molecular’’ atoms with
more than two outer electrons, since the repulsive interac
of electrons is the origin of the minus sign for two-electr
systems. This is unfortunate, because there is no evident
son why models with molecular quantum numbers sho
not apply to larger systems, for example, a planarD3h struc-
ture for three electrons. Indeed, evidence is starting to ap
@26–28# for collective effects in three-electron systems.

In these systems where a symmetry classification may
be feasible at all, renunciation of the symmetry quant
numbers therefore appears not so much as a sacrifice
rather as the precondition for further progress. Herrick a
Kellman @40# investigated an operatorL to model configu-
ration mixing for multielectron systems. For two electron
the O(4)12 operator (aW 1

21aW 2
222aW 1•aW 2) is the simplest form

of L, which was generalized in Ref.@40# to a form similar to
the effective energy operators used in the fits here.~See also,
Refs. @41,42# for application to quasiclassical treatment
L50 states.! For three or more electrons, it is no long
possible to constructL starting with anO(4) operator, butL
nonetheless gives good predictions of configuration mixi
It is, therefore, reasonable to use theL operator as a starting
point for building effective energy operators for man
electron systems.

We have seen that an effective energy operator, incor
rating effects of shielding and correlation in a very simp
way, gives qualitative understanding of spectral patterns
atoms with two electrons in then52 shell. This involves
significant departures, not only from independent particle
havior, but also from the idealizedO(4) ‘‘molecular’’
model. Subjects for further investigation of effective ener
operators are spectral patterns of higher shells of tw
electron systems, including those with filled cores, and thr
electron systems with@26–28# and without@29# filled cores,
where the spectral patterns differ greatly and the applicab
of a molecular model is an open question.
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