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Interferometric measurements of the position of a macroscopic body:
Towards observation of quantum limits
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An optomechanical sensor suitable for the study of quantum effects has been developed and characterized.
The sensor reads out the vibrations of a microfabricated miniature silicon mechanical oscillator which forms
one end mirror of a high finesse Fabry-Pe´rot cavity. The mechanical quality factor is up toQ5300 000 at
300 K and rises up toQ543106 at 4 K. The thermal noise of the oscillator has been measured in the time and
frequency domains at room temperature and at 4.5 K. The prospects for observing the standard quantum limit
are discussed.@S1050-2947~99!07002-X#

PACS number~s!: 03.65.Bz, 42.50.2p
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I. INTRODUCTION

At the quantum level, a measurement disturbs the sys
being measured. The backaction due to the quantum na
of the probe is usually very small and has not yet been
served for a macroscopic system. The existence of the q
tum backaction leads to the appearance of a quantum lim
the accuracy of measurements, the standard quantum
~SQL! @1#. For measurements of the position of a harmo
oscillator of massm and resonance frequencyvm , this is
DxSQL5A\/2mvm. For a laser interferometric measureme
the backaction can be understood in a straightforward m
ner @2,3#. The probing laser wave carries quantum fluctu
tions. For a coherent state of light, the quantum uncertain
of phase and intensity are equal and proportional to
square root of the laser powerP. The intensity quantum
fluctuations cause radiation pressure noise which lead
displacement noise whose uncertainty scales withAP. At
high enough laser power this noise will become apprecia
On the other hand, the read-out uncertainty due to quan
noise scales with 1/AP, since the signal is;P, and domi-
nates at low laser powers. An optimum laser power ex
that minimizes the sum of the read-out noise and that du
backaction. The measurement accuracy corresponding to
optimum readout precision is the standard quantum lim
The SQL is of fundamental interest, because it limits
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sensitivity with which an external force acting on the ma
roscopic body may be detected using coherent light@4#.

The observation of quantum effects with optomechani
sensors requires the development of oscillators with l
mvm , their integration into a sensitive read-out system, a
minimization of the oscillator’s thermal noise, which ca
easily mask the quantum effects. While optomechanical s
tems have received much theoretical attention@5#, only few
experimental studies have been performed after the first
servation of radiation pressure effects in an optical cavity@6#.
Concerning small-scale sensors, Pang and Richard@7# have
reported a room-temperature optical sensor designed for
read-out of the excitation of a Weber bar antenna. Nonlin
mechanical effects were studied on microresonators@8,9# and
backaction effects were investigated on a 0.3 kg cryoge
electromechanical sensor@10#.

In this paper we present an optomechanical system, ba
on a Fabry-Pe´rot cavity, whose features approach the regim
where observation of quantum backaction and of the s
dard quantum limit should be possible: it exhibits a hi
cavity finesse in order to enhance the backaction for a gi
external laser power, and a high mechanical quality factor
reduce Brownian noise.

II. THEORETICAL CONSIDERATIONS

The optomechanical sensor we discuss is sketched
Fig. 1. The Fabry-Pe´rot cavity consists of a rigid incoupling
mirror and a mirror oscillator. A narrow linewidth laser wav
is coupled into the cavity and the reflected wave is extrac
using a combination of a polarizing beamsplitter and
quarter-wave plate. The oscillator motion causes a ca
length change and thus a detuning between the read-out
frequency and the resonator frequency. It is detected usi
standard frequency modulation~FM! technique@11#: The la-
ser light is phase modulated to produce sidebands at an o
frequency exceeding the cavity bandwidth. The photode

r-
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tor signal obtained from the reflected light is mixed with
local oscillator and low-pass filtered to yield an error sign
proportional to the detuning of laser frequency from the c
ity frequency. The frequency components aroundvm provide
information about the mechanical oscillation. The lo
frequency part of the error signal at frequencies substant
smaller thanvm is used for stabilizing the laser frequency
the average cavity frequency, thus compensating for
relative drift. The servo locking bandwidth is chosen su
ciently smaller thanvm . For a detailed theoretical treatme
of the optomechanical sensor, we refer to Ref.@12#.

First we review the SQL, which is usually considered
the absence of dissipation, i.e., for observation timest!tm
52Q/vm , the mechanical relaxation time of the oscillato
Further below we also consider the caset@tm ~Ref. @13#!.
For a FM measurement of the position of the movable m
ror, the read-out uncertainty due to shot noise is

DxSN
2 5

SSN

2t
5

lhc

128hPF 2t

@J0~e!a#212J1~e!2

~r 12a!2J0~e!2J1~e!2
, ~1!

where SSN is the low-frequency power spectral density
displacement@14#. We use one-sided spectral densities.h is
the quantum efficiency of the photodetector,F the finesse of
the cavity, andr 1 andr 2 are amplitude reflection coefficient
of the incoupling and the rear mirror, respectively.Jn are
Bessel functions withe being the phase-modulation inde
The parametera is the on-resonance carrier field reflectio
coefficient and is given bya5@r 12r 2(12a1

2)#/(12r 1r 2),
wherea1

2 is the power loss of the input coupler. This expre
sion is valid for a measurement timet longer than the cavity
decay time, weak modulation, and perfect mode match of
laser wave into the resonator. For simplicity, we conside
the following the case of a lossless input coupler (a1

250),
perfect impedance match (r 15r 2), and high finesse (r 1
.r 2.1), so that

DxSN
2 5

lhc

64hJ0~e!2PF 2t
, ~2!

FIG. 1. Schematic of the optomechanical sensor system.
incoupling mirror is rigidly mounted; the other cavity mirror is th
torsional oscillator. EOM, electro-optic modulator; BS, beam sp
ter; PD, photodiode; LPF, low pass filter.
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with F52p/(22r 1
22r 2

2). Note that this is independent ofe
as e→0 because of the assumption of precise impeda
match.

The backaction due to radiation pressure fluctuations
described by the momentum uncertainty transfered by
circulating light to the oscillator:

DpBA52\kAlPJ0~e!2t

hc

F
p

. ~3!

Here, 2\k is the momentum transfer per photon and t
other terms are the uncertainty of the photon number hitt
the oscillator mirror.F/p is the power enhancement for th
impedance-matched cavity. Note the linear dependence
F, which results from the fact that the signal to quantu
noise ratio of the intensity of the light circulating within th
cavity must be the same as that outside the cavity. In the t
interval t, the uncertainty in the radiation pressure force
given by DFBA5DpBA /t. For the undamped harmonic os
cillator the resulting uncertainty in the position is

DxBA
2 5S DFBAt

2mvm
D 2

5
hJ0~e!2PF 2t

p2clm2vm
2 . ~4!

This equation is valid at resonance and when 1/vm!
t!tm . Expressions essentially equal to Eqs.~2! and~4! may
be obtained also for the case of side-of-fringe detecti
when a small detuning is chosen.

The total error is the quadrature sum of the individu
errors,Dxtot

2 5DxSN
2 1DxBA

2 , since the shot noise originate
from the sidebands and is uncorrelated with the shot nois
the carrier that enters the cavity and causes the radia
pressure fluctuations. Minimizing the total error with respe
to t we are led to the SQL,

DxSQL
2 5

\

2Ahmvm

, ~5!

at the optimum measurement time

topt5
plcmvm

8AhJ0
2~e!PF 2

. ~6!

Note that the usual SQL value is only reached for an id
photodetector withh51. A nonunity quantum efficiency im-
plies loss of information and thus an increase in the m
mum uncertainty. Expression~6! implies that there is a well-
defined total optical energyESQL5Ptopt that must
be expended in order to reach the SQL. This energy is p
tially absorbed in the photodetector and partially dissipa
in the cavity. In an application where the temporal change
an external force acting on the oscillator is to be monitor
the powerP would be chosen such thattopt is equal to
the desired sampling time. Note that the produ
DxSN(t)DpBA(t)5\/2Ah satisfies the uncertainty relation

The condition for the dissipation being negligible
equivalent to requiring that the Brownian noiseDxtherm(t) is
small during the measurement time@15#. Its value for
t!tm is @16#

e
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1040 PRA 59I. TITTONEN et al.
Dxtherm
2 5

2kBTt

mvm
2 tm

, ~7!

so that the conditionDxtherm(topt),DxSQL translates to

topt,
\Q

2AhkBT
. ~8!

This is much more stringent thantopt,tm , since in practice
kBT/\vm@1. Since we also needtopt.1/vm , the mechani-
cal quality factor must satisfy

Q.Ah
2kBT

\vm
. ~9!

Thus, low mechanical loss is a crucial requirement to s
press thermal noise during the observation time. Equat
~6! and ~8! imply a criterion for the required laser power,

plcmvm
2

8J0~e!2F 2Ah
.PSQL.Pmin5

plcmvm
2

8J0~e!2F 2

2kBT

\vmQ
.

~10!

Typically, a significant fraction of the input laser powerP
will be dissipated in the cavity@this fraction isJ0(e)2 under
the assumptions made above#. As it is desirable to keep this
thermal load as small as possible, especially when opera
the sensor at cryogenic temperatures,F 2 represents an im
portant figure of merit: low optical loss is an important r
quirement. In addition, the oscillator should have both l
mass and low spring constantmvm

2 . Equation ~10! also
shows that the use of optical read-out is more favorable t
microwaves.

Experimentally, the SQL would be revealed by determ
ing Dxtot

2 from oscillation time evolution tracesx(t) of dura-
tion topt and studying its dependence on laser power. T
scale ofDxtot

2 can be obtained with the help of a calibratio
signal ~see below!. Figure 2 shows the theoretical depe

FIG. 2. Calculated short-time displacement uncertainties res
ing from read-out shot noise, quantum backaction noise, and t
mal noise as a function of the laser power. The backaction reg
where DxBA dominates, can be reached with reasonable la
power. Parameters for calculations areT52 K, finesseF580 000,
measurement timet512ms, mechanical quality factorQ51.5
3107, detection efficiencyh51.
-
ns

ng
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-

e

dence ofDxtot and its contributions on power, for a set o
parameters to be discussed below.

We now turn to the quantum limits occurring for obse
vation times exceeding the mechanical relaxation timetm
@3#. This regime is of interest for applications seeking
detect a force that is constant on the time scale oftm . The
power spectral density of the displacement noise consist
three contributions,

Stot~v!5SSN~v!1SBA~v!1Stherm~v!, ~11!

wherev is the detection frequency, not necessarily equa
the mechanical resonance frequency. We note that we
simply add the three contributions, without taking into a
count any cross correlations, since the intensity noise at
sideband frequency causingSSN is uncorrelated to the low-
frequency noise driving the oscillator and causingSBA .

The shot-noise contribution has been given above in
~1!. The displacement power spectral density due to quan
backaction is given by

SBA~v!52tx2~v!DFBA
2 58

\k

c
PJ0~e!2SFp D 2

x2~v!,

~12!

where x22(v)5m2(v22vm
2 )21m2v2vm

2 /Q2 is the me-
chanical susceptibility. Finally, the one-sided spectral d
sity of the displacement of the mass due to thermal excita
is given by the well-known expression

Stherm~v!5
4kBTmvm

Q
x2~v!. ~13!

The backaction dominated regime, i.e., where backac
noise exceeds thermal noise, occurs for laser powers sat
ing the same Eq.~10! derived above in the short-term case.
point to note is that the absence of an explicit condition onQ
such as Eq.~9! broadens the range of sensor configuratio
with which quantum effects may be observed, sincePmin can
be reasonably low even for mediumQ, provided this is com-
pensated by the other parameters.

FIG. 3. The employed silicon torsional oscillator. The antisy
metric oscillation mode calculated using a finite element simulat
is shown ~with exaggerated amplitude!. The torsion angle of the
outer frame is too small to be visible.
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FIG. 4. Temperature dependence of the quality factor of a coated torsional silicon oscillator. The inset shows a decay measurem
uncoated oscillator at 2 K after switching off the resonant excitation. The decay time of 52 sec corresponds toQ5 4.3 million.
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To verify the possibility to observe the SQL in the lon
time regime, we minimizeSSN1SBA with respect to laser
power to findSSQL. Its value relative to thermal noise is

SSQL~v!

Stherm~v!
5

1

2Ah

\vm

kBT

x~vm!

x~v!
, ~14!

at a power

PSQL~v!5
1

2
Pmin

SSQL~v!

Stherm~v!
. ~15!

For nonresonant detection,x(v)/x(vm) becomes small
(<1/Q for v sufficiently different fromvm), and may thus
offer the possibility of achieving the SQL: forv!vm the
thermal noise is pushed below the SQL,Stherm,SSQL, under
essentially the same conditions~9! and ~10! derived for
short-time measurements. Forv sufficiently larger thanvm ,
on the other hand, the SQL may be reached without requi
a minimum value forQ.

III. EXPERIMENTAL RESULTS

In our experiments, the movable mirror is a silicon to
sional oscillator~Fig. 3!. Such oscillators have already foun
use in condensed matter studies@17#. The size of the whole
structure is 4 cm3 2 cm 3 380 mm. Its design and room
temperature properties were reported before@18#. It consists
of two coupled oscillators, an inner frame and a 2 mm3 4
mm vane connected by torsion bars~400 mm width!. The
whole structure has many oscillation modes, among wh
are a symmetric, low-frequency torsional mode and an a
symmetric, high-frequency torsional mode. Only the an
symmetric mode has a high-Q resonance due to low stres
concentrations in the beams connecting the two coupled
cillators to the frame. The resonance frequency of this os
lation is vm/2p.26 kHz. The oscillator was fabricated a
g

h
ti-
-

s-
il-

follows: a thick oxide layer was thermally grown on bo
sides of a highly polished commercialp-type 5V/cm silicon
wafer with ^100& orientation. The oscillator was defined b
double-sided lithography and the structure was etched
60 °C KOH solution. After fabrication of the structure an
removal of the oxide, the vane was coated on one side wi
high-reflectivity dielectric coating for 1064 nm. When th
oscillator is part of the optical cavity, the laser beam is
flected at a distanceL51 mm from the torsional axis, so tha
the torsional motion leads to a cavity length change. Fo
torsional oscillator, the effective massm in the expressions
given above isI /L2, whereI is the moment of inertia. Here
I 59.6310212 kg m2, leading tom.10 mg.

A. Mechanical quality factor

Mechanical damping depends both on gas pressure
temperature. Best values are obtained in vacuum and at
temperatures, but usually still depend on clamping loss.
characterize the properties of the oscillator, a simple opt
setup was used. The oscillator is clamped to a mount
tached to a piezoelectric transducer in a cryostat vacu
chamber. A HeNe laser is shone on the torsional vane
the reflected light is detected with a segmented photodio
which gives a signal proportional to the angular displa
ment of the torsional oscillator. The oscillator is mecha
cally excited at resonance. After the excitation is turned o
the amplitude decay is measured using a lock-in amplifie
a demodulator with a slightly detuned reference frequenc

Figure 4 shows theQ factor of a coated oscillator in the
temperature range 2 K–40 K. The increase of the qua
factor at low temperatures is due to a reduction in phon
scattering as the phonon number decreases. The hig
cryogenicQ factor we observed was 4.3 million~inset of
Fig. 4!. Between room and liquid helium temperature t
resonance frequency increases by about 100 Hz, du
changes in the elastic constants.



ta
ur
to
s

0

f
.
cy
n
c

y
a
H
th
r
c
a
th

ce
o

r
re

dies
-
h a
ical
il-
-

tem-
was
r
sfer
z

eso-
ig-
e
ed
to a
he

te-

pec-
100
e of
are

e

is
a

cy

e

m

om
m

at
la-
cy
so
tur
ic
ws

era-
ne
een.

1042 PRA 59I. TITTONEN et al.
B. Sensitivity of the interferometer

The optomechanical sensor is housed in a LHe cryos
The oscillator mirror is glued with stycast epoxy at its fo
corners to an invar holder. This holder is then attached
larger invar block, on which a rigid incoupling mirror i
mounted. The cavity length is 1 cm@free spectral range
~FSR! equal to 15 GHz#. The concave input coupler with 1
cm radius of curvature has a transmissivity 12r 1

2550 ppm.
The finesse of the cavity isF515 000, limited by the loss o
the oscillator mirror. The resonator is thus undercoupled
300 mW diode-pumped monolithic single-frequen
Nd:YAG laser is used, with typical laser powers incide
onto the cavity around 5 mW. A phase-modulation frequen
of 13 MHz with modulation indexe50.8 was used. The
laser intensity noise was determined by balanced homod
detection. By comparing the difference and the sum sign
of the homodyne detector, we verified that above 12 M
the laser intensity noise level is at the shot-noise level for
4 mW power level. The read-out sensitivity was therefo
not limited by technical laser noise. Mode-match efficien
of the laser mode into the cavity was around 50%. The qu
tum efficiency of the InGaAs photodetector plus losses in
optical path yielded a total efficiencyh570%. The laser
could be stably frequency-locked to the cavity. The displa
ment sensitivity for the measurement of the oscillator m
tion, obtained from the error signal noise floor, is 2310216

m/AHz. The expected level from Eq.~1! is approximately

FIG. 5. The spectrum of the cavity detuning error signal at ro
temperature and 4.5 K. The peak at 26.2 kHz for the roo
temperature measurement and 26.3 kHz for the measurement
K has its origin in the Brownian motion of the mechanical oscil
tor. The calibration peak at 26 kHz is obtained by frequen
modulating the laser. The observed shift of the oscillator’s re
nance is due to the increased spring constant at lower tempera
The measurement bandwidth was 4 Hz. Note the different vert
scales of the two coordinate systems. The thermal noise sho
tenfold decrease at 4.5 K compared to room temperature.
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ASSN53310219 m/AHz. Electronic noise is responsible fo
the large difference, and will have to be eliminated in futu
work.

C. Brownian noise

The optomechanical sensor setup allows detailed stu
of the Brownian motion of the moving mirror. For a fre
quency domain analysis, the error signal is recorded wit
SRS 780 FFT spectrum analyzer. Figure 5 shows two typ
results. The thermally excited motion of the torsional osc
lator is clearly observed at 26.2 kHz for the room
temperature measurement and at 26.3 kHz at cryogenic
perature. To calibrate the signal, the laser frequency
modulated by an amountDn via a piezoelectric transduce
glued onto the laser crystal, which has a constant tran
function below 100 kHz. A modulation frequency of 26 kH
was chosen, sufficiently separated from the mechanical r
nance frequency, but sufficiently close so that the error s
nal gain is the same.Dn was calibrated by comparison of th
corresponding error signal amplitude with that obtain
when scanning the laser frequency by an amount equal
known fraction of the phase-modulation frequency. T
equivalent mirror amplitude is calculated asDxcal5Dnl/2
FSR.

Typically the spectrum was recorded with a 0.25 s in
gration time. This is an order of magnitude less thantm at
room temperature, and even less at 2 K. Therefore the s
trum was averaged 30 times for room temperature and
times for cryogenic measurements, to obtain an estimat
the thermal noise. The measured thermal noise levels
Dx5(1.360.4)310213 m at 300 K andDx5(1.360.6)
310214 m at 4.5 K. They agree reasonably well with th
theoretical expectationDxtherm(t@tm)5AkBT/mvm

2 .
In the time domain the analysis of the oscillator motion

performed by feeding the cavity detuning error signal into
two-phase lock-in amplifier, with a reference frequen
equal to the resonance frequencyvm ~Ref. @9#!. The integra-
tion time constant corresponds tot. Figure 6 shows a phas
plot of the two quadratures of the error signal nearvm ,
showing the Brownian random walk of the oscillator at roo
temperature.

-
4.5

-
-
es.
al

a

FIG. 6. Phase space trajectory of the oscillator at room temp
ture driven by thermal noise during a time interval of 80 s. O
larger jump corresponding to a laboratory disturbance can be s
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IV. DISCUSSION AND OUTLOOK

The optomechanical sensor presented here represe
first step towards a device that should permit the observa
of the SQL. It is useful to consider the necessary impro
ments for this goal. On the oscillator side this requires
substantial increase in bothQ and F. A higher finesse is
desirable to reducePSQL to a reasonable level of a few mW
A mirror coating on the silicon oscillator with a finesse
80 000 appears realistic, considering the high surface qu
achievable for Si wafers. TheQ factor must also be im-
proved from the present value, which barely falls short of
condition ~9!, in order to permit the optimum measureme
time to exceed 1/vm . This should be feasible, since quali
factors 10 times larger have been obtained in larger sili
torsional oscillators@17#.

Assuming an oscillator as described, but with a lo
temperature mechanical quality factorQ51.53107 and op-
eration atT52 K, condition ~9! is satisfied. The measure
ment time should then lie within 6ms,t,27ms. Thus,
there is a small window where the assumptions used to
rive the SQL are approximately satisfied. For the cho
topt512ms, Fig. 2 shows the expected uncertainties. T
SQL at 6310218m would be reached at a laser pow
P52.5 mW. At approximately this power level, we also e
pect to see evidence of quantum backaction in a spe
measurement centered atvm . The SQL power spectral den
sity SSQL(vm) is six orders of magnitude below the therm
noise, as Eq.~14! shows. However, in the spectral noise de
sity off-resonance, withuv2vmu.1/tm , the SQL should be
accessible.

Several aspects of the sensor can be identified that n
significant attention in order not to mask the SQL. First,
read-out sensitivity of our setup is still limited by electron
noise and must be improved by three orders of magnitu
Second, the frequency noise of our laser is expected to
aboutSFN51 Hz2/Hz aroundvm @19#. This corresponds to a
displacement uncertaintylASFN/2topt/2FSR57310215 m,
which is three orders of magnitude higher than the stand
s
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quantum limit. A reduction of laser frequency noise to t
required 1023 Hz2/Hz level by means of a high finesse re
erence cavity has been demonstrated@20#. In our case, a
combination of such an active frequency noise reduction
an increase of the FSR of the cavity can be used. Fina
another important noise source is laser intensity noise, wh
at 21 kHz is about 20 dB higher than the coherent st
quantum noise. A reduction close to the latter level can
achieved by a feedback system@21#. On the other hand, the
presence of technical intensity noise may be used in a
step to demonstrate classical backaction effects. In clos
we note that an important advantage of the mechanical
cillators used here is that thanks to their high frequen
laboratory seismic noise is not expected to be relevant.

In conclusion, we have demonstrated an optomechan
sensor at cryogenic temperatures that exhibits both low
tical loss and low mechanical loss. We have shown that
thermal oscillator noise can be resolved and is in quantita
agreement with theory. The equivalent force sensitivity
from Eq. ~13!, 1.3310214 N/AHz. With substantial im-
provements in the cavity finesse, mechanical quality fac
electronics and laser frequency, and amplitude stability,
sensor opens the possibility to observe the standard quan
limit of position measurement of a macroscopic body us
interferometry.
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